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SOME  INSTRUCTIVE  EXAMPLES  IN  THE 
CALCULUS  OF  VARIATIONS. 

BT  PBOFK880B  08KAB  BOLZA. 

(Bead  before  the  Amerioan  Maibematioal  Society,  September  22,  1002.) 

In  the  foUowihg  note  I  propose  to  give  some  examples  which 
iUustrate  in  a  simple  manner  several  points  of  fundamental  im- 
portance in  the  caiculus  of  variations. 

§  1.  Hie  General  Problem  and  its  Assumptions. 
We  consider  the  problem  *  to  minimize  the  integral 

/-  rF{x,y,y')dx  (1) 

under  the  following  assumptions : 

1.  The  function  F{qc^  y^  z)  considered  as  a  function  of  the 
three  independent  variables  x,  y,  %  is  real  and  regular  f  in  the 
vicinity  of  every  finite  real  point  x  a  a,  y  sb  &,  2  ca  c  for  which 
a;  3s  a,  y  s  6  lies  in  a  given  region  i?  of  the  xy-plane. 

2.  llie  functions  y  »/(x)  admitted  to  consideration  satisfy 
the  following  conditions : 

(a)  For  tibe  given  end  values  x^x^^x^^  x^^y  takes  the  given 
values  y«yo  ^^^  V '^  Vi  respectively,  i.  e,,  the  "curves'* 
y  ^f{x)  pass  through  two  given  points  A :  (ajg,  y^  and  Bz 

(ai>yi); 

*  Compare  for  the  formulation  of  the  problem  Osgood's  article  "SnfSoieiit 
oonditioiis  in  the  oalonlns  of  variations,"  Annah  of  Math,,  2nd  ser.,  vol.  3 
(1001),  p.  105.  We  deviate,  however,  in  several  points  from  Oqgood^sa»> 
sumptions. 

t ».  e,  developable  into  an  ordinary  power  series  in  x  —  a,  y — 6,  « — c. 
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2  EXAMPLES   IN  THE  CALCITLUS   OF  VAKIATION8.      [Oct., 

(6)  y  is  continuous  on  the  whole  interval  {^^^^  and  the  first 
derivative  y'  exists  and  is  continuous  on  (x^^J  ^^^  ^^  possi- 
ble exception  of  a  finite  number  of  points ;  in  these  exceptional 
points  the  progressive  and  regressive  derivatives  exist  and  are 
finite; 

(c)  The  " curves "  y  ^f(x)  lie,  for  x^'^x'^x^  in  the  interior 
of  the  region  R. 

The  totality  of  functions  (curves)  satisfying  these  conditions 
will  be  denoted  by  3R. 

A  function  y  =^f{x)  oi^  is  said  to  minimize  the  integral 
/  if  there  exists  a  positive  quantity  €  such  that  the  total  varia- 
tion 

A/=  r>(«,y,yVx-  rF{x,y,y^)d: 

is  positive  for  every  function  y  =  f{x)  of  9)1,  diflferent  from  y, 
ior  which 

where 

%  =  y  —  y- 

It  is  well  known  that  the  following  conditions  are  necessary 
for  a  minimum : 

1.  The  minimizing  function  y  ^f{x)  must  be  an  extremal^ 
I.  6.,  satisfy  Euler^s  differential  equation :  * 

^v-|.^.  =  0'  (I) 

literal  subscripts  denoting  partial  derivatives. 

2.  Legendre^s  condition : 

Fyy  [^  /(«).  /'(«) )  ^  0  on  {x^,).  (II) 

3.  Jacobins  condition :  f 

where  x^  denotes  the  "conjugate "  of  jCq,  x^  being  supposed  less 
than  x^. 

•See  for  instanoe  Whittemore,  Annals  of  Math.,  2nd  sen,  vol.  2  (1901), 
p.  130. 

tSee  Erdmann,  Sthfomilch'a  ZeiUvhHfU  vol.  23  (1878),  p.  367. 
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1902.]   EXAMPLES   IN   THE  CALCULUS   OF  VABIATIONS.  8 

4.    Weierstraas^s  condition :  * 

on  (x^^)  and  for  every  finite  value  oip^  the  fonetion 

being  defined  by 

^{x,  y,  i/.p)  =  F{x,  y,p)  -F{x,  y,  y') 
-{p-y')F^.{x,y,i/). 
Since  by  Taylor's  theorem 

^(a;.  y,  y'.p)  -  ^^^^'^'  F^,^[x,  y,  2/  +  ^(p  -  y') )      (8) 

where   0<d<l,   it   follows   that   (lY)   is  > always    satisfied 
whenever 

on  (x^xXiov  every  finite  value  of  p. 

By  (U'),  (IV),  (III'),  (IV),  we  denote  the  inequalites  (II), 
(II,),  (III),  (IV)  after  the  suppression  of  the  equality  sign. 

§  2.  Example  Illustrating  the  Necessity  of  Weierstrass^s 
Condition, 

After  Jacobi  had  discovered  condition  (III),  it  was  generally 
believed  that  conditions  (I),  (II'),  (III')  were  also  sufficient  for  a 
minimum,  until  Weierstrass  proved  in  1879  their  insufficiency 
and  added  his  fourth  necessary  condition. 

The  following  example  illustrates  this  point : 

Example  I:  To  minimize  the  integral 

*  WeientraoB,  Leotores,  1879;  compare  also  Osgood,  I,  c,  p.  118,  and 
Hubert,  Arehw  fur  Maihematik  (3),  vol.  1  (1901),  p.  331.  The  expansion 
of  E  aooording'io  powers  of  p — /  shows  that  the  quotient  -^('i^iSKiP) 
l(p  —  y^y  remains  regnlar  even  when  p  =  sK. 
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Here  the  extremals  are  straight  lines ;  let 
@:  yes  mx  +  n 

be  the  extremal  through  the  two  given  points  A :  (sc^,  y^  and 

•fi:(«iiyi)- 

Further,  we  have 

Henee 

F^A^  f{x\  f\x))  =  2(6m'  +  6m  +  1). 

The  roots  of  the  equation 

6m»  +  6m  +  1  =  0 
are 

m^ «  i(-  1  +  l/i/S)  =  -  0,2118  • . . 

m,  =  i(-  1  -  l/i/S)  «  -  0.7887  •  •  • 

Henoe,  if  we  sut>pose^&e  two  given  points  A  and  B  so  situated 
that 

either     m>  m^     or     m  <  m,, 

condition  (11')  will  be  satisfied. 

Further,  condition  (lU')  is  always  satisfied;  for  since  the 
extremak  through  the  point  A  are  straight  lines,  it  follows 
that  there  exists  no  conjugate  point  on  S,  however  far  we  may 

go- 
Finally 

it  is  positive  for  every  p  when  m(m  +  1)  >  0 ;  it  can  change 
sign  when  m(m  +  1)  <  0. 

Accordingly  we  have  to  distinguish  the  following  three  cases : 

Case  I:  —  1  <  m  <  0. 

In  this  case  the  line  AB  does  not  minimize  the  integral  L 
This  can  be  seen  at  once  as  follows :  However  small  we  may 
select  a  positive  quantity  €,  we  can  always  draw  in  the  '^  neigh- 
borhood (e) "  *  of  AB  a  broken  line  S  joining  A  and  B  and 

*  Ck>inpare,  for  the  definition  of  neighborhood,  Oqgood,  /.  c,  p.  106. 
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made  up  of  segments  having  alternately  the  slope  0  and  -->  1. 
For  such  a  broken  line  the  integral  /  is  evidently  equal  to 


Fio.  1. 

zero,  the  integrand  being  zero  between  the  limits  of  integratioUi 
whereas  for  the  line  AB  the  integral  /  has  the  positive  value 

/«  «  m\m  +  ly  •  (aji  —  x^). 

Case  II:  m  ««  0  or  m  =i  —  1. 

In  this  case  the  line  AB  minimizes  the  integral  I;  for  it 
furnishes  the  value  /»  0  whereas  every  other  curve  joining 
A  and  B  and  representable  in  the  form  y  s  f(x)  furnishes  a 
positive  value. 

Case  III:  m  >  0  or  wi  <  —  1. 

In  this  case  the  line  AB  minimizes  the  integral  I  F6r  the 
set  of  straight  lines  parallel  to  AB  constitutes  a  *'  field  of  er- 
tremals  "  about  AB^  hence  by  Weierstrass's  *  theorem  we  have 
for  every  curve  S  not  coinciding  with  AB^  joining  A  and  B 
and  satisfying  the  conditions  of  §  1, 


A/r 


«       E{x,y,y',y')dx, 


(6) 


where  a%  y  is  a  point  of  S ;  ^  the  slope  of  S  at  a?,  y ;  ^  the 
slope  at  X,  y  of  the  extremal  of  the  field  passing  through  a?,  y, 
{.  6.,  y'  SB  971 ;  therefore 

*  Compare  Oigood,  l.  e. ,  p.  118 ;  also  Hilbert,  ArMv  fur  Maihematik  (3) 
VOL  1  (1901),  p.  231. 


Digitized  by 


Google 
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which  is  positive  except  where  y  ^m.     Hence  it  follows  that 

A7>0. 

Our  example  illustrates  in  this  case  another  point,  viz.,  that 
condition  {II J  is  not  necessary  for  a  minimum.     Indeed 

^^A^^A^)^  P)  =  2(6^  +  6p  +  1), 
which  may  take  negative  as  well  as  positive  values. 

§  3,  Hdation  between  a  Problem  in  Parameter  Representa- 
tion and  the  Corresponding  Problem  with  x  as  Independent 
Variable. 

When  one  has  become  acquainted  with  Weierstrass's  treat- 
ment of  the  simplest  type  of  problems  of  the  calculus  of  varia* 
tions  (viz.,  in  parameter  representation)  one  is  inclined  to  re- 
gard the  older  method — in  which  x  is  taken  as  the  independent 
variable — as  antiquated  and  imperfect  as  compared  with  Weier- 
strass's  method ;  unjustly  however,  for  the  two  methods  deed 
with  two  clearly  distinct  questions  and  which  of  the  two 
deserves  the  preference  depends  upon  the  nature  of  the  special 
problem  under  consideration. 

When  it  is  proposed  to  minimize  the  integral 

where 

Fix,  y,  fe',  V)  =  *  F'ix,  y,  x!,  y')  (7) 

for  every  positive  £,  we  consider  a  certain  well-defined  manifold- 
ness  31  of  curves 

x^4>{t),    y^^{t), 

out  of  which  we  have  to  select  those  curves  which  minimize  the 
integral  Z 

If  we  consider,  instead  of  %  another  manifoldness  ^  of 
curves,  we  obtain  an  entirely  different  problem. 

Let  now  3R  be,  in  particular,  the  totality  of  those  curves  of 
91  which  are  representable  in  the  form 

y  =/(«)» 
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fix)  being  a  single  valued  function  of  x.  Then  the  new  prob- 
lem may  be  formulated  thus :  Among  all  curves  (functions) 
y  ^f(x)  of  the  totality  3R  to  find  those  which  minimize  the 
integral 

dy 


-fy{^^'^''^'ih 


(8) 


We  distinguish  the  two  problems  as  "the  problem  (T)"  and 
"the  problem  (X)."  Since  9K  is  contained  in  %  it  follows 
that  every  solution  of  (^T)  which  is  representahle  in  the  form 
y^f{x)  is  a  fortiori  also  a  sohttion  of  [X)  ;  hut  (T)  may 
have  solutions  which  are  not  representahle  in  this  form  and 
which  accordingly  are  not  solutions  of  {X\ 


At 


Fig.  2. 

A  well-known  example  of  this  hind  is  the  so-called  "  discon- 
tinuous solution  "  of  the  problem  of  the  minimum  surface  of 
revolution,*  which  consists  of  two  perpendiculars  A  C  and  DB 
to  the  axis  of  revolution  (the  a>axis)  and  the  segment  CD  of 
the  latter.  The  broken  line  A  CDB  is  under  certain  assump- 
tions concerning  the  positions  of  A  and  B  a  solution  of  the 
problem  (7^),  but  not  of  the  problem  {X\  because  the  segments 
A  C  and  BD  are  not  representahle  in  the  form  y  =f(x). 

On  the  other  hand,  the  prohlem  (X)  may  have  solutions 
which  are  not  at  the  same  time  solutions  of(T), 

An  example  of  this  kind  is  furnished  by  the  problem  of  §  2, 
case  III.  In  this  case  the  line  AB  furnishes,  as  we  have  seen, 
a  smaller  value  for  the  integral 

*8ee  Eneser,  Lehrbaoh  der  VariatioDsreobnuDg,  p.  179. 
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/=JV'(+y'i)V 


than  any  other  curve  joining  A  and  B^  and  representable  in 
the  form  y  ^f{xy  Bat  if  we  pass  to  the  corresponding  prob- 
lem (^T)  and  admit  also  curves  which  are  not  representable  in 
this  form,  we  can  easily  find  neighboring  curves  which  furnish 
still  smaller  values  for  the  integral  /than  the  line  AB ;  for  in- 
stance  any  broken  line  &  joining  A  and  B  and  made  up  of 


y+€ 


Fig.  3. 

segments  having  alternately  the  slope  0  and  —  1.  For  such  a 
broken  line  the  integral  is  zero,  whereas  it  is  positive  for  the 
line  AB,     Hence  J.  J9  is  a  solution  of  {X)  but  not  ol{T). 

§  4.  Example  Illustrating  the  Insufficiency  of  Weierstrass^s 
Condition  in  Case  x  is  Taken  as  Independent  Variable. 

Weierstrass  discusses  the  problem  to  minimize  the  integral 
(6)  under  the  assumption  that  F(x^  y,  x\  y'\  considered  as  a 
function  of  its  four  arguments  is  regular  in  the  vicinity  of  every 
point  a;  s  a,  y  =  &,  a;'  as  a\  y'  =  V  for  which  a,  h  lies  in  a 
certain  region  of  iiie  a^-plane,  while  a%  V  may  have  any  sys- 
tem of  values  except  a'  s  0,  &'  »  0.  Under  this  assumption 
he  proves  that  the  conditions  corresponding  to  (I),  (IF),  (III^) 
(IV)  are  sufficient  for  a  minimum. 
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Nevertheless,  for  a  minimum  of  the  integral  (1)  under  the 
assumptions  stated  in  §1,  ^  conditions  (/),  (//')i  {I^I')i 
and  {IV')  are  not  sufficient^  not  even  if  {IV')  be  replaced  by 
the  stronger  condition  {Il'a)* 

This  is  shown  by  the  following  example : 

Bxample  II — To  minimize  the  integral 

/=   f\ay''-4byy''  +  2bxy'')dx,  (9) 

Jo 

a,  b  being  two  positive  constants,  vdth  the  initial  conditions 
y  =  0  for  flc  =  0     and     y  =  0  for  as  =  1. 
Here  Euler's  equation  reduces  to 

-y''-'^,y-o,  (I) 

where  F^^  =  2a  -  246yy'  +  24tbxy'\ 

The  only  extremal  through  the  two  given  points  A :  (0,  0) 
and  B :  (1, 0)  is  the  straight  line 

e:  y«0. 

Further 

^,'A^^A^)^f'(->0)  ■  2a  >  0.  (IP) 

The  set  of  extremals  through  A  is  the  pencil  of  straight  lines 

through  A  ;  hence  there  exists  no  conjugate  point  and  condition 

(UIO  is  satisfied. 
Further 

+  p{—  46y  +  46ajy')  +  2bxp\ 
Hence  along  & 

[p-A^)) 

*  Thia  statement  seems  to  oontiadiet  directly  the  theorem  on  sufficient 
oonditioDS  given  on  page  118  of  Osgood's  article.  The  contradiction  is,  how- 
ever, only  apparent  since  Osgood  makes  the  farther  assumption— see  page  106 
— that  **  Fgfg'Xxj  y,  p)  does  not  vanish  in  i! ''  from  which  it  follows  that  if 
Pt'A'f  If,  p)  is  positive  at  all  points  of  (S  for  every  Talne  of  p,  it  is  also  pari- 
Uve  at  all  paints  OF  A  cebtain  neiohbobhood  of  S,  far  every  value  of  p. 
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The  four  conditiona  (/),  (//'),  (///'),  {IV)  are  therefore 
satisfied  ;  even  the  stronger  condition 

PA'^y /(a^X  i>)  a  2a  +  24&BP*  >  0.  (Ii;) 

Nevertheless  the  line  6  does  not  minimize  the  integral  I. 
For  if  we  replace  the  line  AB  by  the  broken  line  APB^  the 


Fig.  4. 

coordinates  of  P  being  sc  =  A  >  0  and  y=^k^  the  total  varia- 
tion of  /is  easily  found  to  be 

A/=  ^[-^^^  +  1+  a  +  UjA  +  (A)  (10) 

where  Ij(A)  =  0. 

Now  let  €  >  0  be  given  as  small  as  we  please,  then  choose 
I  £  I  <  6  and  let  h  approach  zero,  keeping  k  fixed.  Then  since 
6  >  0  it  follows  that 

A/<0 

for  all  sufficiently  small  values  of  A,  which  proves  that  the  line 
AB  does  not  minimize  the  integral  Z 

The  explanation  of  the  fact  that  the  four  conditions  in  ques- 
tion are  not  sufficient  in  the  one  problem  whereas  the  correspond- 
ing four  conditions  are  sufficient  in  the  other  problem  is  as  fol- 
lows :  In  Weierstrass's  problem  no  restriction  is  imposed  upon 
the  direction  of  the  tangents  of  admissible  curves,  whereas  in  our 
problem  the  direction  parallel  to  the  y-axis,  and  no  other  direction, 
is  excluded.  In  the  former  case  the  totality  of  admissible  direc- 
tions is  dosed,  in  the  latter  it  is  not  closed. 

Univbbsitt  of  Chicaoo, 
June  13,  1002. 
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ON  THE  SUFFICIENT  CONDITIONS  IN  THE 
CALCULUS  OF  VARIATIONS. 

BY  DB.  B.  B.  HBDBICK. 

(Read  before  the  Amerioan  Mathematical  Society,  December  28,  1901.) 

The  sufficient  conditions  in  the  calculus  of  variations  have 
recently  received  a  great  deal  of  attention ;  *  and  it  would  seem 
fitting  that  attempts  be  made  to  simplify  their  discussion  when- 
ever possible,  and  to  render  the  agreement  more  exact  between 
the  known  necessary  and  the  known  sufficient  conditions.  Such 
is  the  purpose  of  this  paper,  which  also  seeks  to  present  the 
sufficient  conditions  in  compact  form.  The  work  will  to  a  large 
extent  follow  lectures  delivered  at  Gottingen  by  Professor  Hil- 
bert,  1899-1901. 

1.  Hilbert's  Invariant  Integral.!     Weierstrass's 
Sufficient  Condition. 

Let  us  consider  a  simple  definite  line  integral 

(1)  /=  r>(a!,y,y'y«^. 

VXD 

where 

dy{x) 

y  =~^~'   • 

and  where  f  is  an  analytic  function  of  the  three  arguments 
^9  Vt  y'l  11^  A  certain  region  R.  Let  us  then  restrict  ourselves 
to  the  consideration  of  curves  of  integration  contained  in  a 
realm  B^  consisting  of  curves  of  the  type 

(2)  y  =  <^(«), 

*  Dn  Boie-ReymoDd,  Math.  Annalen,  15 ;  Eneser,  Lehrbaoh  der  Variations- 
rechnoDK}  and  many  memoirs  in  Math,  Annalen ;  Osgood,  Annals  of  Math., 
2d  ser.,  vol.  2,  no.  3,  and  Transactions  Amer,  Math.  8oc.^  vol.  2,  pp.  166, 
273;  Whittemore,  Annals  of  Math.,  2d  ser.,  vol.  2,  no.  3;  Bolza,  Ithaca 
GoUoqniam  (sammer  meeting,  Amer.  Math.  Soc.,  Ang.,  1901),  nnpnblished, 
and  Transactions  Amer.  Math.  8oc.,  vol.  2,  p.  422 ;  Weierstrass,  leotnres  at 
Berlin,  1879-1882,  nnpnbliahed  ;  Hilbert,  leotnres  at  Gottingen,  1899-1901, 
unpublished,  etc. 

t  Compare  Osgood,  Annals  of  Math.,  I.  c,  where  Hilbert*s  proof  is  given. 
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where  </>(x)  together  with  its  first  derivative  is  a  single  valued 
-and  continuous  function  of  x  in  the  interval  x^'^x^iX^^  and 
where  <^(aj^)  and  <^(a5j)  have  certain  fixed  values  y^  and  yj  re- 
spectively.    If  the  value  of  the  integral  /  taken  along  a  curve 

(3)  y  =  y(a;) 

of  the  realm  B  be  less  than  the  value  of  /  taken  along  any 
other  curve  of  the  realm  B^ 

(4)  y^T{x)^y{x)^yt{x\ 

where  T(q^  is  restricted  by  the  same  conditions  as  y  and  also  by 

(6)  W)\<h,     |V(x)|<S,     «o=»'=9'p 

h  being  a  positive  constant  chosen  at  pleasure,  then  the  curve 
(8)  is  said  to  render  the  integral  /  a  weak  minimum,  as  com- 
pared to  curves  of  the  realm  B.  If  in  place  of  the  conditions 
(6)  we  merely  require  that 

(6)  W»)l<«.    a'o=«^a'P 

then  the  curve  (8)  is  said  to  render  /a  strong  minimum.*  If 
in  addition  to  the  condition  (6)  [or  (6)]  we  require  that 

(t«2,8,...w,  (n  +  1);  n-h^x^-^x^, 

then  we  will  say  that  the  curve  (8)  renders  /  a  limited  weak 
[or  strong]  minimum.f 

It  can  be  shown  %  that  if  the  curve  (8)  is  to  render  /a  mini- 
mum  (of  any  kind),  y{x)  must  satisfy  Liagrange's  equation 

^^^  d^\dy>)-dy       ^- 

The  solutions  of  this  equation  are  called  extremals. 
Let  us  now  assume :  § 

*  For  the  above,  of.  Osgood,  Annals  of  Maih.^  L  e.,  p.  106. 
t  This  is  what  Hilbert  oalls  ''  ein  Minimum  bei  stiiokweiser  Variation." 
X  See  Whittemore,  /.  c,  p.  130,  where  Hilbert's  proof  is  reprodnoed. 
g  Compare  Oggood,  Annals  of  Math.^  L  c,  p.  113;   Transactions  Atner. 
Math.  Soe.,  I.  c,  p.  1S8. 
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(a)  That  an  extremal  (7, 

(»)  y-y(^), 

can  be  obtained,  such  that  y^ «  y(se^)  and  y,  »  y(^i)»  ^*  ^^  B^ch 
that  C  passes  through  the  two  fixed  points  P :  (x^^  y^)  and  Q : 
(Xj«  y^)  given  in  the  problem. 

(6)  lliat  a  one  parameter  family  of  extremals 

(10)  y  -  <l>{x,  a) 

can  be  obtained,  where  ^  is  an  analytic  *  function  of  x  and  a^ 

x^=x  =  x^y  H  <*»  *^^  where 

(11)  4>{x.0)my(x). 
(c)  That 

— ^^^  +  0,     a?,<a5=a;i. 

It  then  follows  that  through  any  point  of  a  suitably  chosen 
neighborhood  JV  about  the  curve  (7,  one  and  only  one  extremal 
of  the  family  (10)  can  be  passed  ;  and  that  (10)  can  be  solved 
for  a  in  terms  of  x  and  y, 

(12)  a-VKa%y). 

where  '^sc,  y)  is  a  singly  valued  analytic  function  of  x  and  y^ 
in  the  neighborhood  iV.     Hence  also 

d<l>{x,a) 
^  ''      dx 

can  be  expressed  as  a  singly  valued  analytic  function  of  x  and  y» 

(13)  y'~p(x,y), 
in  the  neighborhood  iV. 

Hilbert  now  considers  the  integral 

(14)  J^  riA^.  y.  p)  +  {y'  -  P)f,i^  y.  p)]  dx 

taken  along  any  curve  G^  y  sat  Jr(a;),  joining  P  and  Q,  and 

*  Since  /  has  been  aainmed  analyftio  in  «,  y,  /,  it  foUows  that  the  ooeiB^ 
dents  in  (8)  are  aoalytio,  and  henoe  that  the  solntions  of  (8)  are  analytic. 
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lying  in  the  neighborhood  N^  where  y  and  y'  refer  to  the  curve 
of  integration  and  p  denotes  the  above  function  p(x^  y),  and 
where  y^  means  df/dp.  It  is  then  shown  that  this  integral  J  is 
independent  of  the  path  of  integration,*  i.  e.,  independent  of 
Y(x).  It  is  seen  at  once  that  J^  =s  /^  where  Jc  denotes  the 
value  of  the  integral «/ taken  along  the  curve  C7,  and  so  on.  But 
J^  ss  J^  since  J  is  independent  of  the  path.  Hence  the  neces- 
sary and  sufficient  condition  for  a  minimum,  which  is  that 
Ic >  /(7,  becomes  at  once  Ic>  Jc^  or  (/—  J)c>  0,  or 

(15)  i"'^(^  ^'  y''  i>)^»]-  >  0' 

where  C  is  any  curve  in  i\r  other  than  (7,  and  where 

(16)  E{x,  y,  y\p)sf(x, y,  y')  ^J{x,  y,p)  -  (y'  -p)/Jx,  y,p). 

It  follows  that 

(17)  JS'(x,y,y',^)^0,     x.^x^x^ 

for  all  X,  y  near  the  curve  C,  for  the  function  p  found  above, 
and  for  any  y'  whatever,  is  a  sufficient  condition  for  a  strong 
minimum^^  where  the  sign  of  equality  is  to  hold  only  along  the 
extremals  (10).     And,  moreover,  the  condition 

(18)  E{x,  y,y',p)^0,     x^<x< x^, 

for  all  a?,  y,  |9  on  C  and  for  all  y'  whatever,  is  a  necessary  con- 
dition  for  a  strong  minimum.^  For  if,  for  simplicity,  the 
family  of  extremals  (10)  be  so  taken  as  all  to  pass  through 
P :  {x^y  y^),  then  a  curve  can  be  found  which  renders  the  integral 
less  than  C  does,  in  case  ^  <  0  at  any  point  of  C  in  any  direc- 
tion y'  4=  p.  For  we  need  only  take  as  the  comparison  curve 
desired  an  extremal  other  than  C,  together  with  a  curve  which 
cuts  C  at  this  point  in  the  given  direction.     The  integral  CEdx 

taken  along  such  a  curve  is  certainly  negative. 

Let  us  now  consider  a  fixed  point  It :  (a;,  y),  on  the  curve  C, 
andy*(a7,  y,  y)  as  a  function  of  y'  alone,  for  these  fixed  values 
of   X   and  y.     Let   us   then   draw   in  a  y^-plane  the   curve 

*See  Osgood,  AnnaU  of  Math.^  I.  &,  p.  122. 

t  Provided,  of  ooarae,  that  conditionB  (a),  (6),  (c)  hold. 
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f=f{y').     By  (16)  the  inequality  ^>  0  becomes 

(19)  ^-^'l^^f.iP^  according  as  i/^p$0. 

Let  0  be  the  angle  made  by  the  axis  of  7/  with  the  tangent 
to  the  ylf-enrvQ  at  ^e  fixed  point  where  y'  =  p.  And  let  yjr  be 
the  angle  between  the  y'  axis  and  the  chord  joining  this  fixed 
point  to  a  variable  point  where  y^  =  y'.  Then,  as  is  easily  seen 
from  a  figure, 

tan  ^  =/,(;>)     and     t^^=-&f^^. 

Hence  the  inequality  (19)  becomes 

(20)  tan  ^jt  S  tan  0     according  as     y  ^p. 

But  this  is  surely  fulfilled  (except,  of  course,  for  y^^p)  pro- 
vided the  y^urve  is  always  concave  upward,  they  axis  having 
been  taken  vertical,  for  the  range  of  values  of  y^  considered. 

Hence  the  condition 

(21)  ^,>0, 

j{yr  all  sc,  y  on  the  curve  C  and  for  all  y^  considered^  is  a  suffi- 
cient condition  for  a  minimum.*  For  if  (21)  is  satisfied,  the 
yy-curve  for  every  point  (oj,  y),  on  or  near  f  C,  will  be  con- 
cave upwards,  for  the  whole  range  of  values  of  y^  considered, 
and  hence,  by  the  above,  the  Weierstrass  sufficient  condition 
(17)  will  be  satisfied4 

The  condition  (21)  is,  however,  by  no  means  necessary.  A 
necessary  condition  usually  attributed  to  L«gendre  resembles  it 

ay 

inform.     This  necessary  condition  requires  that  ^-72=  0  for  all 

*WMk  or  strong,  aooording  as  the  valnes  of  y^are  restricted,  or  not 
Here,  as  elsewhere,  the  region  B  of  page  11  mnsi  not  be  overstepped.  In 
parfcicalar,  the  yalae  y^  =  co  mnsfc  always  be  oarefally  investigated. 

ay 

t  On  aoooant  of  the  oontinaity  of  —2  in  9,  y,  ^. 
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X,  y  on  the  curve  C  and  for  y'^pJ*  A  proof  of  this  theorem 
is  given  in  the  following  section. 

2.  Limited  Variation.    Legendre's  Condition. 

If  we  now  consider  limited  variation  only,  we  have  the 
following  theorem:  Lagrange* 8^  Legendre^a  narrower;\  and 
Weieratrass^s  J  conditions  are  together  sufficient  for  a 
limited  strong  minimum. 

We  suppose  first  found  a  solution  C  of  Lagrange's  equa- 
tion connecting  the  points  P  and  Q.  Around  any  point  of  G 
a  region  can  so  be  bounded  off  that  one  and  only  one  extremal 
exists  joining  the  given  point  to  any  point  of  the  region  ;  which 
follows  at  once  from  the  Cauchy-Kowalewski  existence  theorems^ 

ay  "I 
since  r-72 1  4:  0  at  such  a  point,  from  the  narrower  condition  of 

Legendre.  If  now^  we  require  that  i/(a?)  &=  0  at  least  once  in 
the  interior  of  each  of  a  set  of  regions  such  that  the  Cauchy- 
Kowalewski  solutions  starting  from  the  one  end  point  are 
unique  up  to  the  other  end  point,  we  surely  have  in  each  such 
region  a  satisfactory  field  for  the  Weierstrass-Hilbert  theory. 
It  follows  that  the  Weierstrass-Hilbert  reasoning  can  be  applied, 
and  hence,  if  the  Weierstrass  condition  is  satisfied,  the  curve  C 
actually  renders  the  integral  /  a  limited  strong  minimum. 

Likewise  it  is  clear  that  Lagrange* s^  and  Legendre* s  nar- 
rower conditions  alone  are  together  sufficient  for  a  limited 

weak  minimum.     For  Legendre's  condition,  — ,  I  >  0  is  satis- 

fied.   But  this  insures  §  the  fulfilhnent  of  Weierstrass's  sufficient 

ay , 

condition,  by  the  end  of  Section  1,  since  —^2  is  a  continuous  f  uno- 

dy^ 

*  For  this  oonditlon  we  shall  nse  the  notation  — g     ^  0  ;  and  we  shall  call 

cy  Jc 
it,  temporarily,  Legendre's  broader  condition ;  later,  Legendre's  necessary  con- 

dition.    The  corresponding  condition,  — |      >  0,  where  the  sign  of  equality 

may  not  hold,  we  shall  call,  temporarily,  L^gendre's  narrower  condition ;  later, 

sufficient.    It  is  readily  seen  that  —-7. 1    >  0  is  sufficient  for  a  weak  mini- 

dy^  Jc 
mnm,  under  conditions  (a),  (6),  (c). 

tSee  preceding  footnote.  §  For  weak  variation,  of  coarse. 

}  See  condition  (17)  above. 
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tion  of  X,  y,  y^     On  account  of  this  theorem  we  will  bencefortb 

call  the  condition  — ,     >  0  Legendre^s  sufficient  condition. 
^'  J 


c 


<  0  is,  together  with 

c 


We  will  now  proceed  to  show  that  Legendre's  broader  condi- 
tion is  necessary  for  any  kind  of  a  minimum  whatever.     We 

ayi 

have  seen  that  Legendre's  sufficient  condition,  —  3  I   >  0  is, 

together  with  Lagrange's  condition,  sufficient  for  a  limited  weak 
minimum.     But  that  /have  a  minimum  is  equivalent  to  saying 

ay  "I 

that  —  /has  a  maximum.     Hence  — , 

Lagrange's  condition,  a  sufficient  condition  for  a  limited  weak 
maximufn.     Given  now  a  solution  of  Lagrange's  equation,  Cy 

ay] 

joining  P  and   O,  if  — ,  I    <  0  at  any   point   of    C,  then 

— b  I  <  0  for  a  whole  interval,  since  -  ,  is  a  continuous  f unc- 
tion  of  X,  ^,  y\  and   (7  is  a  continuous  curve  whose  tangent 

ay  "I 

varies  continuously.     But  since  —-3  I  <  0  is  a  sufficient  condi- 

tion  for  a  limited  weak  maximum^  it  follows  that  any  limited 
weak  variation  in  this  interval  gives  us  a  curve  for  which  /has 
a  less  value  than  along  (7.     It  follows  that  Legendre's  broader 

ayi 

condition^  — 2  I   =  0,  is  a  necessary  condition  for  a  minimum 

dy'  Ac 
of  any  hind  whatever  ;  since  otherwise  we  have  actually  found 
a  comparison  curve  C  such  that  /^,  <  Iq^  and  this  comparison 
curve  occurs  in  any  possible  choice  of  realms  of  curves  to  be 
considered  siiice  it  is  a  limited  weak  variation  of  C,  the, 
tangents  to  which  can  be  made,  if  necessary,  to  turn  continu- 
ously.'*'    On  account  of  this  theorem  we  shall  henceforth  call 

ayi 

the  condition  — j  I  =  0  Legendr^s  necessary  condition, 
^y'  Jc 

It  seems  fitting  at  this  point  to  call  attention  to  the  general 
usefulness  of  the  idea  of  the  limited  variation,  which  has  led 
us  so  easily  to  Legendre's  necessary  condition.     The  question 


*  Or  even  ftDalytioally,  by  the  now  well  known  method  originally  dae  to 
Sohwarz. 


Digitized  by  VjOOQIC 


18  CONDITIONS  IN  THE  CALCULUS   OF  VARIATIONS.   [Oct, 

of  geodetics  in  the  surface  theory,  and  many  questions  in 
mechanics,  notably  the  Hamilton -Jacobi  theory,  require  only 
the  use  of  limited  variation,  and  indeed  it  is  peculiarly  suited 
to  the  needs  of  these  and  other  similar  subjects.  Its  greater 
simplicity  in  statement  and  treatment  commend  it  above  methods 
commonly  employed,  and  its  results  are  more  easily  obtained 
and  grasped.  For  instance,  in  the  surface  theory,  any  geodetic 
line  actually  renders  the  integral  of  length  on  the  surface  a 
limited  strong  minimum  along  any  portion  of  it  which  joins 
any  two  points  upon  it.*  This  statement  brings  into  a  clear 
light  the  essential  characteristics  of  a  geodetic  as  a  '^  shortest " 
line,  and  its  application  to  such  special  surfaces  as  the  sphere 
and  the  anchor  ring  are  particularly  vivid. 

S.  Unlimited  Variation.     Production  of  Jacobi's  Con- 
dition FROM  WeIERSTRASS'S   CONDITION,  f 

Jacobi's  condition  was  originally  erroneously  stated  as  a  suf- 
ficient condition,  and  was  shown  by  Weierstrass  to  be  insufficient 
for  strong  minima.  Thus  far  we  have  obtained  Weierstrass's 
condition  (Section  1)  as  sufficient  for  a  strong  minimum  under 
the  necessary  conditions  (a),  (ft),  (c)  of  Section  1.  We  now  pro- 
pose to  obtain  Jacobi's  condition  as  a  necessary  condition  for 
any  (unlimited)  mininum  from  consideration  and  elimination  of 
these  conditions  (a),  (6),  (c).  We  shall  then  show  that  Jacobi's 
condition  (together  with  Lagrange's  and  Legendre's)  is  a  suf- 
ficient  condition  for  weak  minima,  the  Weierstrass  condition 
being  unnecessary.  Thus  the  Jacobi  condition  precisely  covers 
the  introduction  of  the  unlimited  variation,  for  exactly  analo- 
gous results  have  been  obtained  for  limited  variation  (Section 
2)  with  its  omission. 

We  will  suppose  the  Lagrange  condition  satisfied,  since  it  is 
K  first  necessary  condition  for  any  discussion.  Let  the  supposed 
solution  C  of  our  problem  be  the  curve 

(1)  y  =  y{x) 

joining  P :  {x^^  y^)  and  Q :  (ajj,  yj.     The  Lagrange  equation 

(2)  y  ^fl  +  y-eydy'  +  dxdy'-dy-^ 

*  lu  this  particular  theorem,  of  oonrae,  no  new/at-^  is  involved, 
tin  oonnection  with  this  seotioUf  see  Osgood,  Transactions  Amer,  Math. 
Soc.yl,  c,  p.  166. 
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has  in  general  a  two-parameter  family  of  solutions 

(8)  y=*(«ic,,c,) 

where  <^  is  an  analytic  function  of  x^  c^,  c^  if,  as  supposed,  f  is 
analytic  in  sc,  y,  y'. 

Let  us  now  suppose  that  c^  and  c,  are  so  chosen  that 

(4)  <A(x,0,0)sy(aj), 

so  that  for  c^  =  0,  c^  ==  0,  our  curve  C  results.     Further  let 
Cj  =  ty^  and  c,  =  ty^.     Then  (8)  becomes 

(6)  y  =  *(»,  ^7p  ^72). 

Since  <^  is  analytic  in  c^  and  c,  we  have,  when  7^  and  7,  are  re- 
garded as  constant, 


(6) 


y  =  «^(aj,  <7p  <72)  =  ^(«,  0»     say, 
=  y(a!)  +  <*,(«)  +  <**2(a')  +  •  •  • 


which  converges  uniformly  for  sufficiently  small  values  of  t. 

Now,  r^arding  7^  and  y^  as  constant,  and  (6)  as  our  one- 
parameter  family  of  solutions  required  by  condition  (&),  Section 
1,  let  us  set 

m       «      S^{x,t)     dy{x)        d4>,(x)        d<t>^{x) 

If  now  we  can  solve  (6)  for  ^  as  a  single  valued  function  of 
y  and  x,  we  can  insert  the  value  found  in  (7)  and  have  p  de- 
fined as  a  single  valued  function  of  y  and  a;,  i.  e.,  of  the  posi- 
tion ;  and  this  will  hold  for  sufficiency  small  values  of  t^  since 
the  series  used  are  then  uniformly  convergent,  L  e.,  it  will  hold 
for  all  points  in  a  suitably  chosen  neighborhood  of  (7.  Such  a 
solution  will  then  satisfy  the  purposes  of  the  Weierstrass-Hilbert 
theory.  But  for  this  (compare  condition  c.  Section  I)  it  is  only 
necessary  that 

<A,(x)  +  0. 
ut 


Bu 
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*'(»') 2— J.=o' 

whence 

(9)  ^,(«) ^^- -^  + ^- ^ 

d<t>         dd> 

where     ,,,s^,     ,,,  =  ^^. 

If  then  we  can  so  choose  7^  and  7.  that  4>{x)  does  not  vanish 
between  x^and  x^  the  Weierstrass-Hiibert  theory  can  be  applied. 

And  further^  the  possibility  of  such  a  choice  is  necessary  for 
the  existence  of  a  minimum.  For,  consider  the  family  of  ex- 
tremals out  of  (8)  which  pass  through  (x^^  y^)  and  suppose  that 
7^  and  7,  are  so  chosen  that  (6)  represents  this  family.*  If 
then  <f>^(x)  vanishes  at  any  point  H  between  x^  and  x^  then  the 
equations 


(10) 

dt   =°' 

y  =  y(a!)s4>(a5,  0) 

are  satisfied  at  this  point,  since 

i 

dt         ,=  -*^'(»'' 

Hence  the  envelope  of  the  above  family  of  extremals  through 
(*q»  Vo)  ®"*^  *^®  curve  C  at  any  such  point  as  R. 

If  now  this  envelope  be  a  single  point,  then  compare  the  value 
Ic  with  i^  where  C  is  any  other  extremal  of  the  family.  Since 
J\&  independent  of  the  path  and  since  J  reduces  to  /  for  all 
extremals,  it  follows  that  C  does  not  render  /  a  proper  (un- 
limited) minimum  of  any  sort  whatever,  between  P  and  li  or 

*  It  oan  be  shown  from  the  ooDsideratioiis  at  the  end  of  this  Section,  that 
this  is  the-hest  possible  ohoioe. 
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between  P  and  any  point  beyond  R.  Yot  ^c]p^  ^c]  p  <^^ 
^  is  an  analytic  weak  variation  of  C. 

If  on  the  other  hand  the  envelope  is  a  curve,  then  compare 
/J  J  with  /Jp'  +  Ib\%  where  G\&  any  other  extremal  of  the 
&mily,'^  the  envelope,  and  R'  the  point  where  C  meets  E. 
Since  the  envelope  is  tangent  at  every  point  to  an  extremal  of 
the  family,  it  follows,  as  before,  that  e/^  =>  /^  and  hence 
7^]  J  =.  7c]  J'  +  7J  ^,.  Hence  G  does  not  render  7  a  proper  * 
(nnlimited)  minimum  between  P  and  R  nor  between  P  and  any 
point  beyond  R. 

It  follows  that  if  we  can  so  choose  y^  and  y^  that 

th>e  Weierstrass-HUbert  theory  can  be  applied/  and  further 
the  possibility  of  such  a  choice  is  a  necessary  condition  for  the 
existence  of  an  (unlimited)  minimum  of  any  sort. 
We  know  that 

(11)  y  =  (f>{x,  Cj,  cj  «  *(aj,  t) 

must  satisfy  Lagrange*s  equation 

(12)       .z(,).^(-|:)-|-o 

or 

(13)  0  -  L(^{x,  t))  =  L{y(x)  +  t4>lx)  +  ei>,{x)  +  •  •  •) 

-  L{y{x))  + ^- J^^^ « +  _^_  j^^  ^  +  . . . 

for  all  sufficiently  small  values  of  t  Hence  the  coefficient  of  t 
must  vanish  separately, 

(14)  I  {L{y{x)  +  t4>lx)  +  eU^)  H-  ...)}]^^^  =  0. 

di  d^i 
But  7(f)  involves  f,  j  ,  -^.     Hence  we  have 

*  Ik  oan  indeed  be  shown  that  C  does  not  even  render  /  an  improper  mini- 
mum, for  the  envelope  oannot  be  an  extremal.  It  is  to  be  notieed  that  all 
tiie  above  work  holds  even  when  the  extremals  out  the  envelope. 
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ax(f)^'    ai(f)V    az<f)dn     _ 

^     ''        .d'f    dt   "^    .di     dt  "^    d^     dt\,^r 


where 


rfas*  dx 


isy{x)  +  t<f>,(x)  +  e<f>Jix)  + 


OP 

(16)      ff)*,"(.)  +  ?|^'*,'(«)  +  '-f-> «»)  -  0. 

an  equation  which  must  be  satisfied  by  y  =  j/M'  Using  the 
definition  of  X(y),  we  find  bj  a  simple  calculation  that  <f>i{x)^ 
and  hence  both  17^  and  rj^^  must  satisfy  the  following  linear 
differential  equation  of  the  second  order : 

(IT)  /,,.,"  +  %,'  +  (%-/«),=  0. 

where 

as  usual.  But  (17)  is  precisely  Jacobi's  equation ;  and  Jacobi's 
whole  condition  consisted  in  finding  whether  an  integral  of  this 
equation 

H^)  =  7i^i  +  72^2 

existed,  which  did  not  vanish  between  x^  and  x^.  Hence  the 
above  are  precisely  Jacobi's  conditions,  except  that  the  equality 
sign  in  our  condition  must  be  omitted  in  the  usual  discussion, 
and  the  corresponding  case  made  a  subject  of  further  investi- 
gation. 

The  rest  of  the  results  announced  at  the  beginning  of  the 
article  now  follow  readily,  and  will  be  left  to  the  reader. 

4.  Summary  of  Conditions. 

Collecting  our  results,  we  may  say  that  the  following  condi- 
tions hold : 
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Limited  Variations. 


(Jnlimited  Variations. 


Heeeuary. 


Weak. 

strong. 

LagraDge'8, 

Lagiaiig:e'8, 

Legeodre's 

Legeodre's 

neoeasary. 

neoeaeary, 

Weieratraas's 

neoessary. 

Weak. 


Lagrange's, 

L^endre's 

neoeeaary, 

Jaoobi'a. 


Sufficient. 


I  Lagnmge'a, 
>  Legendre'a 
I     aafficieot. 


Lagrange's, 
Legend  re*s 
Buffioient, 
Weierstraas's 
sufficient. 


Lagrange's, 

L^endre's 

sufficient, 

Jacobi's. 


il 


Strong. 


Lagrange's, 

Legendre's 

neoessary, 

Jaoobi's, 

Weierstraas's 

necessary. 


Lagrange's^ 

Legendre's 

sufficient, 

Jaoobi's, 

Weierstrass's 

sufficient. 


It  is  seen  on  glancing  at  the  table  that  from  the  simple  condi- 
tions (Lagrange's  and  Legendre's)  for  limited  weak  variation 
we  proceed  to  any  other  case  by  adding  Weierstrass's  conditions 
in  the  case  of  a  strong  minimum,  and  Jacobi's  in  case  of  an  un- 
limited minimum,  only.  It  is  to  be  hoped  that  advances  may 
be  made  in  bringing  the  necessary  and  sufficient  conditions 
more  closely  together  or  into  entire  coincidence.  The  above 
table  represents  substantially  the  present  known  conditions,  in 
the  belief  of  the  writer. 

In  special  problems  the  irksomeness  of  these  conditions  can 
sometimes  be  circumvented.     For  instance,  given  a  problem  in 

ay 

which  — "2  >  0  /or  all  values  qfx^  y,  y',  then  the  necessary  and 
5y' 

sufficient  condition /or  a  limited  strong  minimum  is  thepossi' 

bUity  o/  finding  a  solution  o/  Lagrange's  equation  joining 

the  two  given  end  points.     Such  is  the  case  in  the  geodetic 

problem  and  also  in  the  integral  which  leads  to  Hamilton's 

principle;  and  in  each  of  these  cases,  fortunately,  a  limited 

strong  minimum  is  all  that  is  desired.     Similar  simplification 

ay 

occurs  in  every  case  when  —  3  >  0  for  all  cc,  y,  y'.     For  then 

ay' 

Legendre's  and  Weierstrass's  conditions  are  always  satisfied, 

and  may  be  abstracted  from  the  above  table.     For  this  reason 

ay 

Hilbert  has  called  a  problem  in  which  -  2  >  0  f or  all  x,  y,  y' 

5y' 

contained  in  a  singly  connected  region  JS^  in  which  the  given 
end  points  lie,  a  ^^  regular  "  problem  of  the  calculus  of  variations. 
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6.   Conclusion.     Hilbebt^s  Existence  Theorem. 

A  misunderstanding  has  sometimes  arisen  in  regard  to  Hil- 
bert's  existence  proof.  Its  purpose  is  not  to  establish  further 
conditions  npr  to  solve  more  general  problems,  but  is  to  reassure 
us  as  to  the  possibility  of  satisfying  the  conditions  already 
found,  in  the  more  favorable  cases.  We  have  seen  that  a 
necessary  condition  for  any  minimum  was  the  possibility  of 
finding  a  solution  of  Lagrange's  equation  joining  the  two  end 
points  P  and  Q ;  and  that  this  is  a  sufficient  condition  for  a 
limited  strong  minimum,  in  a  regular  problem.  That  such  a 
solution  exists,  even  in  the  most  favorable  cases,  is  by  no  means 
certain  from  the  ordinary  theory  of  differential  equations.  It 
was  the  original  purpose  of  Hilbert's  proof  (merely)  to  show 
that,  in  this  most  favorable  case  of  a  regular  problem,  a  curve 
imust  exist  which  renders  our  integral  an  unlimited  strong 
minimum,  compared  with  all  continuous  comparison  curves ;  and 
that  the  minimizing  curve  is  composed  of  a  finite  number  of 
pieces  of  extremals.  Hilbert's  existence  theorem  may  therefore 
properly  be  called  a  theorem  in  differential  equations. 

At  present  the  results  cannot  be  said  to  demonstrate  more 
than  that  a  curve  exists  which  renders  the  integral  an  improper 
minimum.  This  result  cannot  be  extended  in  general,  and  it 
remains  to  show  that  Lagrange's  equation  is  necessary,  not  only 
for  proper,  but  also  for  improper  minima. 

In  conclusion,  the  author  desires  to  enter  protest  against  the 
extreme  complication  recently  introduced  in  some  quarters  into 
the  essentially  simple  subject  of  the  calculus  of  variations.  In 
the  case  of  the  only  modem  text-book  on  the  theory,*  this  con- 
dition is  so  exaggerated  as  to  essentially  mar  the  usefulness  of 
the  book,  in  that  many  who  would  otherwise  interest  themselves 
in  the  subject,  are  repelled  by  the  style  and  treatment.  It  is 
to  be  sincerely  regretted,  in  the  opinion  of  the  writer,  that  this 
tendency  has  been  followed  in  some  of  the  recent  memoirs. 

Yalb  Univbbsity, 
June,  1902. 

*  Eneser,  Variationsreohnang. 
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SOME  EECENT  BOOKS   ON  MECHANICS.* 

Vorlesungen  uber  technische  Mechanik.  Von  August  Foppl. 
4  Bde.,  8vo.  Leipzig,  B.  G.  Teubner.  Bd.  1 :  Einfuhrung 
in  die  Mechanik,  2te  Aufl.,  1900,  xiv  +  422  pp.;  Bd.  2: 
Graphische  Statik,  1900,  x  +  462  pp.;  Bd.  3  :  Festigkeits- 
lehrey  2te  Aufl.,  1900,  xviii  +  612  pp.;  Bd.  4 :  Dynamik, 
2te  Aufl.,  1901,  XV  +  506  pp. 

Einfuhrung  in  das  Stadium  der  theoretiachen  Phyaik^  inheson- 
dere  in  das  der  analytischen  Mechanik,  mit  einer  Einleitung 
in  die  Theorie  der  physikalischen  Erkenntnisa.  Von  P. 
VoLKMANN.     Leipzig,  B.  G.  Teubner,  1900.     xvi  +  370  pp, 

Qudques  Reflexions  sur  la  Mecanique,  suivies  d'une  premiere 
Leffon  de  Dynamique,  Par  Emile  Picard.  Paris,  Gauthier- 
Villars  et  Fils,  1902.     56  pp. 

From  the  standpoint  of  the  teacher  who  has  to  face  the 
problem  of  introducing  students  to  the  elements  of  mechanics 
both  theoretical  and  practical,  probably  the  most  interesting  and 
suggestive  work  which  has  appeared  during  the  last  few  years, 
is  that  of  Dr.  August  Foppl,  pi*ofessor  at  the  school  of  technol- 
ogy (Technische  Hochschule)  at  Munich.  The  books  are 
especially  noteworthy  because  Professor  Foppl  teaches  those 
who  are  to  be  engineers  —  practical  men — and  yet  at  the  same 
time  insists  on  teaching  in  such  a  manner  that  his  pupils  shall 
acquire  not  the  applications  alone  but  a  firm  grasp  of  the  general 
theoretical  principles  which  underlie  those  applications.  This 
method  of  instruction  unfortunately  may  not  appeal  to  some  in 
this  country  who  care  only  for  what  our  engineers  can  do  and 
not  at  all  for  what  they  may  know.  But  certainly  it  is  much 
better  to  teach  the  thought  and  theory  in  addition  to  the  routine 
and  practice,  or  in  conjunction  with  it.  In  fact,  as  Professor 
Foppl  points  out,  the  engineer  can  not  be  thoroughly  master  of 
his  work  and  capable  of  handling  whatever  new  difficulties  may 
arise  unless  he  knows  the  why  as  well  as  the  how. 

What  then  is  the  sort  of  lectures  that  a  thorough  scientist 
finds  feasible  when  addressing  a  class  of  engineering  students 
at  one  of  the  leading  German  scientific  schools  ?     This  question 

*  Continned  from  the  Judo  nnmber  of  the  Bulletin. 
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may  be  answered  by  looking  into  Professor  Foppl's  four  volumes 
— for  happily  the  author  has  followed  his  lectures  closely.  That 
the  work  is  found  practical  and  acceptable  in  Germany  is  shown 
clearly  by  the  demand  for  a  second  edition  within  about  two 
years  of  the  time  of  first  publication.  In  this  review  we  shall 
lay  especial  stress  on  the  first  and  fourth  volumes,  which  are  less 
technical  than  the  second  and  third  and  which  consequently  are 
more  interesting  to  us  here. 

The  first  volume,  Introduction  to  Mechanics,  discusses  the 
elementary  portions  of  the  kinetics  and  statics  of  particles  and 
rigid  bodies  with  or  without  friction,  of  the  theory  of  elasticity, 
and  of  hydromechanics.  Throughout,  the  object  of  the  author 
is  to  give  his  pupils  a  general  knowledge  of  mechanical  theory 
such  that  later  the  more  advanced  or  special  branches  will  be 
seen  to  fit  on  in  their  proper  places.  The  language  is  natural 
and  simple.  The  only  mathematical  prerequisite  is  a  fair 
knowledge  of  differential  and  integral  calculus.  Every  attempt 
is  made  to  relieve  the  reader  from  difficulties  of  presentation  in 
order  that  he  may  concentrate  his  undivided  attention  upon  the 
new  difficulties  of  the  subject  itself. 

There  is  one  possible  exception  to  this  statement.  The 
author  throughout  all  four  volumes  uses  vector  analysis  wher- 
ever it  is  appropriate.  The  notations  are  those  which  he  has 
previously  employed  in  his  Einfuhrung  in  die  Maxwell'sche 
Theorie  der  Electrizitat.  The  vectors  are  printed  in  heavy 
faced  German  type.  If  we  may  be  permitted  to  change  to 
English  Clarendons,  let  a,  b  represent  two  vectors  and  e  a 
vector  of  unit  length  normal  to  a  and  b  upon  that  side  of  the 
ab-plane  upon  which  rotation  from  a  to  b  appears  counterclock- 
wise. Then  the  scalar  and  vector  products  of  a  and  b  are  de- 
fined as 

ab  =  —  /Sab  =  a-b  =  [a|b]  =  ah  cos  (a,  b), 

Yab  =  Fab  =  a  x  b  s:=  [ab]  =  ah  cos  (a,  b)  e. 

(The  notations  are  those  of  Foppl,  Sir  W.  R.  Hamilton,  Gibbs, 
and  Grassman  in  order.)  Although  the  author  had  found  in 
his  own  experience  that  vector  methods  were  better  suited  to 
pedagogical  purposes  than  cartesian  analysis,  he  had  grave 
fears  at  first  lest  the  public  at  large,  especifdly  in  Germany, 
should  disagree  with  him  and  dislike  his  method.  Yet  he  went 
boldly  ahead  and  published  it.     The  result  was  a  little  surpris- 
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ing  to  him.  Those  who  used  the  volumes  were  pleased,  and 
even  the  reviewers  could  not  make  objections  without  adding 
the  qualifying  statement  that :  '^  The  presentation  of  the  chief 
general  theorems  of  mechanics  in  terms  of  vectors  possesses  a 
simplicity  and  intelligibility  which  could  not  be  obtained  by  the 
old  method  of  cartesian  coordinates."  The  great  popularity  of 
Professor  Foppl's  work  seems  to  bear  out  this  judgment  and  to 
indicate  further  that  the  use  of  vectors  certainly  does  not  in- 
crease the  difficulty  of  learning  mechanics. 

What  style  shidl  be  adopted  in  presenting  elementary  me- 
chanics is  one  of  the  most  difficult  questions  an  author  or  a 
teacher  must  meet.  The  students'  previous  training  in  algebra, 
trigonometry,  analytic  geometry,  and  calculus  as  it  is  generally 
taught  has  been  necessarily  quite  formal.  These  mighty 
algorithms  of  formal  mathematics  must  be  learned  so  that  they 
may  be  applied  with  readiness  and  precision.  But  with  me- 
chwics  comes  the  application  of  these  algorithms  and  formal 
do-by-rote  methods,  diough  often  possible,  yield  no  I'esults  of 
permanent  value.  How  to  elicit  and  cultivate  thought  is  now 
of  primary  importance.  There  are  two  opposite  methods. 
First.  Give  the  student  a  syllabus  of  the  subject  in  which  the 
general  theory,  the  bare  facts,  are  presented  with  as  little  dis- 
cussion as  possible.  The  student  must  then  supply  his  own 
discussion,  his  own  details.  He  must  think  the  subject  over 
until  he  sees  its  meaning.  If  he  has  patience,  ability,  and  a 
little  guidance  the  result  is  good.  Otherwise  he  gets  little  or 
nothing.  Second.  Enter  into  a  discussion  of  the  subject, 
touch  on  this  side  and  on  that,  show  what  is  known  and  what  is 
not,  point  out  where  definitions  are  needed,  where  experiment 
must  be  appealed  to,  and  thus  by  merely  dwelling  on  the  dif- 
ferent aspects  of  the  subject  allow  the  true  significance  of  it  all 
to  become  apparent  to  the  student.  This  method  is  often  very 
successful  in  introducing  new  ideas  such  as  mass,  time,  and 
force.  It  is  practically  taking  them  as  innate  ideas  after  talk- 
ing long  enough  to  insure  that  this  innateness  has  been  recog- 
nized. But  it  also  has  its  disadvantages.  For  unless  it  is  well 
handled  the  student  is  apt  to  be  bewildered  by  the  lack  of  defi- 
niteness,  and  to  lose  faith  in  his  ability  to  work  accurately.  It 
may  be  remembered  that  we  spoke  favorably  of  Professor  Gray's 
Treatise  on  Physics  in  that  he  struck  a  mean  between  these  two 
methods. 

Professor  Foppl,  writing  for  a  totally  different  class  of  readers, 
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makes  an  unoommonly  successful  use  of  the  second — the  dis- 
cursive method.  The  discussion  is  half  historical,  half  scientific, 
such  as  is  found  much  more  elaborately  worked  out  in  Professor 
E.  von  Mach's  Science  of  Mechanics,  and  is  sure  to  appeal  to 
one  who  commences  mechanics  with  his  common  sense  alert. 
The  introduction  to  Volume  I,  a  short  essay  on  the  origin  and  aim 
of  mechanics,  is  excellent  diet  for  future  engineers  and  physicists. 
The  author  points  out  what  is  meant  by  experience — true,  use- 
ful  experience — and  shows  how  the  fact  that  geometry  was 
given  a  definitive,  logical  form  as  long  ago  as  the  time  of 
Euclid  may  be  interpreted  not  as  proving  that  geometry  is  not 
ultimately  founded  on  experience,  but  rather  as  indicating 
how  long  the  experimental  stage  antedated  Euclid.  To  give 
mechanics  a  definitive  form  is  now  possible,  as  the  work  of  Hertz 
and  others  shows.  Some  say  that  this  straightforward  logical 
method  of  presentation  is  the  simplest.  That  depends  on  what 
is  meant  by  simple.  From  the  standpoint  of  the  learner  the 
historical  crude  method  appears  easier  than  the  logical.  Here 
Professor  Foppl  touches  either  rightly  or  wrongly  on  a  great 
pedagogical  principle.  Perhaps  it  is  interesting  and  not  unsug- 
gestive  to  note  that  while  teachers  and  authors  in  our  univer- 
sities are  trying  to  give  calculus  a  logical  i*igor  and  mechanics 
a  definitive  set  of  axioms,  there  is  in  the  meantime  a  great 
commotion  among  teachers  of  elementary  geometry  as  to  whether 
this  logical  definitive  method  of  Euclid  is  at  all  suitable  for 
beginners.  Some  scientists  of  note.  Professor  John  Perry  and 
Mr.  Oliver  Heaviside,  for  example,  have  taken  part  in  the  dis- 
cussion and  placed  themselves  emphatically  upon  the  negative. 
As  far  as  mechanics  is  concerned  Professor  Foppl  seems  to  agree 
with  them. 

After  the  introduction,  twelve  pages  of  the  text  are  devoted 
to  general  discussion  of  the  ideas  involved  in  particle,  inertia, 
and  force.  The  author  does  not  define ;  he  prefers  to  discuss. 
His  treatment  of  a  particle  is  particularly  noteworthy.  On 
page  17  we  read:  "The  bodies  or  parts  of  bodies  which  we 
shall  regard  as  particles  may  be  reasonably  small,  but  must  not 
be  very  {L  «.,  unlimitedly)  small.'*  The  earth  is  a  particle  for 
many  problems ;  a  molecule  for  few.  Setting  a  lower  limit  for  the 
size  of  a  particle  in  dynamics  is  usually  forgotten ;  yet,  sooner 
or  later,  it  is  of  the  greatest  importance  if  students  of  atomic 
theories  are  not  to  be  confused.  A  particle  must  generally  be 
regarded  either  as  composed  of  a  large  number  of  molecules  or 
as  a  small  part  of  an  atom. 
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We  might  point  out  farther  that  the  oommon  definition  of 
density  at  a  point  as 

dv 

is  quite  meaningless  even  in  the  case  of  a  so-called  homogeneous 
body  unless  we  make  an  assumption  which  is  never  physically 
correct  and  which  need  never  be  made,  namely  that  mass  is  a 
continuous,  not  to  say  differentiable  function  of  position.  Might 
it  not  be  better  to  tell  the  student,  especially  one  who  is  to  be  a 
physicist,  that  density  and  a  large  number  of  physical  quantities 
are  averages  —  averages  which  are  taken  over  a  region  so  large 
in  comparison  to  the  phenomenon  averaged  that  the  result  is 
sufficiently  stable  to  be  considered  as  a  definite  number  for 
practical  purposes,  but  over  a  region  so  small  with  respect  to 
the  total  region  in  which  the  phenomenon  exists  that  the 
methods  of  the  differential  calculus  may  be  employed  in  express- 
ing and  handling  the  average  ?  Whether  it  is  better  to  make 
physical  hypotheses  which  are  ultimately  untenable  in  order  that 
in  the  meantime  mathematics  may  be  applied  with  absolute  rigor 
or  to  state  that  the  methods  of  pure  mathematics,  though  strictly 
not  applicable,  yield  results  which  within  negligible  errors 
agree  with  the  phenomena  observed  or  observable?  Pro- 
fessor Foppl  seems  to  believe  that  discussion  made  in  the 
right  spirit  is,  all  things  considered,  more  satisfactory  to  prac- 
tical men  than  precise  definitions  made  on  impossible  physical 
hypotheses. 

The  law  of  inertia  is  explained  and  illustrated  by  Foucault's 
pendulum  experiment.  The  illustration  is  subtle  but  striking. 
The  fact  that  the  pendulum  will  beat  on  in  its  own  absolute 
plane  regardless  of  the  earth  is  particularly  impressive  and  quite 
intelligible  to  students.  Force  is  then  discussed  qualitatively ; 
but  it  is  only  after  the  treatment  of  the  motion  of  freely  falling 
bodies  that  quantitative  definitions  of  force  and  mass  are  given. 
Experiment  is  called  upon  to  establish  the  fact  that  the  accelera- 
tion ffj  due  to  gravity,  is  constant  at  a  particular  point  in  the 
surface  of  the  earth.  The  force  which  the  earth  exerts  on  a 
body  is  called  the  weight  of  that  body.  Weights  may  be  com- 
pared  and  a  unit  adopted.  Mass  may  be  introduced  by  means 
of  the  equation 

rrr  ^'x 
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Finally  by  making  the  assumption  that  any  force  is  essentially 
like  the  force  due  to  gravity  in  that  it  may  be  expressed  numer- 
ically in  terms  of  weight  units  the  author  arrives  simulta- 
neously at  a  measure  of  force  in  general  and  at  the  fundamental 
dynamical  equation  for  motion  in  one  dimenaioa — ^timt  is,  the 
expression 

J^  =  mo,  ^  7n  —J  2  • 

Thus  far  only  rectilinear  motion  has  been  treated.  The 
author  now  proceeds  to  motion  in  two  or  three  dimensions,  to 
the  parallelogi*am  law,  and  the  principle  of  the  superposition  of 
different  motions.  The  discussion  accorded  to  centrifugal  force 
is  perhaps  unnecessarily  long  and  is  concerned  mainly  with 
showing  how  that  force  should  be  regarded  as  the  equal  and  op- 
posite reaction  to  the  centripetal  force,  not  by  any  means  as  a 
fictive  force.  Work  and  energy  are  introduced  and  the  funda- 
mental theorem  that  the  work  done  is  equal  to  the  change  in 
kinetic  energy  is  proved.  The  author  introduces  the  principle 
of  virtual  velocities  and  proves  it  from  the  parallelogram  law. 
He  states,  however,  that  the  inverse  method  of  procedure  is 
equally  admissible.  The  principle  of  virtual  velocities  may  be 
taken  as  the  fundamental  physical  axiom  instead  of  the  paral- 
lelogram law  which  may  then  be  proved  from  it.  Finally  a 
long  treatment  of  moments  and  the  solution  of  a  number  of 
problems  complete  the  discussion  of  the  dynamics  of  a  particle 
—  the  first  division  of  the  first  volume. 

The  second  division  deals  with  the  mechanics  of  rigid  bodies. 
After  elementary  kinematical  considerations,  statics  and  the 
principle  of  virtual  velocities  are  taken  up.  This  part  of  the 
work  has  been  regarded  with  great  disfavor  by  some  reviewers, 
notably  by  Dr.  K.  Heun  in  the  first  number  of  the  Zeitschrift 
fur  Mathematik  und  Physih  for  the  current  year.  The  state- 
ment which  gives  trouble  is  found  on  page  143  :  '^  Let  us  give 
to  a  body  an  arbitrary  virtual  displacement.  This  displacement 
can  even  be  finite.  It  is,  however,  customary  to  apply  the 
principle  of  virtual  velocities  in  the  case  of  a  rigid  body  only  to 
infinitesimal  changes  of  position  and  we  shall  consequently 
derive  it  for  such.  The  transference  to  a  finite  displacement 
offers  no  di£Bculty  inasmuch  as  each  finite  displacement  can  be 
reduced  to  a  sum  of  infinitesimal  changes  of  position."  If  by 
^^  can  even  be  finite,"  the  author  means  can  in  all  cases  be  finite, 
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as  Dr.  Heun  seems  to  imagine,  the  statement  is  certainly  in  gross 
error ;  for  it  makes  the  principle  of  virtual  velocities  applicable 
only  to  cases  of  neutral  equilibrium.  But  we  see  no  reason  for 
not  interpreting  the  statement  as  meaning  can  in  some  cases  be 
finite.  In  fact  we  are  wont  to  use  the  principle  of  virtual 
velocities,  as  far  as  piactical  applications  are  concerned, 
mainly  for  finding  the  mechanical  advantage  and  efficiency  of 
machines.  When  a  machine  such  as  an  inclined  plane,  a  screw, 
or  a  pulley  system  is  working  at  a  constant  rate  the  forces  act- 
ing upon  it  must  be  in  neutral  equilibrium.  We  are  inclined 
to  believe  that  in  a  larger  number  of  the  problems  in  which 
virtual  velocities  are  useful  to  the  engineering  student  the 
forces  must  likewise  be  in  neutral  equilibrium.  We  might 
suggest  that  the  author  express  himself  a  little  more  clearly  on 
this  point  for  the  sake  of  those  who  seem  to  have  misunderstood 
him.  There  are  other  points  upon  which  the  author  might 
easily  be  defended  from  his  reviewers  if  necessity  made  a 
defense  advisable. 

Before  leaving  the  principle  of  virtual  velocities  we  wish  to 
ask  whether  the  introduction  of  that  subject  into  elementary 
mechanics  is  to  be  commended.  Almost  aU  English  and  some 
continental  books  practically  ignore  it.  When  it  is  not  ignored 
the  treatment  given  it  is  usually  indefinite  and  unsatisfactory 
(Professor  Foppl's  book  forms  no  exception)  owing  to  the  fact 
that  the  necessary  and  sufficient  conditions  as  to  rigidity,  con- 
straints, internal  and  frictional  actions  which  must  be  satisfied 
in  order  that  the  principle  be  applicable  are  not  clearly  stated. 

The.  third  division  of  the  volume  deals  first  with  the  statical, 
second  with  the  dynamical  properties  of  centers  of  gravity,  and 
finally  with  the  kinetic  energy  of  a  rigid  body.  From  this  point 
of  departure  the  fourth  division  leads  naturally  through  the  un- 
dissipated  transformation  of  energy  to  the  fifth  division  which 
is  a  long  and  practical  treatment  of  frictional  or  dissipative 
forces.  Sliding,  rolling,  axial,  and  string  or  belt  frictions  are 
each  discussed  carefully  with  applications. 

In  the  sixth  division  the  student  is  made  acquainted  with 
some  of  the  fundamental  ideas  of  elasticity  and  strength  of 
materials  which  he  will  use  in  the  third  volume ;  in  the  seventh, 
with  the  direct  and  oblique  impact  of  a  perfectly  elastic  or  per- 
fectly inelastic  sphere  on  another  sphere  or  on  a  plane ;  in  the 
eighth,  with  those  qualitative  and  simpler  quantitative  facts  of 
hydromechanics  which  are  deducible  without  a  great  knowledge 
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of  either  mechanics  or  mathematics.  It  might  have  been  better 
if  Professor  Foppl  had  induded  in  the  seventh  division  a  dis> 
cussion  of  imperfectly  ebistio  impact.  There  is  plenty  of  room 
as  the  volume  contains  only  about  four  hundred  pages. 

The  second  volume,  Graphical  Statics,  is  about  four  hundred 
and  fifty  pages  long  and  is  divided  into  seven  parts :  composi* 
tion  and  resolution  of  forces  acting  at  a  point  or  in  a  plane,  the 
funicular  polygon,  forces  in  space,  trusses  in  a  plane,  trusses  in 
space,  elastic  deformation  of  trusses  and  statically  undetermined 
trusses,  theory  of  arches. 

The  inclination  toward  theoretical  in  addition  to  practical 
considerations  is  indicated  in  the  treatment  given  to  such  sub- 
jects as  the  recipi'ocal  relations  between  force-plans,  the  differ- 
ential equations  of  a  funicular  curve  under  a  load  anywise  dis- 
tributed, the  null  system,  the  long  analytic  discussion  of  the 
theorem  that  a  truss  which  contains  only  the  necessary  number 
of  members  and  is  stable  must  be  statically  determined  and 
conversely  is  stable  if  it  is  statically  determined  for  all  possi- 
ble loads.  We  miss,  however,  both  in  this  volume  and  in  the 
next,  the  interesting  theorem  that  under  any  given  conditions 
the  most  economical  truss  is  one  which  is  statically  determined. 
We  also  happily  miss  the  elaborate  plates  which  generally 
accompany  a  work  on  graphical  statics  and  which  add  so  enor- 
mously to  the  price.  The  figures  Professor  Foppl  gives  are 
simple,  comparatively  inexpensive,  and  incorporated  in  the  text. 
The  object  of  the  author  is  to  give  the  reader  a  usable  figure 
and  allow  him  to  draw  one  more  accurate  if  he  desires.  Stu- 
dents of  theoretical  mechanics  would  do  well  to  learn  as  much 
graphics  as  is  contained  in  this  work. 

The  third  volume,  Eesistance  or  Strength  of  Materials,  is 
also  for  the  most  part  as  instructive  to  those  interested  in  theo- 
retical mechanics  as  to  engineers :  for  the  author  has  not  filled 
his  book  with  masses  of  detail  and  tables  of  constants,  but  has 
dealt  with  the  deduction  of  those  theoretical  results  which  must 
be  obtained  before  the  tables  are  usable.  The  eleven  divisions 
are  entitled  ;  general  investigations  on  stress,  elastic  deformation 
and  specification  of  materials,  bending  of  a  straight  bar,  energy 
of  deformation,  bars  with  a  curved  line  of  center,  bars  on  a 
yielding  foundation,  strength  of  plane  plates  supported  along 
their  contour,  strength  of  vessels  under  external  and  internal 
pressures,  torsional  strength,  buckling  strength,  and  the  elements 
of  the  mathematical  theory  of  elasticity.     The  tendency  of  this 
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volume,  like  the  others,  to  develop  the  theory  of  the  subject 
would  probably  be  distasteful,  if  not  unintelligible,  to  our  engi- 
neers in  this  country. 

Owing  to  the  nature  of  the  subject  exact  mathematical  develop- 
ments, even  when  possible,  would  lead  to  expressions  too  compli- 
cated for  use.  Professor  Foppl  therefore  introduces  approxima- 
tions very  freely,  and  in  many  cases  discusses  the  maximum  error 
due  to  these  approximations.  There  is  one  case  where  we  fear  his 
assumptions  may  not  be  quite  justifiable.  In  solving  the  problem 
of  a  torsion  of  a  rectangular  beam  he  assumes  that  the  strain  is 
expressible  by  the  first  three  terms  of  a  power  series.  He 
omits,  however,  to  test  his  results  by  means  of  the  stress  equa- 
tions. The  complete  solution  is  due  to  St.  Venant  and  is  ex- 
panded into  a  series  of  transcendental  terms.  The  last  division 
gives  a  satisfactory  and  not  very  difficult  introduction  to  the 
general  mathematical  theory  of  elastic  isotropic  bodies.  This 
is  practically  the  only  elaborate  addition  to  the  lectures  actually 
delivered  by  the  author  to  his  students.  Even  this  would  be 
given  in  the  regular  course,  he  states,  were  it  not  for  sheer  lack 
of  time! 

With  the  fourth  volume,  Dynamics,  the  author  returns  to 
more  purely  theoretical  discussions.  In  fact,  the  first  and  fourth 
volumes,  with  the  last  division  of  the  third,  form  a  complete 
treatise  on  the  elements  of  mechanics  of  a  particle,  a  rigid  body 
or  a  system  of  rigid  bodies,  of  fluids,  whether  perfect  or  not, 
and  of  elastic  bodies.  The  titles  of  the  five  divisions  of  this 
last  volume  are :  dynamics  of  a  particle,  dynamics  of  a  rigid 
body  and  a  swarm  of  particles,  relative  motion,  dynamics  of 
systems  of  bodies  (Lagrange's  equations,  etc.),  hydrodynamics. 
The  discussion  is  mainly  a  completion  and  extension  of  that  in 
the  first  volume. 

In  the  first  division,  central  motion,  potential,  and  harmonic 
vibrations  are  treated.  The  fact  that  the  author  does  not  over- 
look forced  vibrations  is  noteworthy.  Electrical  developments 
of  the  last  fifteen  years  have  caused  forced  vibrations  to  grow 
constantly  more  and  more  important.  Yet  in  few,  even  of  the 
recent  text-books,  is  any  mention  made  of  the  subject.  The 
treatment  of  the  conservation  of  moment  of  momentum  in  the 
second  division  is  enlivened  by  such  interesting  examples  as  the 
fall  of  a  cat,  the  shrinkage  of  the  earth,  the  ability  to  accelerate 
one's  motion  while  swinging,  and  the  effect  on  the  motion  of  a 
ship  due  to  the  rotation  of  the  machinery.     The  motion  of  a 
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top,  impulses  applied  to  a  rigid  body,  and  the  theory  of  oscillar 
tions  are  some  of  the  other  subjects  treated.  The  third  division 
offers  two  proofs  of  Coriolis's  theorem,  and  discusses  some  ap- 
plications of  relative  motion. 

In  the  fourth  division  that  too  great  carelessness  in  stating 
restrictions,  which  was  mentioned  earlier  in  connection  with  the 
presentation  accorded  to  the  principle  of  virtual  velocities  in  the 
first  volume,  obscures  and  mars  the  development  of  Lagrange's 
equation  and  Hamilton's  principle.  The  method  in  which  gen- 
eralized forces  are  introduced  is  hardly  the  best,  hardly  convinc- 
ing. A  discussion  of  mechanical  similarity  and  its  applications 
closes  the  division.  The  treatment  of  hydrodynamics,  like  that 
o{  the  mathematical  theory  of  elasticity,  is  a  valuable  introduc- 
tion to  the  subject.  Perhaps  they  both  are  more  nearly  ab- 
:stracts  than  introductions.  For  this  includes,  in  addition  to 
Eulei-'s  equations,  the  motion  of  a  sphere  through  a  perfect 
fluid,  Helmholtz's  theorem,  the  equations  of  a  viscous  fluid,  and 
that  contains  not  merely  the  fundamental  equations,  but  also 
to  a  considerable  extent  the  theories  of  Boussinesq,  Hertz  and 
St.  Venant. 

In  conclusion  let  us  state  that  the  value  of  each  volume  is 
materially  enhanced  by  the  summary  which  concludes  it  and 
contains  a  list  of  the  principal  formulae.  The  third  volume 
has  already  been  published  by  Gauthier-Villars  in  a  French 
translation.  We  could  wish  that  the  entire  work  might  be 
translated  into  English  with  the  hope  that  it  might  stimulate 
our  teachers  and  students  of  engineering  to  be  more  thorough 
and  complete  in  their  theoretical  considerations.  But  it  is 
doubtful  whether  the  venture  would  prove  much  of  a  financial 
success.  Engineers  would  think  the  work  insufficiently  practi- 
cal. Physicists  would  think  it  too  practical.  In  differing  with 
the  former  we  should  call  attention  to  that  suggestive  little  book 
**  Made  in  Germany,"  which  was  published  not  long  since  in 
England  for  the  purpose  of  setting  forth  the  reasons  why  Ger- 
many  was  coming  so  rapidly  to  the  front  in  all  lines  of  practical 
endeavor.  One  of  the  chief  reasons  given  was  the  German's 
thoroughness  and  determination  to  know  his  field  from  begin- 
ning to  end.  In  differing  from  the  physicists  we  should  point 
out  that  in  those  two  volumes — the  second  and  third — which 
they  would  probably  scorn  most,  the  name  of  Maxwell  appears 
frequently.  The  presence  of  that  name  might  aid  in  convinc- 
ing students  of  theoretical  and  praetical  physics  that  they  could 
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doubtless  find  quite  as  much  profit  in  becoming  acquainted  with 
the  contents  of  these  volumes  as  in  examining  the  more  abstruse 
and  unpractical  parts  of  their  science. 

Professor  Yolkmann's  Introduction  to  Theoretical  Physics  is 
a  protest  against  the  tendency  toward  the  more  or  less  artificial 
presentations  given  to  mechanics  by  Kirchhoff,  Hertz,  and  even 
Boltzmann.  It  is  an  attempt  to  show  how  by  harking  back  to 
Newton  and  the  English  method  of  treating  mechanics  a  greater 
clearness,  a  no  less  deep  insight,  and  with  sufficient  care  a  no 
less  scientifically  accurate  presentation  may  be  obtained.  The 
whole  work  is  such  a  curious  medley  of  history,  philosophy  of 
scientific  method,  foundations  of  mechanics,  theoretical  mechan- 
ics, and  applications  that  we  are  at  a  loss  to  know  for  what  sort 
of  readers  it  can  be  intended.  For  those  who  already  do  know 
the  subject  the  applications  are  not  necessary ;  for  those  who  do 
not,  the  philosophy  is  confusing.  The  author's  explanation  to 
his  readers  that  '*  You  have  already  busied  yourselves  to  a  cer- 
tain extent  with  physics  and  mechanics  and  thereby  commence 
these  lectures  with  certain  ideas  and  expectations  which  may  be 
just  as  much  of  a  help  and  value  as  of  a  hindrance  and  harm 
to  you,"  seems  on  the  whole  to  be  of  little  use  in  trying  to  de- 
cide who  his  readers  may  be.  We  fear  Professor  Volkmann  has 
fallen  into  an  altogether  too  common  German  habit  of  writing 
to  please  himself. 

The  first  division  of  the  book  is  an  introduction  to  the  theory 
of  physical  knowledge  and  methods  of  physical  thought.  There 
are  forty-four  pages  of  octavo  text  with  numerous  footnotes  re- 
ferring to  Newton,  Kant,  Lotze,  Thomson  and  Tait,  Helmholtz, 
and  especially  Volkmann.  Then  follows  a  bibliography  of 
twenty-six  tildes  of  which  ten  are  to  previous  articles  by  the 
author.  To  criticise  the  author's  theory  which  is  itself  presented 
in  compact  form  would  take  too  much  space.  The  theory  is 
interesting  to  read ;  but  how  valuable  it  may  be  to  either  a 
theoretical  or  practical  physicist  is  not  clear. 

The  second  division,  about  seventy  pages,  systematically  lays 
the  foundations  for  mechanics  according  to  Galileo  and  Newton 
and  works  out  the  application  to  the  case  of  a  particle.  The 
author  postulates  a  conception  of  time,  mass,  and  a  univei'sal 
ether  which  is  to  act  as  a  fundamental  system  of  reference. 
Just  -what  these  conceptions  are  we  are  unable  to  determine ; 
but  the  necessity  of  postulating  them  apparently  becomes  evi- 
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dent  after  reading  the  author's  discussion,  if  indeed  it  were  not 
evident  before.  Next,  the  ideas  of  inertia,  vector  velocity,  vector 
accelerations,  and  physical  dimensions  are  introduced  and 
applied  to  the  motion  of  a  projectile  in  vacuo. 

As  a  foundation  for  kinetics,  Newton's  laws  are  stated  and 
discussed  critically.  The  analytic  statement  of  the  laws  and  the 
development  of  the  dynamics  of  a  free  or  constrained  particle 
complete  this  division  of  the  book.  We  are  unable  to  ascertain 
precisely  what  a  particle  (Massenpunkt)  is.  The  term  does  not 
appear  in  the  index  and  a  definition  seems  lacking  in  the  text. 
Fortunately,  however,  we  are  told  in  due  season  that  the  postu- 
lates of  space,  time,  and  mass  are :  There  is  a  space  of  entirely 
determinate  geometric  characteristics  in  which  reality  transpires 
— the  euclidean  space.  There  is  a  time  which  flows  on  uni- 
formly and  is  independent  of  all  phenomena.  There  is  a  quan- 
tity— the  mass — which  preserves  its  identity  unchanged  through 
all  changes  of  phenomena.  The  word  phenomenon  has  been  used 
in  its  etymological  meaning  as  a  translation  for  Erscheinung. 

The  third  division  develops  the  mechanics  of  a  system  of 
particles  whether  the  distribution  be  discontinuous  or  continu- 
ous. Especial  attention  is  given  to  the  general  theorems  of 
motion  of  the  center  of  gravity,  rate  of  change  of  moment  of 
momentum,  and  energy.  The  student  ought  to  be  able  to  get  a 
firm  grasp  on  these  fundamental  principles  and  be  ready  to 
understand  their  application  to  those  various  vibrating  physical 
instruments  which  are  discussed  theoretically  in  the  fourth 
division. 

In  the  fifth  division,  after  twenty  pages  of  preliminary  re- 
marks on  fluids  and  how  to  treat  them,  the  author  settles  down 
to  hydrostatics  first  in  its  usual  aspect  of  phenomena  on  the  in- 
terior of  a  fluid  and  then  in  that  part  of  the  subject  which  takes 
into  account  the  effects  of  surfaces  of  discontinuity  and  is  more 
often  known  as  the  theory  of  capillary  action.  The  sixth  divi- 
sion contains  such  questions  introductory  to  geophysics  as  the 
attraction  of  spheres,  the  relation  of  gravitation  and  weight, 
methods  of  determining  the  gravitation  constant  G  and  the  den- 
sity of  the  earth. 

The  discussion  of  the  general  principles  of  mechanics  forms 
the  seventh  and  last  division  of  the  work.  The  author  had 
here  an  opportunity  to  collate  and  compare  the  various  general 
principles — those  of  D' Alembert,  Lagrange,  Grauss,  Maupertuis, 
and  Hamilton.     This  opportunity  he  accepted.     The  result  can 
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hardly  be  considered  any  material  improvement  over  other  treat- 
ments whether  in  definiteness  or  completeness.  The  volume 
ends  with  an  index  which  is  an  absolute  necessity  for  a  book  of 
such  varied  propensities. 

If  we  have  given  an  intelligible  account  of  the  contents  of 
Professor  Volkmann's  work  we  shall  feel  satisfied.  To  review 
it  connectedly  is  next  to  impossible.  We  had  hoped  that  we 
might  find  in  it  a  careful,  precise,  intelligible  and  connected  treat- 
ment of  theoretical  physics  or  analytic  mechanics.  The  pre- 
cision and  connection,  at  least,  are  for  the  most  part  lacking. 
This  very  lack,  however,  furnishes  to  those  who  are  acquainted 
with  mechanics,  a  stimulus  to  thought  and  thus  the  book  may 
become  more  interesting  and  suggestive  than  one  less  indefinite 
— which  is  about  as  much  as  we  can  say  for  it. 

Professor  Picard's  little  volume  consists  of  two  parts — an 
essay  on  Mechanics  and  the  Science  of  Energy  and  a  First 
Lesson  in  Dynamics.  The  former  is  merely  an  extract  from 
the  general  report  on  science  which  the  author  wrote  in  connec- 
tion with  the  Exposition  in  1900.  The  latter  was  delivered  in 
1894  and  has  hitherto  been  accessible  only  in  periodicals.  That 
they  are  now  printed  together  ought  to  be  a  cause  for  congratu- 
lation among  students  and  teachers  of  mechanics. 

The  first  noticeable  feature  of  the  work  is  the  perfect,  the 
transcendent  clearness  of  the  style.  It  is  unnecessary  to  in- 
quire for  whom  the  book  was  written.  Any  one  can  read  it 
with  ease,  pleasure  and  profit. 

The  author  shows  how  the  idea  held  at  the  end  of  the  eight- 
eenth century  that  mechanics  had  attained  a  definite  form  has 
proved  illusory,  and  how  modem  scientists,  especially  Hertzi 
have  been  able  to  reduce  mechanics  to  a  more  logical  set  of 
axioms  and  a  more  entirely  deductive  form.  Yet  clearly  behind 
a  great  admiration  for  Hertz  and  his  work  there  stands  out  the 
evident  feeling  on  the  part  of  the  author  that  something  more 
practical,  more  anthropomorphic  is  quite  as  convenient  and 
valuable. 

There  is  one  point  which  seems  a  trifle  misleading.  Upon 
page  14  we  find  the  statement  that  dynamics  of  a  particle  will 
probably  not  become  obsolete  for  the  reason  that  atomic  hypoth- 
eses play  and  will  perhaps  always  play  a  preponderating  role 
in  science.  The  reason  is  not  convincing.  When  an  atom  is 
treated  as  a  definite  object,  it  is  not  necessarily  and  not  usually 
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regarded  as  a  particle.  It  is  either  a  rigid  or  a  fluid  body.  A 
particle,  as  was  pointed  out  above  on  page  28  of  this  review, 
may  be  a  large  aggregate  of  atoms  or  a  small  part  of  an  atom, 
but  not  often  the  atom  itself. 

In  his  discussion  of  what  is  meant  by  the  possibility  of  a 
mechanical  explanation  of  all  natural  phenomena,  Professor 
Picard  points  out  that  some  mean  the  possibility  of  reducing 
the  phenomena  to  one  type  of  differential  equations  or  another; 
some,  the  existence  of  a  universally  applicable  principle  like  that 
of  least  action ;  and  some,  the  construction  of  a  dynamical  model, 
as  an  example  of  which  Kelvin's  model  of  the  ether  may  be 
mentioned. 

The  chapter  on  the  science  of  energy  states  the  different 
points  of  view  of  two  classes  of  scientists,  of  which  one  believes 
energy  to  be  nothing  else  that  an  abstract  conception  without 
real  existence  and  of  which  the  other  believes  in  the  real  exist- 
ence of  different  kinds  of  energy  commutable  into  each  other. 
Particular  attention  is  given  to  the  relation  of  known  experi- 
mental results  to  the  various  laws  of  energy.  Mention  of  the 
law  of  dissipation  affords  an  opportunity  to  discuss  whether  or 
not  that  law  is  compatible  with  a  mechanical  explanation  of  the 
universe. 

Professor  Picard's  first  lesson  in  dynamics  contains  numerous 
departures  from  other  introductory  presentations  of  the  subject. 
His  particle  is  something  small  enough  to  be  regarded  without 
negligible  error  as  a  geometric  point.  This  seems  unnecessarily 
indefinite  and  yet  unnecessarily  definite.  The  important  thing 
is  that  the  motion  does  not  differ  appreciably  from  translation. 
Whether  the  particle  may  be  regarded  as  a  point  has  little  to 
do  with  it.  Inertia  is  presented  in  the  Newtonian  manner. 
Force  is  the  name  for  any  action  which  causes  motion. 

With  the  introduction  of  the  measure  of  force  there  appears 
the  first  novelty.  The  author  commences  with  a  field  of  force. 
In  particular,  a  constant  field  of  force  is  such  that  particles  left 
to  themselves  at  different  points  of  the  field  describe  congruent 
paths  in  the  same  manner.  The  acceleration  in  a  constant  field 
is  constant  and  may  be  taken  as  the  measure  of  the  field.  Con- 
stant fields,  or  any  fields  at  a  definite  point,  may  be  com- 
pounded according  to  the  parallelogram  law.  If  force  be  de- 
fined statically  by  means  of  any  dynamometer,  experiment  will 
show  that  the  static  and  dynamic  measures  of  force  are  propor- 
tional.    In  the  same  field,  for  example  in  the  field  of  gravity 
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near  the  earth's  surface,  the  forces  acting  on  two  masses  are 
proportional  to  the  masses.  The  unit  of  force  or  mass  may 
therefore  be  chosen  arbitrarily.  The  lesson  closes  with  the  de- 
termination of  the  fundamental  differential  equation  of  motion 
for  a  variable  force  and  the  discussion  of  work  done  by  a  force. 
The  mental  acumen  of  a  student  who  can  understand  and 
appreciate  the  whole  of  this,  his  first  lesson,  must  be  consider- 
able. No  further  comment  is  necessary  on  this  presentation  of 
the  fundamental  ideas,  which  seems  sufficiently  accurate  and 
modern,  yet  quite  practical,  and  withal  not  far  from  Newton's 
classic  treatment. 

We  have  now  passed  in  review  about  a  dozen  recent  volumes 
on  mechanics.  Many  different  standpoints  are  represented, 
and  <»ften  represented  very  well.  But  what  is  more  noteworthy 
and  valuable  is  the  steady  general  improvement  over  older  works, 
not  only  in  the  matter  presented,  but  in  the  method  of  presenta- 
tion. There  is  yet  much  to  be  done  in  producing  treatises  on 
mechanics.  Perfection  has  not  been  reached,  nor  even  nearly 
enough  approached.  There  is  one  field  in  particular  in  which 
a  thorough  and  careful  work  is  greatly  to  be  desired.  That  is 
the  field  of  general  dynamical  theory.  Sooner  or  later — let  us 
hope  it  will  be  sooner  —  there  must  appear  a  work  which  shall 
take  such  general  principles  as  D'Alembert's,  Lagrange's  and 
Hamilton's,  and  state  just  what  are  the  restrictions  under  which 
each  may  be  applied  in  practice.  For  instance,  in  Lagrange's 
Mecanique  Ansdytique  we  find  at  least  four  distinct  ways  of 
writing  the  general  equations  of  motion.  Each  has  its  peculiar 
advantages  and  restrictions.  Who  will  set  these  forth? 
There  is  also  plenty  of  room  for  a  brief,  almost  syllabic,  treatise 
on  dynamical  theory.  Few  students  are  able  to  appreciate  how 
extremely  limited  purely  theoretical  considerations  are  in  dy- 
namics. Six  or  eight  hours  is  quite  sufficient  to  carry  a  lecturer 
from  the  beginning  through  the  derivation  of  Lagrange's  equa- 
tions and  Hamilton's  principle,  if  all  applications  be  omitted. 
And  it  is  only  thus  that  a  thoroughly  comprehensive  grasp  of 
dynamics  can  be  obtained. 

Edwin  Bidwell  Wilson. 

Yalk  Univebsity, 
June  10,  1902. 
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ON  A   NEW   EDITION  OF  STOLZ'S  ALLGEMEINE 

ARITHMETIK,  WITH  AN  ACCOUNT  OF 

PEANaS  DEFINITION 

OF  NUMBER. 

Theoretische  Arithmetik,  Von  O.  Stolz  (Innsbruck)  und  J. 
A.  Gmeiner  (Wien).  I.  Abtheilung:  Allgemeines,  Die 
Lehre  von  den  rationalen  Zahlen,  Leipzig,  B.  G.  Teubner, 
1901.     iv  +  98  pp. 

This  publication  of  about  100  pages  is  the  first  instalment  of 
a  new  and  revised  edition  of  Stolz's  AUgemeine  Arithmetik 
(1885—86),  —  a  work  which  has  long  since  proved  indispensable 
to  all  who  desire  a  systematic  and  rigorous  development  of  the 
fundamental  elements  of  modem  arithmetic. 

The  revision  thus  far  completed  (probably  about  one  seventh 
of  the  entire  work)  covers  the  first  four  chapters : 

I.  On  quantities  (Grossen)  and  operations  (Verkniipfungen) 
in  general. 

II.  On  the  natural  numbers  and  the  four  fundamental  oper- 
ations. 

III.  On  the  general  properties  of  any  direct  operation 
(Thesis,  a  oh)  and  its  inverse  (Lysis,  a  -  i),  as  deduced  from 
certain  fundamental  formal  laws;  in  particular,  the  analytic 
theory  of  (absolute)  rational  numbers. 

IV.  On  the  synthetic  theory  of  (absolute)  rational  numbers, 
with  a  treatment  of  systematic  fractions. 

The  remaining  chapters  in  the  first  part  will  contain  (if  the 
order  in  the  old  book  is  preserved)  the  theory  of  negative  and 
irrational  numbers,  with  an  account  of  euclidean  '^ratios," 
followed  by  an  elaborate  treatment  of  the  theory  of  limits  as 
applied  to  functions  of  a  real  variable  and  to  infinite  series  of 
real  terms.  The  second  part  will  then  contain  the  theory  of 
operations  on  complex  numbers,  including  chapters  on  infinite 
series,  infinite  products  and  continued  fractions.  The  complete 
work  will  belong  to  the  Teubner  series  of  mathematical  text- 
books. 

As  one  turns  the  pages  of  the  new  edition  one  is  struck  first 
of  all  by  the  great  improvement  in  the  general  appearance  of 
the  book.     The  title  itself,  ^'  theoretical  arithmetic,"  is  much 
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more  lucid  than  the  old  title  of  '^  general  arithmetic,*'  which 
to  the  uninitiated  might  mean  common  algebra;  the  notes, 
historic  and  other,  which  used  to  be  difficult  of  reference,  are 
now  placed  conveniently  as  footnotes  on  the  proper  pages ;  and 
best  of  all  the  paragraph  numbers  in  the  several  sections  are 
now  placed  at  the  top  of  each  page.  All  these  changes  will  be 
appreciated  by  those  who  have  had  to  refer  often  to  the  older 
book.  The  addition  of  some  thirty  problems  or  exercises  is  also 
very  welcome. 

In  the  body  of  the  text  there  are  numerous  changes  which 
greatly  enhance  the  clearness  of  the  presentation.  The  intro- 
duction of  the  rational  numbers  (III,  7)  and  the  opening  para- 
graph of  lY  should  be  especially  mentioned.  We  notice  that  in 
III  no  attempt  is  made  to  prove  the  mutual  independence  of 
the  postulates  A)  —  E\  and  as  a  matter  of  fact  if  E^  2)  is 
made  to  read :  "  when  b^b'  then  aoh  >  aob'  "  the  postulate 
D^  can  be  at  once  deduced  as  a  theorem. 

The  only  radical  change  from  the  plan  of  the  first  edition, 
however,  is  found  in  the  second  chapter,  where  the  treatment  of 
the  natural  numbers  is  now  based  on  Peano's  definition.  The 
details  of  Peano's  theory  are  here  for  the  first  time  made  acces- 
sible to  readers  ^unfamiliar  with  his  mathematical  language. 
Since,  however,  no  systematic  treatment  of  Peano's  method  is 
obtainable  in  English,  it  may  be  not  without  interest  to  devote 
the  remainder  of  our  space  to  a  connected  account  of  its  principles. 

Peano's  Theory  of  the  Natural  Numbers.* 

The  f imdamental  concepts  which  form  the  starting-point  of 
Peano's  theory  are  three :  (1)  a  class  or  assemblage,  denoted  by 
N\  (2)  a  special  object,  denoted  by  E\  (8)  what  we  may  call  a 
*'  rule  of  succession,"  (denoted  by  o ),  according  to  which  every 
object,  a,  of  the  given  class  N  determines  uniquely  another 
object,  a  o,  called  the  successor  of  a. 

The  nature  of  the  assemblage  iV,  of  the  special  object  E^  and 
of  the  rule  of  succession  o  is  left  wholly  undetermined,  except 
for  the  following  five  restrictions,  or  postulates : 

*  G.  Peaoo :  Arithinetices  prinoipia  nova  metbodo  expoeita,  Turin,  1860  ; 
'*Sal  ooDoetto  di  Dtimero,''  Eivista  di  Matematimy  ?ol.  1  (1691),  pp.  87- 
102,  256-267 ;  Formulaire  de  MathSmatiques^  vol.  2  (1898),  uo.  2,  pp.  1-59 ; 
vol.  3  ( 1901 ),  pp.  39-44.  Where  I  have  written  N  and  E,  Peano  uses  Ni  and 
1  or  later  N^  and  0  ;  and  for  a  o,  Peano  Qses  a  +  or  later  a  +  1*  X  have  alio 
changed  the  wording  of  postulate  5.  Stolz  and  Gmeiner  use  "  Zahl,''  1  and 
a  +  1,  for  N,  E  and  a  o,  and  add  another  postulate,  to  the  effect  that  every 
number  shall  be  called  equal  to  itself. 
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1.  The  special  object  E  shall  belong  to  the  class  N, 

2.  If  an  object  a  belongs  to  N  then  its  successor  ao  shall  also 
belong  to  iV. 

8.  If  an  object  a  belongs  to  ^  then  its  successor  ao  shall  be 
different  from  E. 

4.  If  ao  =  bo  then  a  =  b. 

5.  If  a  is  any  given  element  of  -^,  then  a  can  be  found  in 
the  sequence  JF,  JFo,  (Eo)o^  .  .  . 

The  meaning  of  these  postulates  will  be  clearer,  if  we  con- 
sider at  once  the  following  systems,  in  which  iV,  E  and  o  are  so 
chosen  that  all  the  postulates,  or  all  but  one,  are  satisfied. 

(a)  JV'=  class  of  positive  integers ;  E==l;  ao  =  a+l. 

(b)  A"=  class  of  positive  integers  with  0:JE'=0;ao==a  +  l. 

(c)  i\r=  class  of  positive  integral  powers  of  2  ; 

E^2^\  ac  =  2a. 

Each  of  these  systems  (a),  (&),  (c)  satisfies  all  the  five  postu- 
lates. 

(/S'l)  iV^=  class  of  positive  integers ;   E=^  0  ;  a  o  =  a  +  1. 
(aSj)  iV=  class  of  positive  integers  from  1  to  9  ; 

E=^  1;  ao  =  a  4-  1. 

(aS'jj)  ^V=  class  of  positive  integers  from  1  to  9 ; 

E^l;  ao  =  a+l,  except  that  9 o  =  1. 

(S^)  iV=s  class  consisting  of  two  elements  0  and  1 ; 

E=0;  Oo  =  l,lo  =  l. 

(S^)  N=  class  of  positive  integers  ;  E=l;  ao  =  a  +  2. 
Here  the  system  ;S^  (A;  =  1,  2,  3,  4,  5)  satisfies  all  the  other 
postulates,  but  not  the  ^th. 

The  possibility  of  constructing  such  systems  as  (a),  (6),  (c) 
proves  that  th^  postulates  i-t5  are  consistent.;  and  the  con- 
sideration of  the  systems  S^-S^  shows  us  that  the  postidates 
Jf-5  are  independent  of  one  another.  This  proof  of  independ- 
ence, by  the  way,  which  forms  a  most  interesting  feature  of 
Peano's  work,  is  not  reproduced  by  Stolz  and  Gmeiner. 

Further,  it  can  be  easily  shown  that  any  two  systems,  S  and 
S\  which  satisfy  all  the  postulates  1-5  can  be  brought  into 
one-to-one  correspondence  with  each  other  in  such  a  way  that 


Digitized  by  VjOOQIC 


1902.]  BTOLZ'S   THEORETICAL   ARITHMETIC.  48 

E  will  correspond  with  E\  and  whenever  a  in  S  corresponds 
with  a'  in  S'  then  a  o  will  correspond  with  a'o.  This  fact  may 
be  stated  in  the  theorem :  All  systems  {Ny  E^  o)  which  satisfy 
postulates  1-^  are  equivalent  to  one  another  (cf.  the  systems 
Or-c  above).  On  the  basis  of  this  theorem  Peano  then  states 
his  definition: 

A  "  system  of  natural  numbers "  shall  mean  any  system 
{N^  E^  6)  which  satisfies  the  postulates  1-5, 

It  is  clear  that  such  a  definition  is  a  very  different  thing  from 
a  psychological  analysis  of  the  process  of  counting.  It  is  rather 
the  construction  of  a  symbolic  *^  calculus  of  operations,"  which 
contains  indeed  the  arithmetic  calculus  as  a  special  case  when  a 
special  interpretation,  viz.,  (a),  is  given  to  its  symbols,  but  in 
which  the  validity  of  the  deductions  is  quite  independent  of  any 
such  interpretation. 

The  first  step  in  the  development  of  the  theory  is  the  defini- 
tion of  the  symbol  a  +  &  as  follows :  Let  a  and  6  be  any  two 
natural  numbers,  that  is,  any  two  elements  of  a  system  (iVi  E^  o) 
which  satisfies  Peano's  five  postulates ;  then  a  +  6  denotes  the 
number  determined  by  the  following  recursion  formulae : 

a  +  JS'=ao;     a  +  (^o)  =  (a  +  jE')o  ;     ...; 

(6) 
a  +  (A;  o)  =»  (a  +  h)o. 

Thus,  in  order  to  compute  the  value  of  a  +  6  we  must  compute 
in  succession  the  values  of 

a^E,    a+{Eo),    a+[(^o)o],    ...,  (6') 

until  we  strike  the  desired  element  a  +  6. 

The  statement  of  Stolz  and  Gmeiner,  defining  a  +  6  as  that 
number  which  is  obtained  by  starting  from  a  and  proceeding  h 
steps  forward  in  the  series  of  numbers,  would  seem  to  imply 
that  the  ability  to  count  is  after  all  involved  in  this  process. 
Such  is,  however,  not  the  case.  In  order  to  find  the  number 
a  +  &  by  Peano's  definition  we  require  simply  the  ability  to  de- 
termine from  any  given  element  a  the  element  a  o  ;  we  can  thus 
compute  one  after  the  other  the  elements  of  the  sequence  (6^), 
and  we  know  by  postulate  5  that  this  sequence  will  contain 
the  element  a  +  &.  How  far  we  shall  have  to  go  to  find  this 
element  we  do  not  know ;  we  do  not  count  the  steps  already 
taken  at  any  stage,  nor  do  we  ask  how  many  more  there  are  to 
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take ;  it  is  sufficient  to  know  that  if  we  persevere,  one  step  at  a 
time,  the  desired  number  will  surely  be  reached.* 

The  element  a  +  b  thus  determined  is  called  the  '^  sum  "  of 
the  given  elements  a  and  b ;  when  the  system  bears  the  inter- 
pretation (a)  then  a  +  b  will  clearly  be  the  sum  of  a  and  b  in 
the  ordinary  sense. 

Similarly,  the  *'  product,"  a5,  of  two  elements  a  and  b  is  de- 
fined by  the  recursion  formulae 

aE^a\    a{Eo)  =  {aE)  +  a ;     .  •  • ;    a(io)  «=  (ah)  +  a.  (7) 

From  the  definition  of  -f-  follows  next  the  theorem 

a  +  (i  +  c)  =  (a  +  i)  +  c 

the  proof  of  which  we  give  in  full  as  a  typical  illustration  of  the 
use  of  postulate  5  (method  of  mathematical  induction).  Thus : 
the  theorem  is  obviously  true  when  c  =  jF,  by  (6).  And  if  it  is 
true  when  co  is  any  particular  element  h  then  it  will  be  true 
also  when  c  =  Ao.f  Therefore,  being  true  for  e  =  ^,  it  is  true 
for  c  =  JFo,  and  hence  for  c  =  (J?o)o,  etc.  But  by  5  any  given 
element  can  be  reached  in  this  way ;  hence  the  theorem  is  true 
for  all  values  of  c. 

In  a  similar  way  the  theorems 

a  -I-  i  =  i  +  a,     (a6)c  =  a(&c),     ab  =  ia, 
and 

'{a  -f  b)c  =3  ac  -f-  ic 
are  established. 

The  definition  of  the  symbols  >  and  <  depends  on  the  follow- 
ing theorem,  which  is  proved  also  by  the  use  of  (6):  If  a  4=  &  then 
there  is  either  a  number  X  such  that  a  =  &  +  \  or  else  a  num- 
ber /i  such  that  6  =  a  +  /Lt  (and  not  both).  In  the  first  case  a 
is  called  "  greater  than  "  6  (a  >  6),  in  the  second  case  "  less  " 
(a<6).  ^  ^  (8) 

When  the  system  bears  the  interpretation  (a)  the  use  of  the 
symbols  >  and  <  as  thus  defined  will  clearly  agree  with  the 
ordinary  use  of  them. 

*Or  conraetbis  implies  unlimited  time  at  oar  dispoeal — an  assamption 
not  explioitly  stated  by  Peano  or  by  Stolz  and  Gmeiner. 
t  For  on  the  given  assamption  we  bave,  by  6, 

(a  -f  6)  +  {ko )  =  [(a  +  6)  +  A:] o  --  [a  +  (6  -f  *)] o 

=  a-t-[(6  +  A:)o]=a+[6+(Aro)]. 
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From  the  definition  of  >  and  <  we  have  at  once  that 
a  +  6  >  a,  and  also  the  theorems :  If  a >  a'  then  a+b^a'+b 
and  ab  >  a' 6.  For  example,  from  a'^  a'  follows  a^  a'+x^ 
whence  ab  =  (a'  +  x)b  =  a'b  +  ocb^  or  ab  >  a'6.  This  proof  of 
Peano's  is  simpler  than  the  induction  proof  used  by  Stolz  and 
Gmeiner. 

After  these  fundamental  definitions  and  theorems  have  been 
established  the  further  development  of  the  theory — including 
the  introduction  of  the  rational,  irrational,  negative  and  com- 
plex numbers — proceeds  along  lines  already  familiar  and  need 
not  be  enlarged  upon  here. 

In  a  sense,  the  five  postulates  of  Peano  may  be  said  to  con- 
tain, implicidy,  all  the  results  of  algebra  and  analysis,  including 
the  theory  of  functions  of  a  complex  variable.  It  should  be 
clearly  understood,  however,  that  the  business  of  the  mathe- 
matical theory  is  solely  to  draw  logical  deductions  from  these 
postulates,  not  to  discuss  the  question  whether  the  results 
possess  any  real  significance  in  the  objective  world.  On  this 
deeper  question,  Peano's  work  merely  reduces  the  problem  to 
its  lowest  terms ;  if  we  can  show  that  his  fundamental  postulates 
are  capable  of  real  interpretation  in  the  objective  world,  then 
all  their  consequences  will  likewise  be  capable  of  such  interpre- 
tation. Whether,  however,  a  real  interpretation  of  the  postu- 
lates— (for  example,  the  system  (a)  on  p.  42) — is  psychologically 
possible  or  not,  is  a  problem  of  epistemology  with  which  the 
mathematical  theory  has  nothing  whatever  to  do. 

A  precisely  similar  remark  applies  to  any  deductive  theory 
such  as  that  contained  in  Hilbert's  Grundla^n  der  Geometrie 
(1899).  At  the  basis  of  Hilbert's  theory  stand  certain  symbols 
such  as  '*  point,"  '*  line,"  "  between,"  etc.,  whose  meaning  is  left 
wholly  undetermined  except  for  the  imposition  of  certain 
postulates.  The  development  of  the  theory  consists  in  deducing 
the  theorems  which  follow  from  the  fundamental  postulates  by 
the  laws  of  formal  logic,  quite  independently  of  any  special 
interpretation  of  the  undefined  symbols.  To  be  sure,  when 
the  undefined  symbols  are  interpreted  as  meaning  point,  line 
between,  etc.,  in  the  ordinary  sense  then  the  whole  theory  be- 
comes identical  with  our  ordinary  geometry  of  space.  But 
the  question  whether  such  an  interpretation  is  possible  or  not 
is  a  question  which  the  deductive  theory  leaves  wholly  un- 
touched. Hence  Hilbert's  theory  cannot  be  said  to  give  us 
any  new  knowledge  of  the  real  nature  of  space,  any  more  than 
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Peano's  theory  gives  us  any  new  knowledge  of  the  real  nature 
of  the  natural  numbers.  Both  these  theories,  however,  enable 
us  to  state  the  philosophical  problem  with  a  definiteness  which 
has  not  heretofore  been  possible. 

Further  comment  on  Stolz  and  Gmeiner's  book  is  impossible 
in  the  space  at  our  disposal.  The  remaining  instalments  of 
this  great  work  will  be  awaited  with  keen  interest. 

E.  V.  Huntington. 
Habvabd  Univebsity, 

June  12,  1902. 

LAZARUS  FUCHS.* 

FuCHS  is  dead.  This  announcement  must  have  caused  deep 
sorrow  in  the  heart  of  many  American  mathematicians.  For 
many  of  us  have  been  his  pupils,  and  to  some  of  us  his  eicample 
has  been  the  greatest  inspiration  of  our  lives.  The  writer  of 
this  little  sketch  is  one  of  these.  He  remembers  how  he  looked 
forward  to  the  time  when  he  would  be  fitted  to  attend  Fuchs's 
lectures.  He  remembers  the  small  and  crowded  lecture-room  in 
the  University  of  Berlin,  poorly  ventilated,  stuffy  and  hot  in  the 
summer  days,  but  so  full  of  meaning  and  inspiration  to  the 
earnest  and  thoughtful  student.  Fuchs  was  not  a  brilliant  lec- 
turer. He  spoke  in  a  quiet,  undemonstrative  manner,  but  what 
he  said  was  full  of  substance.  To  the  student  there  was  the 
inspiration  of  seeing  a  mathematical  mind  of  the  highest  order 
full  at  work.  For  Fuchs  worked  when  he  lectured.  He  was 
rarely  well  prepared,  but  produced  on  the  spot  what  he  wished 
to  say.  Occasionally  he  would  get  lost  in  a  complicated  com- 
putation. Then  he  would  look  around  at  the  audience  over  his 
glasses  with  a  most  winning  and  child-like  smile.  He  was 
always  certain  of  the  essential  points  of  his  argument,  but 
numerical  examples  gave  him  a  great  deal  of  trouble.  He 
was  fully  conscious  of  this  failing,  and  I  remember  well  one 
occasion  when,  after  a  lengthy  discussion,  he  laid  considerable 
emphasis  upon  the  fact  that ''  in  this  case^  two  times  two  is  four." 

The  mathematical  papers  of  Fuchs  are  very  numerous,  but 
excepting  a  few  of  his  earliest  attempts,  they  are  all  connected 
directly  or  indirectly  with  the  theory  of  linear  differential  equa- 
tions. This  was  the  province  which,  to  quote  the  words  of 
Auwers  when  he  introduced  Fuchs  to  the  Berlin  Academy  of 

*  Immanuel  Lazarus  Fachs,  born  in  Mosohio,  near  Posen,  May  5,  1833, 
died  at  Berlin,  April  26,  1902. 
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Sciences,  he  had  added  to  the  mathematical  kingdom.  Of 
course  the  conquest  of  this  new  territory  had  been  prepared  by- 
others.  The  theory  of  functions,  which  was  an  essential  pre- 
requisite had  been  built  up  by  Cauchy  and  Kiemann.  The 
work  of  Briot  and  Bouquet  on  differential  equations  of  the  first 
order  was  an  illustration  of  the  application  of  this  new  theory 
to  the  treatment  of  differential  equations.  But  to  Fuchs  be- 
longs the  credit  of  first  applying  the  theory  of  functions  to  the 
linear  differential  equations  of  any  order,  with  rational  coeffi- 
cients. His  paper  in  the  sixty-sixth  volume  of  Crdle's  Journal 
is  a  classic,  and  to  this  day  I  know  of  no  clearer  exposition  of 
the  fundamental  principles  involved.  It  is  true  that  Riemann 
was  acquainted  with  these  principles,  as  his  posthumous  paper 
on  this  subject  proves.  It  is  true  also  that  Fuchs  took  his  im- 
mediate inspiration  from  Riemann's  famous  paper  on  the  hyper- 
geometric  series.  But  all  of  this  does  not  lessen  the  credit  due 
to  Fuchs.  To  generalize  is  one  of  the  functions  of  the  mathe- 
matician. This  Fuchs  did.  Riemann  also  did  this,  but  his 
paper  was  never  published  until  the  theory  had  long  been 
developed  by  Fuchs.  It  is  interesting  to  notice  in  this  connec- 
tion the  difference  between  the  points  of  view  adopted  by  Rie- 
mann and  Fuchs.  Fuchs  starts  out  with  the  linear  differential 
equation  of  the  nth  order  whose  coefficients  are  rational  func- 
tions of  X.  By  a  rigorous  examination  of  the  convergence  of 
the  series,  which  formally  satisfies  the  differential  equation  he 
finds  that  these  equations  have  a  very  important  and  character- 
istic property.  The  singular  points  of  the  solutions  are  fixed, 
i.  e.,  they  are  independent  of  the  constants  of  integration  and 
can  be  found  without  first  integrating  the  differential  equation. 
They  are  in  fact  included  among  the  poles  of  its  coefficients. 
He  then  shows  that  a  fundamental  system  of  solutions  under- 
goes a  linear  substitution  with  constant  coefficients  when  the 
variable  x  describes  a  circuit  enclosing  such  a  singular  point, 
and  from  this  behavior  of  the  solutions  derives  expressions 
for  them,  valid  in  a  circular  region  surrounding  that  point  and 
reaching  as  far  as  the  next  singular  point.  He  thus  establishes 
the  existence  of  systems  of  n  functions,  uniform,  finite  and 
continuous,  except  in  the  vicinity  of  certain  points,  and  under- 
going linear  substitutions  with  constant  coefficients  when  the 
variable  x  describes  circuits  around  these  points. 

Riemann's  point  of  view  was  exactly  opposite  to  this.     With 
him  it  was  a  matter  of  principle  not  to  define  a  function  by  an 
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expressioD,  but  by  a  characteristic  property.  He,  therefore, 
starts  out  with  the  assumption  of  a  system  of  n  functions  uni* 
form,  finite  and  continuous,  except  in  the  vicinity  of  certain 
arbitrarily  assigned  points,  and  undergoing  an  arbitrarily  as- 
signed linear  substitution  when  the  variable  x  describes  a  closed 
path  around  such  a  point.  He  then  shows  that  such  a  system 
of  functions  will  satisfy  a  linear  differential  equation  of  the  nth 
order.  But  the  theorem  that  the  branch  points  and  the  substi- 
tutions may  be  arbitrarily  assigned,  ought  to  be  proved  at  the 
outset  if  this  point  of  view  is  to  be  adopted.  Much  has  since 
been  done  on  this  question,  which  is  really  a  fundamental  one  in 
the  theory  of  linear  differential  equations. 

This  is  not  the  place  to  go  into  details.  Suffice  it  to  say  that 
the  theory  of  linear  differential  equations  was  placed  by  Fucha 
upon  a  solid  and  adequate  foundation.  He  and  his  followers 
have  reared  upon  this  a  noble  structure.  He  himself  character- 
ized a  class  of  such  equations,  called  after  him  Fuchsian,  whose 
solutions  are  everywhere  regular.  He  studied  the  question  of 
algebraic  integrability  which  has  so  many  points  of  contact  with 
other  questions  of  importance.  He  studied  by  his  own  methoda 
the  periods  of  an  elliptic  integral  as  function  of  the  modulus, 
for  Legendre  had  shown  that  these  verify  a  linear  differential 
equation  of  the  second  order.  By  considering  the  modulus 
inversely  as  a  function  of  the  quotient  of  the  periods,  a  uniform 
automorphic  function,  now  known  as  the  modular  function,  was 
obtained.  The  theory  of  modular  functions,  and  more  generally 
of  automorphic  functions  owes  much  to  Fuchs,  as  well  as  to 
Klein  and  to  Poincare,  who  as  an  indication  of  this  fact  has 
named  a  large  class  of  such  functions  Fuchsian.  Fuchs  has 
introduced  other  transcendental  functions  into  analysis,  connected 
with  a  linear  differential  equation  in  much  the  same  way  as 
the  abelian  functions  are  connected  with  an  algebraic  equation. 
Little  has  yet  been  done  with  these  beyond  the  proof  of  their 
existence. 

We  have  already  mentioned  that  one  of  the  first  results 
obtained  by  Fuchs  in  his  classical  memoir  was  the  fact  that  the 
branch  points  of  a  linear  differential  equation  are  fixed.  Fuchs 
himself  was  the  first  to  ask  the  question ;  are  there  other  equa- 
tions of  this  kind  ?  In  a  beautiful  paper  in  the  Siizungsberichte 
der  Berliner  Akademie^  he  started  the  investigation  of  this 
important  question,  confining  himself,  however,  to  differential 
equations  of  the  first  order.     Poinoare  completed  the  investiga- 


Digitized  by  VjOOQIC 


1902.]  NOTES.  49 

tion  in  a  remarkable  manner,  the  result  being  that  no  essentially 
new  functions  could  be  defined  by  differential  equations  of  the 
first  order  with  fixed  singular  points.  Painlev^  has  since  then 
found  that  transcendental  functions  essentially  new  can  be  de- 
fined by  such  equations  of  order  higher  than  the  first. 

We  will  close  this  brief  sketch  by  translating  a  sentence, 
which  is  as  characteristic  of  the  modern  theory  of  diffei*ential 
equations,  as  the  famous  definition  of  Kirchhoff  is  of  modern 
mechanics.  Fuchs  says  in  his  famous  paper  in  CrelWs  Journal : 
^*In  the  present  condition  of  science  it  is  not  so  much  the 
problem  of  the  theory  of  differential  equations  to  reduce  a  given 
differential  equation  to  quadratures,  as  to  deduce  from  the  equa- 
tion itself  the  behavior  of  its  integrals  at  all  points  of  the  plane, 
L  e.,  for  all  values  of  the  complex  variable." 

This  is  the  present  point  of  view  in  the  theory  of  differential 
equations.  The  first  chapter  of  this  theory,  that  of  linear  dif-c 
ferential  equations,  has  been  far  advanced,  although  not  com- 
pleted, by  Fuchs  and  his  pupils.  Something  has  been  done  on 
later  chapters,  but  not  nmch.  The  theory  of  non-linear  dif- 
ferential equations  is  one  of  the  central  problems  of  modern 
mathematics,  but  it  has  not  yet  found  its  Fuchs. 

E.  J.  WiLCZYNSKI. 
Univeksity  of  California, 
Berkeley,  July  8,  1902. 


NOTES. 


Th£  fifty-first  annual  meeting  of  the  American  association 
for  the  advancement  of  science,  was  held  at  Pittsburgh,  June 
28-July  3.  The  total  number  of  members  in  attendance  was 
431,  and  820  papers  and  addresses  were  presented,  of  which  24 
are  classified  under  mathematics  and  astronomy  (Section  A). 
Among  the  officers  elected  for  the  coming  year  are :  President 
of  the  Association,  Dr.  Ira  Remsen  ;  Vice-president  of  Section 
A,  Professor  G.  B.  Halsted  ;  Secretary  of  Section  A,  Profes- 
sor C.  S.  Howe.  A  report  of  the  meeting  of  Section  A  will 
appear  in  an  early  number  of  the  Bulletin.  It  was  decided  to 
hold  the  next  meeting  of  the  Association  at  Washington,  D.  C, 
in  convocation  week,  December  29,  1902 -January  3,  1903. 

In  its  annual  list  of  doctorates  conferred  by  American  univer- 
sities during  the  academic  year  closing  with  June,  1902,  Science 
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records  the  following  with  theses  in  mathematics:  A.  B. 
Coble,  Johns  Hopkins  University,  "  A  study  of  the  ternary 
quartic  in  its  relation  to  the  conies";  Otto  Dunkel,  Har- 
vard University,  "Regular  singular  points  of  a  system  of 
homogeneous  linear  differential  equations  of  the  first  order  " ; 
Peter  Field,  Cornell  University,  "The  forms  of  unicursal 
quintic  curves  " ;  Carl  Gundersen,  Columbia  University,  "On 
the  measure  or  content  of  assemblages  of  points";  C.  J. 
Ketser,  Columbia  University,  "The  plane  geometry  of  the 
point  in  space  of  four  dimensions";  T.  M.  Putnam,  Uni- 
versity of  Chicago,  "  Concerning  the  linear  fractional  group 
on  three  variables  with  coefficients  in  the  Galois  field  of 
order  ^"";  H.  L.  Rietz,  Cornell  University,  "On  primi- 
tive groups  of  odd  ordei* " ;  W.  E.  Taylor,  Syracuse  Uni- 
versity, "  On  the  product  of  an  alternant  by  a  symmetric  func- 
tion." 

Oxford  University. — The  following  courses  in  mathematics 
are  announced  for  Michaelmas  term,  1902  :  —  By  Professor  E. 

B.  Elliott  :  Theory  of  numbers,  two  hours ;  Theory  of  func- 
tions, one  hour.  —  By  Professor  H.  H.  Turner  :  Elementary 
mathematical  astronomy,  two  hours.  —  By  Professor  W.  EssoN : 
Analytic  geometry  of  plane  curves,  two  hours ;  Synthetic  geom- 
etry of  plane  curves,  one  hour.  —  By  Professor  A.  E.  H.  Love  : 
Spherical  harmonics  and  other  methods  of  analysis  that  are 
appropriate  in  applications  to  physics,  three  hours.  —  By  Mr. 

C.  E.  Haselfoot  :  Algebra,  two  hours.  —  By  Mr.  C.  Leudes- 
DORF:  Projective  geometry,  three  hours.  —  By  Mr.  A.  E. 
JoLLiFFE :  Analytical  geometry,  two  hours.  —  By  Mr.  J.  W. 
EussELL :  Differential  calculus,  two  hours.  —  By  Mr.  R.  F. 
McNeile  :  Curve  tracing,  one  hour.  —  By  Mr.  P.  J.  Ejrkbt  : 
Introduction  to  higher  algebra,  one  hour.  —  By  Mr.  A.  L. 
Pedder  :  Problems  in  pure  mathematics,  one  hour.  —  By  Mr. 
C.  H.  Sampson  :  Solid  geometry,  two  hours.  —  By  Mr.  J.  E, 
Campbell  :  Differential  equations,  two  hours.  —  By  Mr.  C.  H. 
Thompson:  Integral  calculus,  two  hours.  —  By  Mr.  E.  H. 
Hayes  :  Analytical  statics,  three  hours. — By  Mr.  A.  L.  Dixon  : 
Hydrostatics,  one  hour.  —  By  Mr.  H.  T.  Gerrans  :  Advanced 
rigid  dynamics,  two  hours. 

Considerable  changes  will  be  made  in  the  First  Public 
Examination  for  those  who  seek  honors  in  mathematics  by  a 
scheme  which  comes  into  effect  itt  1904.     A  new  subject,  viz: 
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The  elements  of  analytical  geometry  of  three  dimensions,  is 
to  be  introduced  ;  and  restrictions  on  the  freedom  of  choice  of 
methods  are  to  be  removed.  Under  the  existing  scheme  the 
elements  of  the  mechanics  of  solids  and  fluids  is  treated  with- 
out the  aid  of  the  infinitesimal  calculus ;  in  future  the  use  of 
the  calculus  in  its  applications  to  mechanics  is  to  be  encouraged. 
At  present  there  is  a  separation  of  geometry  into  two  papers, 
devoted  respectively  to  analytical  and  synthetic  methods;  in 
future  candidates  are  to  be  encouraged  to  choose  the  method, 
analytical  or  synthetic,  which  appears  the  more  appropriate  in 
answering  any  question.  The  examination  is  taken  in  the  first 
year  or  the  second  year  of  the  academic  course,  and  successful 
candidates  have  the  option  of  proceeding  to  a  final  honors 
school  in  mathematics,  or  in  physics,  or  in  any  other  subject ; 
in  these  respects  the  new  scheme  makes  no  changes. 

The  several  German  universities  below  offer  during  the  winter 
semester,  1902-1903,  courses  in  mathematics  as  follows : 

University  of  Berlin.  —  By  Professor  H.  A.  Schwarz  : 
Differential  calculus,  four  hours,  with  exercises,  two  hours; 
Maxima  and  minima  in  elementary  geometrical  treatment,  two 
hours;  Applications  of  the  theory  of  elliptic  functions,  four 
hours;  Colloquium,  two  hours;  Seminar,  three  hours.  —  By 
Professor  G.  Frobbnius  :  Theory  of  determinants,  four  hours ; 
Algebra,  four  houi-s ;  Seminar,  three  hours.  —  By  Professor 
B.  Lehmann-Filhi^s  :  Analytical  geometry,  four  hours ;  The- 
ory of  probabilities,  one  hour.  —  By  Professor  J.  Knoblauch  : 
Theory  of  space  curves  and  curved  surfaces,  four  hours ;  Ana- 
lytical mechanics,  four  hours;  Proseminar,  one  hour.  —  By 
Professor  K.  Hensel  :  Integral  calculus,  four  hours,  with  exer- 
cises, two  hours ;  Theory  of  elliptic  functions,  four  hours.  — 
Professor  G.  Hettner:  Theory  of  definite  integrals,  two 
hours.  —  By  Dr.  E.  Landau  :  Theory  of  numbers,  four  hours ; 
Theory  of  Unear  differential  equations,  four  hours ;  Mengen- 
lehre,  one  hour. 

Universht  of  Bonn.  —  By  Professor  L.  Heffter  :  Ana- 
lytical mechanics,  four  hours ;  Plane  analytical  geometry,  four 
hours,  with  exercises,  one  hour.  —  By  Professor  H.  Eortum  : 
Elliptic  functions,  four  hours ;  Seminar,  two  hours.  — By  Pro- 
fessor R.  LiPSOHiTZ :  Integral  calculus  II,  four  hours ;  Semi- 
nar, two  hours.  —  By  Professor  J.  Sommer:  Algebra,  two 
hours;   Geometrical  applications  of  the  theory  of  functions. 
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two  hours.  —  By  Dr.  Wentscher  :  Philosophy  of  mathematics, 
one  hour. 

University  of  Breslau. — By  Professor  J.  Rosanes  :  Dif- 
ferential  calculus  and  elements  of  integral  calculus,  four  hours ; 
Theory  of  invariants,  two  hours  ;  Seminar,  one  hour.  —  By  Pro- 
fessor R.  Sturm  :  History  of  mathematics,  one  hour ;  Seminar, 
two  hours ;  Theory  of  numbers,  three  hours  ;  Geometrical  loci 
of  higher  degree,  three  hours.  —  By  Professor  F.  London  :  In- 
troduction to  the  theory  of  differential  equations,  three  hours : 
Mathematics  of  insurance,  two  hours. 

University  of  Erlangen. — By  Professor  P.  Gordan  : 
Analytical  geometry,  four  hours ;  Invariants,  four  hours  ;  Sem- 
inar, three  hours.  —  By  Professor  M.  Nother:  Infinitesimal 
calculus,  four  hours ;  Theory  of  functions,  four  hours. — Seminar. 

University  of  Freiburg.  —  By  Professor  J.  Luroth: 
Analytical  mechanics,  four  hours;  Least  squares,  two  hours; 
Seminar. — By  Professor  L.  Stickelberger  :  Plane  analytical 
geometry  and  differential  calculus,  five  hours,  with  exercises, 
two  hours. — Theory  of  analytic  functions,  three  hours. — By 
Professor  A.  Loewy:  Theory  of  curves  and  surfaces,  four 
hours ;  Mathematics  of  insurance,  two  hours.  —  By  Dr.  E.  Reb- 
MANN  :  History  of  arithmetic,  two  hours. 

University  of  Gottingen.  —  By  Professor  F.  Klein  :  En- 
cyclopaedia of  mathematics,  four  hours ;  Seminar  (with  Profes- 
sor Bohlmann),  two  hours.  —  By  Professor  D.  Hilbert  :  Differ- 
ential and  integral  calculus  II,  four  hours;  Mechanics  of 
oontinua,  four  hours ;  Seminar  in  the  theory  of  functions,  two 
hours.  —  By  Professor  K.  Schwarzschild  :  Celestial  mechanics, 
three  hours,  with  exercises,  two  hours.  —  By  Professor  H.  Min- 
kowski :  Algebra,  three  hours  ;  Analysis  situs,  two  hours ; 
Seminar  in  the  theory  of  functions,  two  hours.  —  By  Professor 
M.  Brendel:  Introduction  to  theoretical  astronomy,  three 
hours ;  Life  and  work  of  Gauss,  one  hour.  —  By  Professor  F. 
Schilling;  Analytical  theory  of  curved  lines  and  surfaces, 
four  hours,  with  exercises,  two  hours.  —  By  Professor  G.  Bohl- 
MANN:  Theory  of  probabilities,  two  hours;  Theory  of  risks, 
two  hours ;  Seminar,  two  hours ;  Seminar  in  the  mathematics 
of  insurance,  two  hours.  —  By  Dr.  E.  Zermelo:  Theory  of 
functions,  four  hours  ;  Exercises  in  integral  calculus  and  poten- 
tial theory,  two  hours.  —  By  Dr.  Blumenthal  :  Abelian  func- 
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tions,  two  hours ;  Introduction  to  higher  mathematics  for  stu- 
dents of  science,  with  exercises,  three  hours. 

University  of  Heidelberg.  —  By  Professor  L.  Koeniqs- 
berger:  Higher  algebra,  theory  of  algebraic  equations,  four 
hours;  Elements  of  the  theory  of  differential  equations,  two 
hours ;  Calculus  of  variations,  one  hour ;  Theory  of  numbers, 
one  hour ;  Seminar,  two  hours.  —  By  Professor  H.  Valentiner  : 
Theory  of  orbits,  three  hours.  —  By  Professor  M.  Cantor  :  Dif- 
ferential  and  integral  calculus,  four  hours,  with  exercises,  one 
hour ;  Political  arithmetic,  two  hours.  —  By  Professor  F.  EiSEN- 
LOHR ;  Theoretical  optics,  four  hours ;  Differential  and  integral 
calculus,  five  hours ;  Potential,  two  hours.  —  By  Professor  K. 
KoEHLER :  Synthetic  geometry  of  space,  three  hours.  —  By  Pro- 
fessor G.  Landsberg:  Descriptive  geometry,  with  exercises, 
four  hours ;  Theory  of  functions,  three  hours.  —  By  Dr.  K. 
BoEHM :  Theory  of  partial  differential  equations,  one  hour ; 
Vector  analysis,  one  hour ;  D'Alembert's  memoir  on  dynamics, 
one  hour. 

University  of  Jena. — By  Professor  J.  Tuomae  :  Applica- 
tion of  infinitesimal  calculus  to  geometry,  four  hours ;  Definite 
integials  and  Fourier  series,  four  hours ;  Seminar,  two  hours. 
—  By  Professor  A.  Gutzmer:  Analytical  geometry  of  space, 
four  hours:  Analytical  mechanics,  four  hours,  with  seminar, 
one  hour.  —  By  Professor  J.  Frege  :  Differential  and  integral 
calculus  II,  vfitii  exercises,  five  hours. 

University  of  Kiel.  —  By  Professor  L.  Pochhammer: 
Elements  of  the  theory  of  numbers,  three  hours ;  Introduction 
to  the  theory  of  functions,  three  hours ;  Seminar  one  hour.  — 
By  Professor  P.  Harzer  :  Celestial  mechanics,  three  hours.  — 
By  Professor  P.  Stackel  :  Integral  calculus,  three  hours ;  Dif- 
ferential geometry  of  curved  surfaces,  three  hours;  Intrinsic 
geometry  of  curves,  one  hour ;  Seminar,  one  hour. 

University  of  Leipsic.  '• —  Professor  Scheibner  offers  no 
lectures  during  the  winter  semester.  —  By  Professor  C.  Neu- 
mann :  Differential  and  integral  calculus,  four  hours  ;  Seminar, 
two  hours.  —  By  Professor  H.  Bruns  :  Theory  of  probabilities, 
four  hours ;  Cdestial  mechanics,  two  hours.  —  By  Professor  A. 
Mater  :  Calculus  of  variations,  four  hours.  —  By  Professor  O. 
Holder:  Elliptic  functions,  four  hours;  Partial  differential 
equations,  two  hours ;   Seminar,  one  hour.  —  By  Professor  F. 
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Engel:  Determinants  and  algebraic  equations,  four  hours; 
Theory  of  transformation  groups  (continuation),  two  hours; 
Seminar,  two  hours.  —  By  Dr.  F.  Hausdorff:  Analytical 
mechanics,  three  hours,  with  exercises,  one  hour.  —  By  Dr.  H. 
LiEBMANN :  Analytical  geometry  of  space,  two  hours ;  Theory 
of  definite  integrals,  two  hours;  Descriptive  geometry,  two 
hours,  with  exercises,  one  hour. 

University  of  Stbassburg.  —  By  Professor  T.  Bete: 
Geometry  of  position,  three  hours ;  Analytical  mechanics,  two 
hours ;  Seminar,  two  hours.  —  By  Professor  H.  Weber  :  Par- 
tial differential  equations  of  mathematical  physics,  four  hours ; 
Selected  chapters  of  algebra,  two  hours  ;  Seminar,  two  hours. 
By  Professor  F.  Roth  :  Algebraic  analysis  and  determinants, 
three  hours  ;  Analytical  geometry  of  space,  two  hours ;  Ordi- 
nary differential  equations,  two  hours.  —  By  Professor  A. 
EIrazer  :  Infinitesimal  calculus,  four  hours ;  Analytical  geom- 
etry of  the  plane,  three  hours ;    Seminar,  two  hours. 

The  London  mathematical  society  awarded  its  De  Morgan 
medal  for  1902  to  Professor  A.  G.  Greenhill. 

Professors  Ormond  Stone,  of  the  University  of  Virginia, 
£.  H.  Moore,  of  the  University  of  Chicago,  and  Frank  Mor- 
LEY,  of  Johns  Hopkins  University,  have  been  appointed  by  the 
executive  committee  of  the  Carnegie  Institution,  as  advisors  in 
relation  to  original  research  in  mathematics. 

Professor  W.  E.  Story,  while  retaining  his  chair  in  Clark 
University,  has  been  appointed  head  of  the  mathematical  depart- 
ment in  the  newly  established  Clark  College,  Worcester,  Mass. 
Mr.  F.  H.  Hodge,  at  present  fellow  in  mathematics  in  Clark 
University,  becomes  instructor  in  mathematics  in  the  college. 

At  the  University  of  Nebraska,  Dr.  R.  E.  MoRiTZ,  who 
recently  returned  from  a  year's  study  abroad,  has  been  ap- 
pointed to  an  adjunct  professorship  of  mathematics. 

Dr.  Charles  W.  M.  Black,  instructor  in  mathematics  in 
the  University  of  Oregon,  died  August  11,  at  La  Grande,  Ore. 
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NEW   PUBLICATIONS. 

I.    HIGHER   MATHEMATICS. 

Beltrami  (E.)>  Opere  matematiche,  pubblicate  per  cura  della 
Facoltft  di  scienze  della  r.  University  di  Roma.  Vol.  I.  Milano, 
Hoepli,  1902.     4to.     22  +  438  pp.     With  portrait.        Fr.  26.00 

Bertrand  (J.).  Eloges  acad^miques.  Nouvelle  s^rie:  Poinaot, 
Cosson,  Chasles,  Cordier,  Paris,  Cauchy,  Tisserand,  Vifete,  Galilee, 
D.  Papin,  Clairaut,  Euler,  d'Alembert  et  Lagrange,  Abel,  Galois, 
Faraday,  Pasteur.  Avec  un  61oge  historique  de  Joseph  Ber- 
trand, par  G.  Darboux.  Paris,  Hachette,  1902.  16mo.  61  +  411 
pp.  Fr.  3.60 

BiANCHi  (L.)'  Lezioni  di  geometria  differenziale.  2a  edizione, 
riveduta  e  considerevolmente  aumentata,  in  due  volumi.  Vol. 
I.     Pisa,  Spoerri,  1902.     8vo.  524  pp.  Fr.  18.00 

BoLZA  (C).  .  Concerning  the  geodesic  curvature  and  the  isoperi- 
metric  problem  on  a  given  surface  and  proof  of  the  sufficiency 
of  Jacobi's  condition  for  a  permanent  sign  of  the  second  varia- 
tion in  the  so-called  isoperimetric  problems.  Printed  from  Vol. 
9  of  "  The  decennial  publications."  Chicago,  University 
of  Chicago  Press,  1902.  4to.  2  -f  7  pp.  (University  of 
Chicago  decennial  publications.)  $0.26 

BoxNESEX  (T.).  Analytiske  studier  over  ikke-Euklidisk  geometri. 
Kjobenhavn,  Ursius,   1902.     8vo.     103  pp.  M.  3.60 

Bourdon  (  B.  ) .  La  perception  visuelle  de  Tespace.  Paris,  Schleicher, 
1902.  8vo.  446  pp.  ( Bibliothfeque  de  pMagogie  et  de  psy- 
chologie,  Vol.  4.) 

Brioschi  (F.).  Opere  matematiche,  pubblicate  per  cura  del  Comi- 
tato  per  le  onoranze  a  F.  Brioschi.  (In  4  volumi.)  Vol.  II. 
Milano,  Hoepli,  1902.    Folio.    456  pp.  Fr.  26.00 

Btjrkhardt  (H.).    See  Jahresbericht. 

Cafelli  (A.).  Istituzioni  di  analisi  algebrica.  3a  edizione,  con 
aggiunte  delle  lezioni  di  algebra  complementare  ad  uso  degli 
aspiranti  alia  licenza  universitaria  in  scienze  flsiche  e  mate- 
matiche.    Napoli,  Pellerano,  1902.     8vo.     19  +  714  pp. 

CoifBEBiAC  (G.).  Calcul  des  triquatemions.  Nouvelle  analyse 
g^om^trique.  (Thftse.)  Paris,  Gauthier-Villars,  1902.  4to. 
122  pp.  Fr.  6.00 

CouLON  (J.).  Sur  Tint^gration  des  ^nations  aux  d^riv^es  partielles 
du  second  ordre  par  la  m^thode  des  charact^ristiques.  (Thftse.) 
Paris,  Hermann,  1902.    4to.    127  pp. 

CzuBER  (E.).  Probability  et  moyennes  g^om^triques.  Ouvrage  tra- 
duit  de  Tallemand  par  H.  Schuermans.  Paris,  Hermann,  1902. 
8vo.    260  pp.  Fr.  8.60 

Dabboux  (G.).    See  Bebtrand  (J.). 

EifORT  (F.  L.).    See  Laplace  (P.  S.). 
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Kpsteen  (S.).  Untersuchungen  Uber  lineare  Differentialgleichuingen 
vierter  Ordnung  und  die  zugehOrigen  Oruppen.  Ztirich,  1901. 
8vo.     56  pp.  M.  2.60 

Fbeycinet  (C).  The  philosophy  of  mathematics.  [Russian  trans- 
lation.]    2d  edition.     St.  Petersburg,  1902.     8vo.     176  pp. 

Geissleb  (K.).  Die  Grunds&lze  und  das  Wesen  des  Unendlichen 
in  der  Mathematik  und  Philosophie.  Leipzig,  Teubner,  1902. 
8vo.     8  +  417  pp.  M.  14.00 

Gekhabdt  (E.).  Die  theoretische  und  praktische  Bedeutung  der 
arithmetischen  Mittelsumme.  (Diss.)  Tttbingen,  1901.  8vo. 
20  pp. 

Glaber  (S.).  Untersuchung  der  Flflchen  dritten  Grades,  welehe  bei 
der  Abblldung  nach  dem  Prinzip  der  reziproken  Radienvektoren 
wieder  in  sich  selbst  zurfickkehren.  1.  (Progr.)  Berlin, 
Gaertner,   1902.     4to.     29  pp.  M.   1.00 

Gmei?;eb  (J.  A.).     See  Stolz  (O.). 

GoLLER  (A.),  l.'eher  die  Steinersche  FlHche.  (Progr.)  MUnchen, 
Kellerer,   1902.     8vo.     3 -f  69   pp.  M.   1.00 

GouiiSAT    (E.).     Cours   d'analyse   math^matique    (cours   de   la    Fa- 

cult6  des  sciences  de  Paris').  Vol.  1;  D^riv^s  et  diff^rentielles, 
f\^  integrates  d^finies;  d^veloppments  en  s^rie;  applications  g€om6- 
i^     triques.     Paris,  Gauthier-Villars,  1902.     8vo.     « -f  ($20  pp. 

Fr.  20.00 
trULDBERG    (A.).     Ucber  Integralinvarianten  und  Integralparameter 

l)ei     Bertthrungs-Transfomiationen.       Christ  iania,     1902.       8vo. 

10    pp.       {Videnakabsselakahets    Skriftcr,    1.      Mathem.-natur- 

vidensk.     Klasse,  1902,  No.  5.) 

.     Uebci*  die  Maxima  und  Minima  der  Integrale,  die  eine  con- 

tinuirliche  Gruppe  gestatten.  Christiania,  1902.  8vo.  10  pp. 
{Videnakahsselskahets  Skrifter,  I.  Mathem.-natur\-idensk. 
Klasj»e,  1902,  No.  7.) 

Hadamabd  (J.).  Essai  sur  T^tude  des  fonctions  donnas  par  leur 
d^veloppement  de  Taylor.  Etude  sur  les  propri4t^s  des  fonctions 
enti^res,  et  en  particulier  d'une  fonction  consider^  par  Riemann. 
(M^iniore  couronn^  par  I'Acad^raie  des  sciences.)  Paris,  Her- 
mann, 1002.     4to.     132  pp.  Fr.  10.00 

Xar^tSdKi  (I.  H. ).  '0?MKXTfp(oTiKb^  ?x)yiafi6g  (Integral  calculus).  Vol.  I. 
•Ev  'K-dijvaiCy  1901.     488  pp. 

.     ^la^piKjbq  loytafi^   (Differential  oaloalos).     'Ev  'Ai?//va/f,  1889, 

613  pp. 
Hensel    (K.)     und    Landsberg    (G.).    Theorie    der    algebraischen 

Funktionen    einer    Variablen    und    ihre    Anwendung    auf    alge- 

braische  Kurven  und  Abelsche  Integrale.     Leipzig,  Teubner,  1902. 

8vo.     16  +707  pp.     Cloth.  M.  28.00 

HETrNEB  (G.).     See  Weiebstbass  (K.). 

HiLBRBT  (D.).  The  foundations  of  geometry.  Authorized  trans- 
libtion  by  E.  J.  Townsend.  Chicago,  Open  Court  Publishing 
Company,   1902.     12mo.     7  +  132   pp.     Cloth.  $1.00 

.    Problfemes  de  math^matiques.    Traduit  par  L.  Laugel.    Paris, 

Hermann,  1900.     8vo.  Fr.  3.00 
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HopPE  (E.).  Ein  Beitrag  zur  Zeitbestimmung  Herons  yon  Alex- 
andrien.     (Progr.)     liamburg,  1902.     4to.     9  pp.  M.  2.50 

IssALY.  Principes  fondamentaux  de  la  thterie  dea  pseudo- surfaces. 
Paris,  Hermann,  1902.     8vo.     114  pp.  Fr.  4.00 

Jahrbucu  ilber  die  ForUchitte  der  Mathematik,  begrttndet  Mon  C. 

Ohrtmann.    Herausgegeben  von  E.  Lampe  und  G.  Wallenberg. 

Vol.  31 :  1900.    Heft  1.    Berlin,  Reimer,  1902.    8vo.    6  +  480  pp. 

M.  15.00 
Jahresrericht  der  Deutschen  Mathematiker-Vereinigung.    Vol.  10: 

Entwickeliingen  nach  oscillirenden  Fnnctionen.     Bericht,  erstat- 

tet  der  Deutschen  Mathematil^er-Vereinigiing  von  H.  Burkhardt. 

2te  Lieferung.    Herausgegeben  im  Auftrage  des  Vorstandes  von 

R.  Mehmke  und  A.  Gutzmer.    Leipzig,  Teubner,  1902.    8vo.    Pp. 

176-400. 
Jettmab  (H.  von).     Ueber  merkwUrdige  Punkte  und  Gerade,  welche 

einem  Dreiecke  und  dem  ihm  umgeschriebenen,  beziehungsweise 

eingeschriebenen   Kegelschnitte   zugeordnet   sind.      Wien,    1902. 

4to.     11  pp. 

Jung  (H.).  Die  Wurzelfunktionen  in  dem  durch  die  Gleichung 
G  ip,q)  :=  0  vom  Range  2  und  durch  die  Gleichung  «*  =  H  (p,  g) 
definierten  algebraischen  KSrper  K{p,  q,  z),  ( Habilitations- 
schrift.)     Marburg,  1902.     8vo.     31  pp. 

KiKX  (G.  A.).  Ueber  die  Transformation  zweiten  Grades  der  Theta- 
funktion.     (Progr.)     {^&chsi8ch-Regen,   1902.     4to.     16  pp. 

Knobijluch  (J.).    See  Weibkstrass  (K.). 

Kraemeb  (C).  Beitrag  zur  analytischen  Untersuchung  sph&rischer 
Kurven.      (Diss.)      Marburg,*  1902.     8vo.      35  pp. 

Lahpe  (£.).    See  Jahsbuch. 

Landsbebg  (G.).     See  Hensel  (K.). 

Laplace  (P.  S.).  A  philosophical  essay  on  probabilities.  Trans- 
lated from  the  6th  French  edition  by  F.  W.  Truscott  and  F.  L. 
Emorv.     New  York,  Wiley,   1902.     12mo.     4  +  196  pp.     Cloth; 

$2.00 

ItAroEL  ( L. ) .     See  Hilbebt  (  D.  ) . 

Lebesoue  (H.).  Int^grale,  longueur,  aire.  Th^se  pr^sent^  ft  la 
Faculty  des  sciences  de  Paris.  Milan,  Rebeschini,  1902.  4to. 
129  pp. 

Lehmanx  (C.  F.).  Ueber  die  Beziehungen  zwischen  Zeit-  und 
Raummessung  im  babylonischen  Sexagesimalsystem.  Leipzig, 
1902.     8vo.    20  pp.  M.  1.00 

Leman  (G.).  Sur  Tenseignement  de  Tanalyse  inflnit^simale.  Gand, 
1901.     8vo.     72  pp.  Fr.  1.50 

Le  Vavasseub.  Enumeration  des  groupes  d'op^rations  d'ordre  donn6. 
Paris,  Hermann,  1901.     4to.     128  pp.  Fr.  6.00 

Lewenbebg  (A.).  Geometrya  rzutowa  twor6w  pierwiastkowych 
(Projective  geometry  of  primitive  forms).  Warsaw,  1902.  8vo. 
16  -h  414  pp.  R.  8.00 

LiNDELOF  (E.).  Ueber  die  Ermittelung  der  Genauigkeit  der  Beo- 
bachtungen  bei  der  Analyse  periodischer  Erscheinungen  und  in 


Digitized  by  VjOOQIC 


68  NEW  PUBLICATIONS.  [Oct., 

der  Methode  der  kleinsten  Quadrate.     Helsingfors,  1901.     4to. 
34  pp.      {Acta  Societatis  scientiarum  fennicae,  29.) 

.     Quelques    applications    d'une   formule   Bommatoire    g^n^rale. 

Helsingfors,   1902.    4to.     46  pp.     {Acta  Societatis  soientiarum 
fennicae,  31.) 

.      M^moire  sur  la  th^rie  des  fonctions  entiferes  de  genre  fini. 

Helsingfors,  1902.     4to.     79  pp.      {Acta  Societatis  soientiarum 
fennicae,  31.) 

.   Quelques  thtor^mes  nouveaux  sur  les  fonctions  enti^res.  Paris, 

1902.    4to.    4  pp.     {Comptes  rendus  des  stances  de  VAcad&mie 
des  sciences*) 

.    Sur  le  prolongement  analytique.    Paris,   1902.    8v.o.    4  pp. 

{Bulletin  de  la  8oci^t4  mathimatique  de  Fra/nce,  29.) 

LiPPS  (G.  F.).  Die  Theorie  der  Gollectivgegenst&nde.  Leipzig,  1902. 
8vo.     4  +  217  pp.  M.  3.00 

LoRiA  (G.).  Spezielle  algebraische  und  transcendente  ebene  Kurven; 
Theorie  und  Geschichte.  Autorisierte,  nach  dem  italienischen 
Manuskript  bearbeitete  deutsche  Ausgabe  von  F.  Schtitte. 
Leipzig,  Teubner,  1902.  8vo.  21  +  744  pp.,  17  plates.  Cloth. 
(B.  G.  Teubner*s  Sammlung  von  Lehrbtichem  auf  dem  Gebiete 
der  mathematischen  Wissenschaften  mit  Einschluss  ihrer  An- 
wendungen,  V.)  M.  28.00 

Massny  (W.).  KrUmmung  von  Kurven  auf  zylindrischen  und  kon- 
ischen  Rotationsfl&chen.     (Progr.)     Beuthen,  1902.    8vo.     17  pp. 

Mellob  (J.  W.).  Higher  mathematics,  for  students  of  chemistry 
and  physics,  with  special  reference  to  practical  work.  London 
and    New   York,    Longmans,    1902.     Svp.    566    pp.    Cloth. 

12s.  6d. 

Meth  (B.).  Ueber  ein  ftlteres  Verfahren  der  Zerlegung  ganzer  ra- 
tionaler  Funktionen  in  irreduktible  Faktoren.  (Progr.)  Berlin, 
1902.     4to.     27  pp. 

MoLK  (J.).    See  Tannery  (J.). 

MouLTON  (F.  R.).  A  simple  non-Desarguesian  plane  geometry. 
1902.  4to.  {Transactions  of  the  American  Mathematical  So- 
ciety, 3,  pp.  192-195.) 

MiJLLER  (C).     See  Klein  (F.). 

Keiciiardt  (W.).  Ueber  verallgemeinerte  Picardsche  Differential- 
gleichungen  im  Gebiete  der  hyperelliptischen  Funktionen  erster 
Ordnung.      (Progr.)      Dresden,  1902.     4to.     42  pp. 

RouQUET  (W.).  Etude  g^om^trique  des  surfaces  dont  les  lignes 
de  courbure  d*un  syst^me  sont  planes  et  4gales.  Marseille, 
Barlatier,  [1902].     4to.    63  pp. 

ScHOUTE  (P.  H.).  Mehrdimensionale  Gteometrie.  Teil  I:  Die 
linearen  Rftume;  mit  335  Aufgaben.  Leipzig,  Gdschen,  1902. 
8vo.    8  +  295   pp.    Cloth.     (Sammlmig  Schubert,   Vol.   35.) 

M.  10.00 

SoHTTEBMANS   (H.).    €ee  CZUBEB   (E.). 

SoHt^TTE  (F.).    See  LOBIA  (G.). 

Stolz  (O.)  imd  Gmeineb  (J.  A.).  Theoretische  Arithmetik.  Ab- 
teilung  II:   Die  Lehre  yon  den  r«ellen  und  von  den  komplexen 
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Zahlen.  2te,  umgearbeitete  Auflage  der  Abschnitte  V-VIII,  X, 
XI  des  ersten  und  I,  II,  V  des  zweiten  Teiles  der  Vorlesungen 
liber  allgemeine  Arithmetik  von  0.  Stolz.  Leipzig,  Teubner, 
1902.     8vo.  11  +  402  pp.     Cloth.  M.  8.00 

Stouff  (X.).  Remarques  sur  quelques  propositions  dues  d  M.  Her- 
mite.  Paris,  1002.  4to.  {Annales  aoientifiques  de  VEoole  nor- 
male  supMeure  (3)   19,  pp.  89-118.) 

Taki^eby  (J.)  et  MoLK  (J.).  Elements  de  la  th^orie  des  fonctions 
elliptiques.  Vol.  IV:  Calcul  integral  (deuxi^me  partie)  ;  ap- 
plications.    Paris,    Gauthier-Villars,    1902.     8vo.     9  +  304    pp. 

Fr.  9.00 

Thaeb  (  a.  ) .  Bestimmung  von  Gestalt  und  Lage  eines  Kegelschnitts 
aus  einer  Gleichung  zweiter  Ordnung  ohne  Koordinaten-Trans- 
formation.  (Progr.,  Hamburg.)  Leipzig,  Teubner,  1902.  8vo. 
39  pp.,  1  plate.  M.   1.40 

TowNSEND  (E.  J.).     See  Hilbebt  (D.). 

Tbusoott  (F.  W.).    See  Laplace  (P.  S.). 

Vandeuben  (P.).  Etude  gtom^trique  des  lignes  et  des  surfaces  en 
un  point  ordinaire;  reprteentation  gtom^rique  des  d^riv^s. 
Bruxelles,  Leb^gue,    [1902].     8vo.     40  pp. 

Waixe^^bebo  (G.).     See  Jahbbuch. 

Weiebstbass  (K.).  Mathematische  Werke.  Vol.  IV:  Vorlesungen 
liber  die  Theorie  der  Abelschen  Transcendenten.  Bearbeitet 
von  G.  Hettner  und  J.  Knoblauch.  Berlin,  Mayer  &  Mliller, 
1902.      4to.      14  +  632  pp.  M.  40.00 

Weiss  (F.).  Die  geodSltischen  Linien  auf  dem  Catenoid.  (Diss.) 
Jena,  1902.      8vo.      46  pp. 

Weyh  (A.).  Die  wichtigsten  Mathematiker  und  Physiker  des 
Altertums.     Kreuzburg,  1902.     4to.     26  pp.  M.  1.80 

II.     ELEMENTARY    MATHE^LATICS. 

Atti  del  secondo  congresso  dei  professori  di  matematica  delle  scuole 
secondarie,  tenuto  in  Livorno  nei  giomi  17-22  agosto  1901  ad 
iniziativa  delVassociazione  Ma  thesis.  Livorno,  1902.  8vo. 
200  pp.  Fr.  6.00 

Bailey  (M.  A.).  High  school  algebra.  New  York,  American  Book 
Company,   [1902].      16mo.      297  pp.      Half  leather.  $0.90 

Babde^  (E.).  Arithmetische  Aufgaben  nebst  Lehrbuch  der  Arith- 
metik, vorzugsweise  fUr  Realschulen,  h5here  Blirgerschulen  und 
verwandte  Anstalten,  neu  bearbeitet  und  mit  einer  Logarith- 
mentafel  versehen  von  H.  Hartenstein.  4te  Auflage.  I^ipzig, 
Teubner,  1902.     8vo.     4  +  202  pp.     Boards.  M.  2.00 

.      Aufgabensammlung,    methodisch    geordnet,    mehr    als    8000 

Aufgaben  enthaltend,  Uber  alle  Telle  der  Elementar- Arithmetik, 
vorzugsweise  ftlr  Gymnasien,  Realgymnasien  und  Oberreal- 
schulen,  sowie  fUr  Seminare  und  I^paranden-Anstalten.  In 
alter  und  neuer  Ausgabe.  Neue  Ausgabe,  nach  der  26sten  Auf- 
lage bearbeitet  von  F.  Pietzker  und  O.  Presler.  2te  Auflage. 
L^pzig,  Teubner,  1902.    avo.    8  +  895  pp.    Cloth.  M.  3.20 
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Bauerreiss  (H.).  Ferienaufgaben  aus  der  Planimetrie;  zur  Nach- 
httlfe  und  als  Uebungsstoff  gegeben,  nebst  Anleitung  zur  L(isung. 
Wttrzburg,  Stahel,  1902.  12mo.  4  +  70  pp.  Boards.  (Stahel's 
Sammlung  von  Prtifungsaufgaben  etc..  No.  12.)  M.  1.00 

Beau  VISAGE  (G.).  La  m^thode  d'observation  fondle  sur  Tarith- 
m4tique  et  la  g^m^trie  concretes.  2e  ^ition.  Paris,  Alcan, 
1902.     8vo.      144  pp.  Fr.  2.00 

BoBDAGE  (E.).  Sur  la  possibility  d'Mifier  la  g^m^trie  euclidienne 
sans  le  postulatum  d'Euclide.  St.  Denis  (tie  de  la  Reunion), 
1902. 

BOBK  (H.)  imd  PosKE  (F.).  Hauptsfttze  der  Arithmetik  fttr  die 
Unter-  und  Mittelklassen  h6herer  Lehranstalten.  4te  Auflage. 
Berlin,  Rockenstein,  1902.     8vo.     40  pp.     Boards.  M.  0.80 

Briggs  (W.).  First  stage  mathematics;  the  algebra  and  Euclid 
required,  together  with  the  arithmetic  questions  for  the  last 
twenty  years.  London,  Clive,  1902.  12mo.  194  pp.  (Org. 
science  series.)      Cloth.  2s. 

Brooks  (E.).  The  normal  elementary  algebra.  Part  I:  contain- 
ing the  first  principles  of  the  science.  Revised  edition.  Phil- 
adelphia, Christopher  Sower  Company,   [1901].     12mo.     Cloth. 

$0.83 

BuRCKHARDT  (M.).     See  Zeiszig  (E.). 

BuscH  (F.).    See  F6aux  (B.). 

Daix  (A.).  Arithm^tique  th^orique  et  pratique;  notions  usuelles 
de  comptabilit^,  d'algfebre  et  de  g^m^trie.  Ouvrage  r^pondant 
aux  programmes  ofticiels  des  ^oles  primaires  6l6mentaires  et 
sup^rieures,  des  ^coles  normales  d'instituteurs  et  d'institutrices, 
dea  lyc^es  et  colleges  et  des  brevets  de  capacity.  Paris,  Gamier, 
1902.      18mo.      12 +  739  pp.      (Cours  sup^rieur.) 

DiCKNETHER  (F.).  Lchrbuch  der  Arithmetik,  nebst  Uebungsauf- 
gaben,  ftlr  Mittelschulen.  Teil  1.  Mtinchen,  Lindauer,  1902. 
8vo.      8  -f  136  pp.  M.  1.60 

DiESENER  ( H. ) .  Die  ebene  Geometric.  Praktisches  Unterrichtsbuch 
zur  leichten  Erlernung  der  Planimetrie.  Mit  einer  gi'ossen 
Zahl  voUstMndig  ausgerechneter  Beispiele  und  Uebungsaufgaben 
bearbeitet  fUr  den  Selbstunterricht  und  zum  Grebrauche  an 
Baugewerkschulen  und  Fortbildungsschulen.  4te,  verbesserte 
Auflage.    Halle,  Hofstetter,  1902.      8vo.      3  +  140  pp.      M.  2.70 

DuPi'is  (J.).  Tables  de  logarithmes  H  cinq  d^imales.  26e  ^tion. 
Paris,  Hachette,  1902.      16mo.      4  -f  230  pp.  Fr.  2.00 

EscRiBANO  T  Hernandez  (G.).  Nociones  de  geometrla.  Madrid, 
Aguado,  1902.     8vo.     64  pp.  Fr.  0.50 

F£aux  (B.).  Rechenbuch  nebst  einer  Anleitung  fUr  den  vorbe- 
reitenden  Unterricht  in  der  Geometric  fttr  hdhere  Lehranstalten. 
lOte,  auf  Gnmd  der  neuen  Lehrplftne  verbesserte  und  erweiterte 
Auflage,  besorgt  durch  F.  Busch.  Paderborn,  Schttningh,  1902. 
8vo.     4H-232  pp.  M.  1.60 

Fechneb  (H.).  Aufgaben  fttr  den  Unterricht  in  der  Buchstaben- 
rechnung  (Algebra).  4te,  gMnzlieh  umgearbeitete  und  stark 
vermehrte  Auflage.     Berlin,  Schultze,   1902.     8vo.    8  +  222  pp. 

M.  2.15 
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Fitting  (F.).  Ein  Anordnungsproblem.  (Progr.)  M.-Gladbachi 
1902.     8vo.     15  pp. 

GoMis  (C).  Nociones  de  geometria  plana  y  del  espacio.  Barce- 
lona, Tasso,  1901.     8vo.     110  pp.     Boards.  Fr.  1.00 

Halleb  von  Hallebstein  (F.).  Lehrbuch  der  Elementar-Mathe- 
matik.  Ftir  die  Portepeeffthnrichs-Prtifung  in  der  konigl.  preu- 
saischen  Anuee  und  die  Prtifung  ziim  Eintritt  in  die  kais. 
Marine  bearbeitet.  lite  Auflage,  herausgegeben  und  ftir  den 
Gebrauch  in  der  Prima  der  Gymnasien  und  Realgymnasien  er- 
weitert  von  B.  HUlsen.  Teil  I:  Arithmetik.  Berlin,  Nauck, 
1902.     8vo.     8  +  411   pp.     Cloth.  M.  5.60 

Habtenstein  (H.).    See  Bardey  (E.). 

Heller  (T.).  Lehrbuch  der  Arithmetik  nebst  Uebungsaufgaben. 
Teil  I.    Kempten,  KSsel,  1902.     8vo.     4  +  127  pp.  M.  1.00 

HiCKMANN  (R.).  WertvoUe  Kunstgriffe  und  Vorteile  beim  Schnell- 
rechnen.  Lehrbuch  aller  praktischen  Abkllrzungsmethoden  zum 
raschen  und  bequemen  Bewftltigen  grosser  Zahlen.  Mit  Anhang: 
Zahlen-KunststUcke  und  arithmetische  Geheimnisse.  Leipzig, 
SchlOffel,  1902.     8vo.     47  pp.  M.  1.00 

HiPPAUX  (H.).  Die  Rektifikation  und  Quadratur  des  Kreises.  Bres- 
lau,   1901.     8vo.     26  pp.,  2  plates.  M.  3.00 

HocH  (J.).  Das  wichtigste  aus  der  Geometric.  II:  Leitfaden  der 
r&umlichen  Geometric  ftir  Gewerbetreibende  und  gewerbliche 
Schulen;  mit  Rflcksicht  auf  die  praktische  Anwendung  im 
gewerblichen  und  technischen  Leben  bearbeitet.  Leipzig,  Kla- 
sing,  1902.  8vo.  7  +  64  pp.  Cloth.  (L.  Huberti's  praktische 
gewerbliche  Bibliothek.)  M.  1.80 

HoLZHULLEB  (G.).  Elcmcntc  der  Stereometrie.  Teil  3:  Die  Un- 
tersuchung  und  Konstruktion  schwierigerer  Raumgebilde; 
Guldinsche  DrehungskSrper  und  Drehungsflachen  mit  ihren  Ver- 
allgemeinerungen ;  Schraubenflftchen,  K5hrenilftchen  und  ihre 
Yerallgemeinerungen,  nebst  ihren  Inversionsverwandten ; 
Krttmmungslinien  und  isothermische  Kurvenscharen  auf  diesen 
Fiachen;  konforme  Abbildungen.  Leipzig,  GQschen,  1902.  8vo. 
12  +  333  pp.  M.  9.00 

Ht^EN  (B.).    See  Halleb  von  Hallebstein  (F.). 

Hupe  (A.).    See  Mijlleb  (H.). 

Ibob  Guabdia  (A.).  Tablas  dc  logaritmos,  con  cuatro  cifras  deci- 
males,  y  otras  de  frecuente  uso,  dispuestas  para  los  alumnos  de 
los  institutos  generates  y  t^cnicos.  2a  cdiciGn.  Madrid,  Avrial, 
1902.     8vo.    67  pp. 

J.  (F.).  Elements  de  trigonomttrie  rectiligne,  avec  de  nombreux 
exercices.  7e  ^ition,  r^pondant  aux  nouveaux  programmes. 
Paris,  Poussielgue,  [1902.]  16mo.  8  +  256  pp.  (Cours  de 
math^matiques  ^l^mentaires. ) 

Jacquet  (E.)  et  Laclef  (A.j.  Solutions  raisonn^s  des  exercices 
et  des  probl^mes  contenus  dans  1'  "  Arithm^ique  du  brevet 
616mentaire."     Paris,  Nathan,  [1902],     12mo.     319  pp. 

Jones  (S.  I.).  Mathematical  puzzles.  A  collection  of  the  most 
amusing  properties  of  numbers,  and  many  of  the  most  difficult 
mathematical  problems  with  their  answers.  Denton,  Tex., 
News  Print,  [1902].     16mo.     76  pp.  $0.25 
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JuEL  (C).  Hen  og  anvendt  aritmetik.  Kj5benhavn,  1902.  Svo. 
154  pp.  2kr.  509. 

Kaueb  (R.).  Die  trigonometrische  Aufgabe  in  Unier-Sekunda. 
Erfurt,  1902.    8vo.     20  pp.  M.  1.40 

Kelleb  (O.).  Die  Mathematik.  II.  Planimetrie,  Stereometrie, 
darstellende  Geometrie  und  Schattenlehre.  4te,  vollst&ndig 
neu  bearbeitete  Auflage.  Leipzig.  Voigt,  1902.  8vo.  6  +  48 
pp.,  26  plates.  Cloth.  (O.  Keller's  Unterrichtsbticher  fttr  das 
gesamte  Baugewerbe;  ftir  Praxis,  Selbstunterricht  und  Schulge- 
brauch.      11.)  M.  3.00 

Kboman  (K.).  Fircifrde  logaritmer  og  antilogaritmer.  KjSben- 
havn  1902.      8vo.      6  pp.  M.  0.50 

Laclef  (A.).     See  Jacquet  (E.). 

Lazzebi  (6.)  e  Pesci  (G.).  Complementi  d'algebra  per  Tammis- 
sione  alia  r.  Accademia  navale.  Livorno,  1902.  8vo.  7  +  128 
pp.  Fr.  3.50 

Lenoauer  (J.).  Die  Grundlehren  der  ebenen  Trigonometric.  Ein 
Leitfaden  fttr  den  Unterricht  mit  Uebungsaufgaben.  2te,  ver- 
mehrte  und  verbesserte  Auflage.  Kempten,  K5sel,  1901.  8vo. 
4  +  58  pp.  M.  0.90 

Lesser  (O.).  Hilfsbuch  fttr  den  geometrisehen  Unterricht  an 
hoheren  Lehranstalten.  Berlin,  Salle,  1902.  8vo.  9  +  189 
pp.  M.  2.00 

Macnab  (J.).  Trigonometry  simplified.  Solution  of  plane  and 
spherical  triang<er«,  and  application  of  same  to  various  problems 
in  navigation  and  nautical  astronomy,  including  great  circle 
sailing,  with  chart  construction  and  mensuration  of  surfaces, 
solids,  and  spaces.  New  enlarged  edition.  London,  Philip, 
1902.      8vc.     60  pp.      Cloth.  2s.  6d. 

Marks  (C.  1.).  Mathematical  questions  and  solutions  from  the 
Educational  Times,  New  series.  Vol.  I.  London,  Hodgson, 
1902.      8vo.      Cloth.  68.  6d. 

Marshall  (T.  W.).  Logarithmic  tables  of  the  measures  of  length, 
extending  from  0  to  50  feet,  at  intervals  of  one- sixteenth  of  an 
inch.      New  York,  Van  Nostrand,  1902.      12mo.      Cloth.     $2.00 

MtJLLEB  (H.).  Die  Mathematik  auf  den  Gymnasien  und  Real- 
schulen;  fttr  den  Unterricht  dargestellt.  Teil  2:  Die  Oberstufe 
(Lehraufgabe  der  Klassen  Ober-Sekimda  und  Prima).  Aus- 
gabe  A:  fUr  Gymnasien.  2te  Auflage.  Leipzig,  Teubner,  1902. 
8vo.  12  +  311  pp.  Cloth.  (H.  Mttller's  Mathematisches 
Unterrichtswerk. )  M.  3.40 

.     Ausgabe  B:    fttr  reale  Anstalten  und  Reformschulen,  unter 

Mitwirkung  von  A.  Hupe.  Teil  2:  Die  Oberstufe  (Lehraufgabe 
der  Klassen  Ober-Sekunda  und  Prima).  Abteilung  I:  Plani- 
metrie, Algebra,  Trigonometrie  und  Stereometrie.  2te  Auflage. 
Leipzig,  Teubner,  1902.      8vo.      8  +  223  pp.      Cloth.         M.  2.80 
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NoH  (M.)-  Leitfaden  und  Aufgabensammlung  fUr  praktisches 
Maschinenrechnen,  nebst  Einftihnmg  in  die  Algebra  oder  Buch- 
stabenrechnung.  DUsseldorf,  B&deker,  1902.  8vo.  8  +  283  pp. 
Cloth.  M.  4.50 

Ortega  y  Saul  (M.).  Trigonometrfa.  Obra  de  texto  en  las  escuelas 
de  ingenieros  de  minas  4  ingenieros  industriales,  y  en  otros 
centres  de  enseflanza.  2a  edici6n.  Madrid,  Hernando,  1902. 
4to.     239  pp. 

Otto  (A.).  Ein  Problem  der  Rechenkunst.  Allgemeines  Verfahren 
zur  Bildung  und  AuflSsung  von  Gleiehungen  mit  einer  Unbe- 
kannten.  (Beliebiger  Grad  und  jede  Form.)  3te  Auilage. 
DUsseldorf  und  Leipzig,  Maier,  1902.     8vo.     66  pp.  M.  0.50 

Parinet  (F.).  Elements  d'alg^bre,  accompagn^s  d'exercices  et  de 
probl^mes  r^solus  et  ft  rdsoudre.  6e  Mition.  Paris,  Poussielgue, 
1902.  18mo.  182  pp.  (Alliance  des  maisons  d'^ucation 
chr^tienne.) 

Pebsiani  (O.).  Elementi  di  geometria  compilati  secondo  gli  ultimi 
programmi.  Vol.  I:  ad  uso  della  quarta  ginnasiale.  Vol.  II: 
ad  uso  della  quinta  ginnasiale.  Koma,  Chiggiani,  1902.  8vo. 
157  pp.  Fr.  1.50 

Pesci  (G.).     See  Lazzebi  (G.). 

PiETZKEB  (F.).     See  Babdey  (E.). 

PozL  (W.).     See  Steck  (F.  X.). 

PosKE  (F.).     See  Bork  (H.). 

Pbesleb  (O.).    See  Babdey  (E.). 

RoEDEB  (H.).  Trigonometrische  imd  stereometrische  Lehraufgabe 
der  Unter-Sekunda  (Prima  der  Realschulen).  Sonderabdruck 
aus  der  Umarbeitung  der  Kamblyschen  Planimetrie.  3te,  ver- 
mehrte  Auflage.     Breslau,  Hirt,  1902.     8vo.     52  pp.         M.  0.60 

RoHBBACH  (C).  Vierstellige  logarithmisch-trigonometrische  Tafeln, 
nebst  einigen  physikalischen  und  astronomischen  Tafeln,  flir 
den  Gebrauch  an  hOheren  Schulen  zusammengestellt.  3te  Auflage. 
Gotha,  Thienemann,   1902.      8vo.      36  pp.      Boards.       M.  0.80 

ScHLXKE  (A.).  Aufgabensammlung  aus  der  Arithmetik,  (jeometrie, 
Trigonometric  und  Stereometric,  nebst  Anwendungen  auf  Astro- 
nomic, Fcldmcssung,  Nautik,  Physik,  Technik,  Volkwirtschafts- 
lehrc,  fiir  die  oberen  Klasscn  h^herer  Schulen.  Leipzig,  Teubner, 
1902.      8vo.      10  +  193  pp.      Cloth.  M.   2.20 

.    Ergebnisse   zu  der   Aufgaben-'Sammlung.      Leipzig,   Teubner, 

1902.      8vo.      96  pp.  M.  1.60 

ScHULTZ  (E.).  Vierstellige  Logarithmen  der  gew5hnlichen  Zahlen 
und  der  Winkclfunktionen  und  andere  mathematische  Tafeln 
nebst  den  crforderlichcn  physikalischen  Hilfstafeln  zum(jebrauche 


Digitized  by 


Google 


64  NEW    PUBLICATIONS,  [Ootr 

an     den     h^heren     Schulen.       Essen,     Baedeker,     1902.       8vo. 
6  +  112  pp.    Boards.  M.  1.50 

SCHWBBINQ  (K.).  Sammlung  von  Aufgaben  aus  der  Arithmetik 
fttr  habere  Lehranstalten.  Iter  Lehrgang.  2te,  verbesserte 
Auflage.     Freiburg  i.  B.,  Herder,  1902.     8vo.     7  +  59  pp. 

M.  0.80 

Serret  (J.  A.).  Trigonometry.  Russian  translation  of  the  8th 
French  edition  by  W.  WrCblewski.  St.  Petersburg.  1902.  8vo. 
320  pp.  M.  4.00 

Shaposhxikov  (N.).  Plane  trigonometry,  with  a  collection  of 
trigonometric  problems.  Moscow,  1901.  8vo.  122  pp.  (Rus- 
sian.) M.  2.00 

SiEVERT  (H.).  Lehrbuch  der  Elementar-Geometrie  zum  Gebrauche 
an  Mittelschulen  und  beim  Selbstunterricht.  Teil  1,  Abteilung 
1 :  Kongruenz,  (vleichheit  und  Aehnlicbkeit  ebener  Figuren. 
6+176  pp.  Teil  II:  Ebene  Trigonometric;  die  Winkelfunk- 
tionen  und  die  Berechnung  ebener  Dreiecke.  5  +  54  pp.  Teil 
111,  Abteilung  1:  Geometric  des  Kaumes;  Lagenbeziehungen 
raumlicher  Gebilde;  Eigenschaften  der  einfachen  Kcirper,  Ober- 
flUchc  und  Rauminhalt  derselben.  6  +  90  pp.  Leipzig,  Deichert, 
1902.     8vo.  M.  5.30 

Simon  (P.).  Guide  m<^thodique  de  resolution  des  problftme^.  de 
g^m^trie  ^l<5mentaire.  2e  ^lition,  revue  et  corrig^e.  Paris, 
Belin,  1902.     12mo.     272  pp. 

Stuck  (F.  X.)  und  Vielmayr  (J.).  Lehrbuch  der  Arithmetik  mit 
zahlreiehen  Uebungsaufgaben  fiir  Latein-  und  Realsehulen,  neu 
herausgepeben  von  \V.  Pozl.  2  Teile.  12te  Auflage.  Kempten, 
Kosel.  1902.    8vo.     7  +  100  and  4  +  98  pp.     Cloth.  M.  2.00 

Thieme  (H.).  Leitfaden  der  Mathematik  fOr  Realanstalten.  Teil 
I:  Die  Unterstufe.  Leipzig,  Frevtag,  1902.  8vo.  6  +  118  pp. 
Cloth.  "  M,  1.60 

Vaes  (F.  J.).  Ontbinding  in  faktoren.  Amsterdam,  1902.  8vo. 
64  pp.,  1  plate.  M.   2.00 

Vielmayr  (J.).    See  Steck  (F.  X.). 

Vinogradov  (A.).  Systematic  course  in  algebra  for  use  in  schools 
and  for  self  instruction.  Vladimir,  1902.  8vo.  296  pp.  (Rus- 
sian.) M.  2.50 

VmoT  (J.)«  Rtertetions  mathdmatiques;  questions  curieuses  et 
utiles,  eztraitea  des  auteurs  anciens  et  modernes.  5e  ^ition. 
Paris,  Larousse   [1902].     8vo.     8  +  215  pp.  Fr.   3.00 

VoLXPRECHT  (H.).  Das  Reehnen,  eine  Vorbereitung  zur  allgemeinen 
Arithmetik;  Regeln  und  Formen  des  Rechnens,  Vergleiche  mit 
der  allgemeinen  Arithmetik  und  Uinweise  auf  Geometric  und 
Physik;  filr  Lehrer  und  Schiiler  der  mittleren  und  unteren 
Klassen  der  hoheren  Lehranstalten  ((lymnasien,  Realgymnasien, 
Oberrealsehulen,    Realschulen,    'Semitiare,    technischen    Schulen 


Digitized  by  LjOOQIC 


1902.]  NEW   PUBLICATIONS.  65 

u.  8.  w.),  der  Progymnasien  und  Vorbereitungsschulen  zusam- 
mengestellt.    Leipzig,  Teubner,  1902.    8vo.    4  +  44  pp.    M.  0.50 

VosE  (G.  L.).  A  graphic  method  for  solving  certain  questions  in 
arithmetic  or  algebra.  2d  edition.  New  York,  Van  Nostrand, 
1902.     24mo.     3  +  62  pp.     Boards.  $0.50 

Wabony  (C).  Tratado  de  trigonometrfa  plana.  Valparaiso,  Gil- 
let,  1901.    8vo.    276  pp. 

Wentwobth  (G.  a.),  a  college  algebra.  Revised  edition.  Boston, 
Ginn,  1902.     12mo.     6  +  530  pp.     Half  morocco.  $1.66 

White  (£.  E.).  Grammar  school  algebra;  an  introduction  to 
"Algebra  for  beginners."  New  century  edition.  New  York, 
American  Book  Company,  [1902].     16mo.     96  pp.     Cloth. 

$0.36 

WiEiTECKE  (E.).  Ebene  Trigonometric  mit  reichem  Aufgabenmate- 
rial  nebst  Lfisungen,  zum  Gebrauche  an  gewerblichen  Fort- 
bildimgsanstalten  und  Seminaren.  Berlin,  Winckelmann,  1902. 
8vo.     3  +  71  pp.  M.  1.00 

Wnxis  (H.  G.).  Algebra.  Parts  1  and  2.  London,  Rivingtons, 
1902.    Cloth.  2s.  6d. 

Zavagka  (E.).  Uso  speciale  delle  dfre  per  rappresentare  un  date 
numero.     Cividale,  Strazzolini,  1902.     8vo.     13  pp. 

Zeiszig  (E.)  und  Bubckhardt  (M.).  Aufgabenheft  fttr  Formen- 
kunde  (Raumlehre,  Geometric).  Heft  2:  Krummflftchige  K($r- 
performen  und  krummlinige  Flftchen.  Langensalza,  Beyer, 
1902.     8vo.     52  pp.  M.  0.40 

III.    APPLIED  MATHEMATICS. 

Abbe  (C).  The  physical  basis  of  long-range  weather  forecasts. 
Washington,  1901.  4to.  10  pp.  {Monthly  Weather  Beview, 
December,  1901.) 

Agbicola  (H.).  Die  thermoelektromotorische  Kraft  des  Quecksil- 
bers  imd  einiger  sehr  verdtinnter  Amalgame  in  ihrer  Abh&ngig- 
keit  von  Druck  und  Temperatur.  (Diss.)  Erlangen,  1902. 
8vo.     27  pp. 

Albbich  (C).  Die  Lehre  von  der  Bewegung  fester  KSrper.  Ein 
Unterrichtsgang  auf  historischer  Grundlage.  Hermannstadt, 
Kraflft,  1902.    8vo.    69  pp.    Boards.  M.  0.43 

Akdoyeb  (H.).  Th^rie  de  la  lune.  Paris,  Naud,  1902.  12mo. 
Half  leather.     [Scientia,  No.  17.)  Fr.  2.00 

Affell  (P.).  Traits  de  m^anique  rationnelle  (cours  de  m^anique 
de  la  Faculty  des  sciences  de  Paris).  2e  Mition,  entiftrement 
refondue.  Vol.  I:  Statique;  dynamique  du  point.  Paris, 
Gauthier-Villars,  1902.     8vo.     9  +  602  pp.  Fr.  18.00 

Arnold  (E.).  Die  Gleichstrommaschine;  Theorie,  Konstruktion, 
Berechnung,  Untersuchung  und  Arbeitsweise  derselben.     Band 


Digitized  by  VjOOQIC 


66  NEW  PUBLICATIONS.  [Oct., 

I:     Die   Theorie    der   Gleichstrommaschine.      Berlin,    Springer, 
1902.     8vo.     16  -h  555  pp.     Cloth.  M.  16.00 

BABBi:RA  (M.).  L'etere  e  la  materia  ponderabile ;  teoria  meccanica 
dei  principal!  fenomeni  fisici.  Torino,  Bertolero,  1902.  8vo. 
7  -h  133  pp. 

Battelxi  (A.  e  F.).  Trattato  di  misure  e  ricerche  elettriche.  Roma, 
190^.    8vo.    34  -h  1210  pp.  Fr.  22.00 

BiOELOw  (F.  H.).  Eclipse  meteorology  and  allied  problems.  Wash- 
ington, 1902.  4to.  166  pp.,  19  plates.  (U.  8.  Department  of 
Agriculture,  Weather  Bureau,  Bulletin  1.)  $0.50 

.     Line  integrals  in  the  atmosphere.     Washington,  1900.     4to. 

3  pp.     {Monthly  Weather  Revieiv,  December,  1900.) 

Bjebknes  (V.).  The  dynamic  principle  of  circulatory  movements 
in  the  atmosphere.  Washington,  1900.  4to.  10  pp.  {Monthly 
Weather  Review,  October,  1900.) 

.    The  circulatory  movements  in  the  atmosphere.     Washington, 

1900.     4to.    4pp.     {Monthly  Weather  Review,  December,  1900.) 

.BouviEB  (E.).  La  m^thode  math^matique  en  ^onomie  politique. 
Paris,  1902.    8vo.  Fr.  5.00 

JBbaostad  (0.  S.).  Beitrag  zur  Theorie  und  Untersuchung  von  mehr- 
phasigen    Asynchronmotoien.       Stuttgart,    Enke,     1902.       8vo. 

3  +  104   pp.      (Sammlung  elektrotechnischer  Vortrftge,  heraus- 
"        gegeben  von  E.  Voit,  Vol.  111.     Heft  8  and  9.)  M.  2.40 

Callandreau  (O.).  Apergu  des  m^thodes  pour  la  determination  des 
orbites  des  com^tes  et  des  plan^tes.  Paris,  Gauthier-Villars, 
1902.     4to.     135  pp.  Fr.  6.00 

Callou  (L.).  Cours  de  construction  du  navire.  Paris,  Challamel, 
1902.  8vo.  Vol.  I:  632  pp.  Vol.  II:  687  pp.  (Ecole  d'appli- 
cation  du  gfeie  maritime.) 

Cabvallo    (E.).     L'electricite   d^duite  de   l'exp€rience   et  ramente 

au  principe  des  travaux  virtuels.  Paris,  Naud,   1902.     12mo. 

91   pp.     Half  leather.      {Scientia,  s^rie  physico-math^matique, 

No.  19.)  Fr.  2.00 

CiUBLO  (M.).  "Sulla  stability  deirequilibrio  dei  galleggianti.  Geno* 
va,  J[8tituto  dei  Sordomuti,  1902.     8vo.     47  pp. 

CODDINGTON  (E.).  Die  Bestimmung  der  Bahn  eines  kleinen  Plane- 
ten  aus  vier  Beobachtungen.  (Diss.)  Berlin,  Mayer  &  Mttller, 
1902.    4to.    65  pp.,  1  plate.  M.  3.00 

Collet  (A.).  Traits  th^orique  et  pratique  de  la  regulation  et  de  la 
compensation  des  compas  avec  ou  sans  rel^vements.  2e  edition, 
revue  et  augmentee.     Paris,  1902.     8vo.  Fr.  10.50 

CtJBTiss  (R.  H.)  and  Dall  (C.  G.).  Preliminary  elements  of  comet 
1900  III.  Sacramento,  1902.  4to.  {Publications  of  the  Liak 
Observatory  7,  pp.  39-45.) 


Digitized  by  VjOOQIC 


1902.]  NEW   PUBLICATIONS.  67 

Dall  (C.  G.).    See  Cubtiss  (R.  H.). 

Dabwin  (G.  H.).  Ebbe  und  Flut,  sowie  verwandte  ErBcheinunffen 
im  Sonnensystem.  Autorisierte  deutsehe  Ausgabe  nach  der 
2ten  engliachen  Auflage  von  A.  Pockels.  Hit  einem  Einflih- 
rungswort  von  G.  von  Neumayer.  Leipzig,  Teubner,  1902. 
16mo.     22  +  344  pp.     Cloth.  M.  6.80 

Dechevrens  (M.).  M^thode  simplified  dite  des  facteurs  pour  le 
calcul  des  series  de  Fourier  et  de  Bessel  appliqu^es  ft  la  m6- 
t^rologie.  Note  compl^mentaire.  Paris,  Gauthier-Villars, 
1899-1900.     8vo.     With  plates.  Pr.   3.00 

.     Les  variations  passag^res  de  la  temperature  causes  ou  eflfets 

des  tourbillons  atmosph^riques.     Paris,  Gauthier-Villars,  1902. 
8vo.  Fr.  0.50 

.    See  PoTBON. 

Delauxay  (N.).  Treatise  on  theoretical  mechanics.  St.  Peters- 
burg, 1902.     8vo.     432  pp.     (Russian.)  M.  10.00 

DiBCKS  (H.).  Mathematische  Untersuchungen  iiber  Trajectorien 
von  Lichtstrahlen  durch  Medien  von  variabler  optischer  Dichte. 
(Diss.)      Rostock,  1900.     8vo.     47  pp. 

Du  Bois  (A.  J.).  The  mechanics  of  engineering.  Vol.  II:  The 
stresses  in  framed  structures.  12th  revised  edition.  New  York, 
Wiley,  1902.    4to.    23  +  609  pp.    Cloth.  $10.00 

DUHEM  (P.).  Les  thtories  ^lectriques  de  J.  C.  Maxwell.  Etude 
historique  et  critique.     Paris,  Hermann,  1902.    8vo.     325  pp. 

Fr.  8.00 
Ebebt   (H.).    See  Heinke   (C). 

Encyklopaoie  der  mathematischen  Wissenschaften  mit  Einschluss 
ihrer  Anwendungen.  Herausgegeben  im  Auftrage  der  Akade- 
mien  der  Wissenschaften  zu  Mtlnchen  und  Wien  und  der  (^esell- 
schaft  der  Wissenschaften  zu  Gottingen,  sowie  unter  Mitwir- 
kung  zahlreicher  Fachgenossen.  (In  7  Bftnden.)  Vol.  IV: 
Mechanik,  redigiert  von  F.  Klein.  (In  2  Teilen.)  Teil  1. 
Heft  2:  H.  E.  Timerding,  Geometrische  Grundlegung  der 
Mechanik  eines  starren  KOrpers;  A.  Schoenflies,  Kinematik. 
Mit  einem  Zusatz  von  M.  Grtibler.  Leipzig,  Teubner,  1902. 
8vo.     Pp.  123-278. 

Ensslin  (M.).  Mehrmals  gelagerte  Kurbelwellen  mit  einfacher  und 
doppelter  Kropfung;  ihre  FormUnderung  und  Anstrengung. 
(Diss.)     Stuttgart,  BergstrUsser,  1902.    4to.     154  pp.      M.  6.00 

EwiNG  (J.  A.).    See  MusiL  (A.). 

Fbeycinet  (C.  de).  Sur  les  principes  de  la  m^anique  rationnelle. 
Paris,  Gauthier-Villars,  1902.     8vo.     8  +  170  pp.  Fr.  4.00 

Genovino  (G.).  Le  attrazioni  del  sole  e  della  luna  sul  rigonfiamento 
equatoriale  della  terra  e  la  precessione  degli  equinozt  e  la 
nutazione  delPasse  terrestre  che  esse  producono.  Firenze,  Landi, 
1902.     8vo.     24  pp. 


Digitized  by  LjOOQIC 


68  NEW  PUBLICATIONS.  [Oct., 

.     Metodo  per  determinare  la  latitudine  conoscendo  rintervallo 

di  tempo  traHcorso  fra  gli  istanti  in  cui  due  stelle  passano  per 
uno  stesso  verticale.     Bari,  Laterza,  1902.     8vo.     12  pp. 

.     Teoria  generate  del  metodo  di  determinare  simultaneamente 

le  coordinate  rettilinee  e  geografiche  di  im  punto  terrestre 
mediante  osservazioni  astronomiche.  Genova,  Bacigalupi,  1902. 
8vo.     20  pp. 

Gbubleb  (M.).     See  Encyklopadie. 

Gbujic  (S.  D.).  Dds  Wesen  der  Anziehung  und  Abstodsung;  Hypo- 
these.     Berlin,  Peters,   1902.     8vo.     36  pp.  M.  1.00 

Haedicke  (J.).  Die  Losung  des  Ratsels  von  der  Schwerkraft  durch 
die  Versuche  von  Huyghens.  Ein  Beitrag  zur  wissenschaftlichen 
Weltanschauung.    Leipzig,  Barth,  1902.    Svo.    48  pp.        M.  1.60 

.     Der   Angriffspunkt   des   Auftriebs.      Essen,   Baedeker,    1902. 

8vo.     60  pp.,  2  plates.  M.  2.00 

Hammeb  (E.).  Der  logarithmische  Rechenschieber  und  sein  Ge- 
brauch.  Eine  elementare  Anleitung  zur  Verwendung  des  Instru- 
ments fUr  Studierende  und  Praktiker.  2te,  durcbgesehene  Auf- 
lage.     Stuttgart,  Metzler,  1902.     Svo.     8  -|-  69  pp.  M.  0.60 

Heinke  (C.)  und  Ebert  (H.).  Die  Elektropbysik  und  die  Theorie 
des  Eiektromagnetismus.  Abteilung  1 :  Die  Entwickelung  der 
Elektropbysik;  die  HUlfsvorstellungen  der  Elektropbysik;  elek- 
trische  Spannungserregung  und  dielektrische  Erscheinungen. 
Bearbeitet  von  C.  Heinke.  Leipzig,  Hirzel,  1902.  Svo.  14  -|-  408 
pp.  Clotb.  (Handbucb  der  Elektrotecbnik,  herausgegeben  von 
C.  Heinke,  Vol.  L)  M.  18.00 

Helmiioltz  (H.  von).  Vorlesungen  fiber  tbeoretiscbe  Physik. 
Herausgegeben  von  A.  Konig,  O.  Krigar-Menzel,  F.  Kicharz, 
C.  Runge.  Vol.  II:  D>'namik  continuirlich  verbreiteter  Massen. 
Herausgegeben  von  0.  Krigar-Menzel.  Leipzig,  Barth,  1902. 
Svo.     8  -h  247  pp.  M.  12.00 

Hebtzeb  (H.).  Zehn  Aufgaben  ftlr  Parallelperspektive  und  parallel- 
perspektivische  Schattenkonstruktion.  Berlin,  Seydel,  1902. 
Svo.     6  pp.,  11  plates.  M.  0.76 

Hildbbandsson  (H.)  et  Teissebenc  de  Bobt  (L.).  Les  bases  de 
la  m^t^orologie  dynamique.  Historique.  Etat  de  nos  connais- 
sances.  (En  2  volumes.)  6e  livraison:  Formes  et  trajectoires 
des  minima  et  des  maxima  barom^triques.  (Cyclones  de  la 
zone  tropicale.  Zones  temp^r^s.  Anticyclones.)  Recherchea 
empiriques  sur  la  formation  des  minima  et  des  maxima  baro- 
m^triques.    Paris,  Gauthier-Villars,  1901.    Svo.    With  20  plates. 

Fr.    2.50 

HiLSCHEB  (J.).  Untersuchungen  zur  geschichtlichen  Entwickelung 
der  Logik  in  den  Prinzipien  der  Mechanik.  Ztirich,  1901.  Svo. 
87  pp.  M.  3.00 

HoBE   (A.  M.).     See  Leuschneb   (A.  O.). 


Digitized  by  LjOOQIC 


1902.]  NEW  PUBLICATIONS.  69 

HuBEB  (P.).  Katechismus  der  Mechanik.  7te  Auflage,  den  Fort- 
schritten  der  Technik  entsprechend  neu  bearbeitet  von  W. 
Lange.  Leipzig,  Weber,  1902.  12mo.  14  +  269  pp.  Cloth. 
(Weber's  illustrirte  Katechismen,  No.  70.) 

Joubn£e.  Tir  des  fusils  de  chasses.  2e  ^ition,  enti^rement  re- 
fondue.     Paris,  Gauthier-Villars,  1902.     8vo.     6  +  387  pp. 

Fr.  12.00 

Kessleb  (J.).  Berecbnung  und  Konstruktion  der  Turbinen.  Eine 
kurzgefassie  Theorie  in  elementarer  Darstellung  mit  erlftutern- 
den  Rechnungsbeispielen,  3te,  vermehrte  und  verbesserte 
Auflage.     Hildburghausen,   Pezoldt,   1902.     Svo.     3  +  52   pp. 

M.  1.60 

Klein  (F.).    See  Enctklopadie. 

KoNiG  (W.).     See  LoMMEL  (E.  von). 

KsAKEB  (J.).  Die  genftherte  absolute  Bewegung  des  Planeten  (108) 
Hecuba.     (Diss.)     Berlin,  1902.     4to.    40  pp.  M.  2.00 

Kbigab-Menzel   (0.).    'See  Helmholtz   (H.  von). 

KuBLEB  (J.).  Die  Theorie  der  Eaiick-Elastizit&t  und  -Festigkeit. 
Leipzig,  Teubner,  1902.     Svo.     29  pp.,  1  plate.  M.  1.50 

Lange  (W.).    See  Hxjbeb  (P.). 

Languet  (S.  p.).  Experiments  in  aerodynamics.  2d  edition. 
Washington,  Smithsonian  Institution,  1902.  Folio,  3  +  115  pp. 
(Smithsonian  contributions  to  knowledge.  No.  201.)     Cloth. 

$1.00 

Leuschneb  (A.  O.).  a  short  method  of  determining  orbits  from 
three  observations.  Sacramento,  1902.  4to.  [PuhUcationa  of 
the  Lick  Observatory,  Vol.  7,  pp.  1-20. 

Leuschneb  (A.  O.)  and  Hobe  (A.  M.).  Elements  of  asteroid  190 
GA.  Sacramento,  1902.  4to.  {PuhUcationa  of  the  Lich  Ob- 
servatory, 7,  pp.  21-38.) 

Lommel  (E.  von).  Lehrbuch  der  Experimentalphysik.  Ste  und 
9te  neubearbeitete  Auflage,  herausgegeben  von  W.  Kdniff.  Leip- 
zig, Barth,  1902.     Svo.     10  +  592  pp.,  1  portrait,  1  plate. 

M.  6.40 

Lobentz  (H.  A.).  Sichtbare  und  unsichtbare  Bewegunffen.  Vor- 
trilge;  unter  Mitwirkung  des  Verfassers  aus  dem  Hollftndischen 
ttbersetzt  von  G.  Siebert.    Braunschweig,  1902.    Svo.  123  pp. 

M.  3.00 

Lutheb  (R.).    See  Ostwald  (W.). 

McCoBMAGK  (T.  J.).    See  Magh  (E.). 

Macgbegob  (J.  G.).  An  elementary  treatise  on  kinematics  and  dy- 
namics. London  and  New  York,  Macmillan,  1902.  12mo.  538 
pp.     Cloth.  10s.  6d. 

Mach  (E.).  The  science  of  mechanics;  a  critical  and  historical  ac- 
count of  its  development.  2d  enlarged  edition.  Translated  by 
T.  J.  McCormack.  Chicago,  Open  Court  Publishing  Company, 
1902.     12mo.    20  +  606   pp.     Cloth.  $2.00 


Digitized  by  VjOOQIC 


70  NEW  PUBIJGATI0N8.  [Oct^ 

Meyer  (H.).  Ausmessung  eines  Sternhaufeiu  in  der  Vulpecula. 
(Diss.)     Breslau,  1902.     4to.     42  pp. 

MoLLEB  (J.).  Bestimmung  der  Bahn  des  Kometen  1897  I.  (Diss.) 
Kiel,  1901.    4to.    24  pp. 

MuLLER-PounxET.  Lehrbuch  der  Physik  und  Meteorologie.  9te, 
umgearbeitete  und  vermehrte  Auflase  von  L.  Pfaundler.  (In  3 
Bftnden.)  Vol.  I.  Braunschweig,  Vieweg,  1902.  8vo.  21  +  896 
pp.,  13  plates.  M.  12.00 

MusiL  (A.).  Grundlagen  der  Theorie  und  des  Baues  der  Wilrme- 
kraftmaschinen.  Zugleich  autorisierte  erweiterte  deutsche 
Ausgabtt  der  Werkes  The  steam-engine  and  other  heat-engines 
von  J.  A.  Ewing.  Leipzig,  Teubner,  1902.  8vo.  10  -f  794  pp. 
Cloth.  M.  20.00 

Neumayeb  (G.  VON).     See  Dabwin  (G.  H.). 

OSTWALD  (W.)  und  LuTHEB  (R.)-  Hand-  und  HUlfsbuch  zur  Aus- 
ffihrung  physiko-chemischer  Messungen.  2te  Auflage.  Leipzig, 
Engelmann,  1902.     8vo.     12  +  492  pp.     Cloth.  M.  15.00 

Penrose  (F.  C).  On  a  method  of  predicting  by  graphical  construc- 
tion occultations  of  stars  by  the  moon  and  solar  eclipses  for  any 
given  place,  together  with  more  rigorous  methods  of  reduction 
for  the  accurate  calculation  of  longitude.  2d  edition.  Lon- 
don, 1902.      4to.      Cloth.  12s.  6d. 

PFAL'NDLEB   (L.).      See  MiJLLER-POUILLET. 

Pictet  (R.).  Zur  mechanischen  Theorie  der  Explosivstoffe.  Wei- 
mar, Steinert,  1902.     8vo.     84  pp.  M.  1.60 

PiONCHON  (J.).  Lecons  d'6lectricit6  industrielle.  Vol.  I:  Electro- 
statique;  magn^isme;  ^lectromagn^tisme ;  ^lectrocin^tique, 
^lectrothermie ;  ^lectrochimie.  Grenoble,  Gratier,  [1902].  8vo. 
365  pp.      (Institut  6lectrotechnique  de  I'Unversit^  de  Grenoble.) 

Fr.  10.00 

PocKELS  (A.).     See  Darwin  (G.  H.). 

Pockels  (F.).  The  theory  of  the  formation  of  precipitation  on 
mountain  slopes.  Translated  from  Annalen  der  Physik  (4)  3, 
pp.  459-^80.  Washington,  1901.  4to.  8  pp.  {Monthly  Weather 
Review,  April,  1901.) 

PoTBON.  Le  campylographe  du  P.  Marc  Dechevrens.  Etude  de 
quelques  courbes  remarquables  traces  avec  cet  instrument. 
Paris,  Gauthier-Villars,  1902.     8vo.  Fr.  0.60 

Quesneville  (G.).  Theorie  nouvelle  de  la  loupe  et  de  ses  grossisse- 
ments.  (Nouvelle  dioptrique  des  rayons  visuels.)  Paris,  Her- 
mann, 1902.     8vo.     38  pp.  Fr.  1.50 

Reychleb  (A.).  Les  thtories  physico-chimiques.  2e  Mition.  Paris, 
Hermann,  1901.     8vo.     440  pp.  Fr.  12.00 

RiCHARz  (F.).  Neuere  Fortschritte  auf  dem  Gebiete  der  Elektrizi- 
tat.       In    wissenschaftlich-gemeinverst&ndlicher     Weise    darge- 


Digitized  by  VjOOQIC 


1902.]  NEW  PUBUCATIONS.  71 

stellt.     2te,  wenig  verftnderte  Auflage.     Leipzig,  Teubner,  1902. 
8vo.     6  -f  128  pp.      Cloth.  M.  1.50 

RiESENFELD  (£.  H.).  Ueber  elektrolytische  Erscheinungen  und 
elektromotorische  Kr&fte  an  der  Grenzfl&che  zweier  L5sungsmit- 
tel.     (Diss.)     GOttingen,  1901.     8vo.     32  pp. 

RoNKAB  (E.).  Cours  de  mteanique  analytique.  Vol.  I:  Dynamique. 
Vol.  II:  Statique  et  cin^matique.    Paris,  1902.    4to.     (Lithogr.) 

Fr.  25.00 

ScHiLLEB  (N.).  Das  Gesetz  der  Partialdichtigkeits&nderung  eines 
Ldsungsmittels  mit  der  Concentration  der  Ldsung.  Leipzig, 
1902.     {Annalen  der  Physik  (4)   8,  pp.  588-599.) 

ScHLiMBACH  (A.).  PoUtische  Arithmetik,  insbesondere  Zinseszins-, 
Sparkassen-,  Renten-,  Anleihe-,  Kurs-  und  Rentabilitfttsrechnung 
nebst  Faktorenzusammenstellung.  Frankfurt,  1902.  8vo.  400 
pp.  M.  10.00 

ScHLiNK  (W.)  Ueber  die  Deformation  von  H&uten  rhombischer 
Struktur  unter  Einwirkung  von  Umfangs-Kriiften,  die  in  der 
Ebene  der  Haut  liegen.  (Diss.)  Neuwied,  Heuser,  1902.  8vo. 
77  pp.,  14  plates.  M.  2.00 

bCHOEXFLiES  (A.).     See  Encyklopadie. 

ScHOTTLER  (R.).  Die  Gasmaschine;  ihre  Entwickelung,  ihre  heu- 
tige  Bauart  und  ihr  Kreisprozess.  4te,  umgearbeitete  Auflage. 
2  Bftnde.  Braunschweig,  Goeritz,  1902.  8vo.  11  +400  pp.,  42 
plates.  M.  19.00 

ScHOLZ  (E.).  Ueber  den  Einfluss  der  Temperatur  auf  die  Torsi ons- 
nachwirkung.     (Diss.)     Bonn,  1902.     8vo.     32  pp. 

ScHWALBACH  (P.).  Ueber  Konzentrationsketten  und  deren  Tem- 
peraturkoeffizienten.  (Diss.)  Bonn,  1901.  8vo.  38  pp.,  1 
plate. 

SiEBEBT  (G.).     See  Lobenz  (H.  A.). 

Stabk  (J.).  Die  Elektrizitttt  in  Gasen.  Leipzig,  Barth,  1902.  8vo. 
28  -h  509  pp.  M.  12.00 

Teisserenc  de  Bobt  (L.).    See  Hildebrandsson  (H.). 

Thiemeteb.  Die  Mathematik  in  ihrer  Anwendung  auf  das  Versiche- 
rungswcsen.     Papenburg,  1902.     4to.      23  pp.  M.  2.00 

TiMEBoiNG  (H.  E.).    See  Encyklopadie. 

Vieweoeb  (H.).  Aufgaben  und  L5sungen  aus  dem  Gebiete  der 
Gleich-  und  Wechselstromtechnik.  Ein  Uebungsbuch  ftlr  den 
Unterricht  in  der  Elektrotechnik  an  technischen  Hoch-  und 
Fachschulen,  sowie  zum  Selbststudium.  Mittweida,  Polytech- 
nische  Buchhandlung,  1902.  8yo.  11 -f  272  pp.,  2  plates. 
Cloth.  M.  5.50 

VvALTENHOFEN  (A.  YON).  Die  Intematlonalen  Masse,  insbesondere 
die  elektrlBchen  Masse,  ftlr  Studierende  der  Elektrotechnik  in 


Digitized  by 


Google 


72  NEW  PUBLICATIONS.  [Oct.,  1902.] 

Theorie  und  Anwendung  dargestellt  und  durch  Beispiele  erlftu- 
tert.  3te,  zugleich  als  Einleitimg  in  die  Elektrotechnlk  bear- 
beitete  Auflage.  Braunschweig,  Vieweg,  1902.  8vo.  11+306 
pp.  M.  8.00 

Warbubo  (E.)-  Lehrbuch  der  Experimentalphysik  ftlr  Studierende. 
6te,  yerbesserte  und  vermehrte  Auflage.  Tttbingen,  Mohr,  1902. 
Svo.     20  +  408  pp.  M.  7.00 

Weinholdt  (E.).  Ueber  die  Konstruktion  von  Isophengen  auf 
Fl&chen  zweiter  Ordnung.  (Habilitationssschrift.)  Kiel,  1901. 
8vo.     24  pp. 

Whatmough  (W.  H.).  Eine  neue  Hethode  zur  Bestimmung  der 
Oberilftchenspannungen  von  Fltissigkeiten.  (Diss.)  Leipzig, 
1901.     Svo.     67  pp. 

WoTBUBA  (R.).  Die  Grundlehren  der  mechanischen  Wllrmetheorie 
und  ihre  elementare  Anwendung  in  den  hauptsAchlichsten  Gebie- 
ten  der  Technik.     Berlin,  Ck>stenoble,  1902.     Svo.    6  +  282  pp. 

M.  10.00 


Digitized  by  LjOOQIC 


Digitized  by  LjOOQIC 


Digitized  by  LjOOQIC 


Digitized  by  LjOOQIC 


Digitized  by  LjOOQIC 


'   OCT  21 1902  ■^ 

THE  NINTH  SUMMER  MEE^SQBSE^^ 
CAN  MATHEMATICAL  SOCIETY. 

The  ninth  summer  meeting  of  the  American  Mathemat- 
ical Society  was  held  at  Northwestern  University,  Evans- 
ton,  HI.,  on  Tuesday  and  Wednesday,  September  2--3,  1902. 
Morning  and  afternoon  sessions  were  held  on  each  day  in  Boom 
7  of  the  University  Hall.  The  President  of  the  Society,  Pro- 
fessor Eliakim  Hastings  Moore,  presided  at  the  first  session, 
and  was  relieved  at  the  later  sessions  by  Professor  T.  S.  Fiske 
and  Professor  H.  S.  White. 

The  attendance  numberedjabout  fifty-five,  including  the  fol- 
lowing thirty-seven  members  of  the  society  : 

Professor  Oskar  Bolza,  Mr.  A.  R.  Crathorne,  Professor  L. 
E,  Dickson,  Professor  L.  W.  Dowling,  Professor  John  Eiesland, 
Dr.  William  Findlay,  Professor  T.  S.  Fiske,  Dr.  W.  B.  Fite, 
Dr.  J.  W.  Glover,  Professor  G.  W.  Greenwood,  Professor  A.  S. 
Hathaway,  Professor  T.  F.  Holgate,  Dr.  Edward  Kasner,  Dr. 
H.  G.  Keppel,  Professor  Kurt.  Laves,  Dr.  D.  N.  Lehmer, 
Professor  Heinrich  Maschke,  Professor  J.  A.  Miller,  Professor 
E.  H.  Moore,  Professor  Frank  Morley,  Dr.  F.  R.  Moulton, 
Professor  H.  B.  Newson,  Professor  Alexander  Pell,  Professor 
D.  A.  Rothrock,  Miss  I.  M.  Schottenfels,  Professor  G.  T. 
Sellew,  Professor  J.  B.  Shaw,  Professor  E.  B.  Skinner,  Pro- 
fessor Ormond  Stone,  Professor  E.  J.  Townsend,  Professor  H. 
W.  Tyler,  Professor  C.  A.  Waldo,  Professor  H.  S.  White,  Pro- 
fessor W.  H.  Williams,  Professor  J.  W.  A.  Young,  Mr.  J.  W. 
Young,  Professor  Alexander  Ziwet. 

The  Council  announced  the  election  of  the  following  persons 
to  membership  in  the  Society :  Professor  T.  J.  I'a.  Bromwich, 
Queen^s  College,  Gralway,  Ireland ;  Mr.  J.  S.  Brown,  New  York 
City ;  Professor  G.  C.  Edwards,  University  of  California,  Berke- 
ley, Cal.     Eight  applications  for  membership  were  received. 

The  Council  decided  that  the  name  of  the  new  section,  au- 
thorized at  the  last  meeting,  should  be  the  San  Francisco  Sec- 
tion ;  and  the  programme  committee  of  the  Section  was  ap- 
proved. In  accordance  with  a  motion  adopted  by  the  Sodety, 
the  Council  appointed  a  special  committee  consisting  of  Pro- 
fessors Tyler  (chairman),  Fiske,  Osgood,  Young  and  Ziwet  to 
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report  on  standard  definitions  of  requirements  in  mathematical 
subjects  for  admission  to  colleges  and  scientific  schools.  The 
committee  will  cooperate  with  the  corresponding  committees  of 
the  Society  for  the  promotion  of  engineering  education^  the 
National  educational  association  and  other  interested  bodies. 

Besides  the  scientific  sessions  the  members  gathered  together 
on  various  social  occasions.  In  particular  may  be  mentioned  a 
dinner  at  the  old  academy  building  of  the  University,  followed 
by  a  visit  to  the  Observatory  on  invitation  from  the  director, 
Professor  Hough.  Before  adjourning,  the  Society  by  a  rising 
vote  expressed  to  Northwestern  University  and  to  the  local 
members  of  the  Society  its  appreciation  of  their  hospitable 
efforts  in  providing  for  the  meeting  and  the  entertainment  of 
the  members. 

The  large  attendance  and  the  character  of  the  programme  is 
worthy  of  comment  in  view  of  the  fact  that  this  summer  meet- 
ing is  the  first  one  held  west  of  Buffalo. 

The  following  papers  were  read  at  this  meeting : 

(1)  Dr.  F.  R.  Moulton  :  "  A  method  of  constructing  gen- 
eral expressions  for  the  elements  of  the  planetary  orbits  which 
are  valid  for  a  finite  time." 

(2)  Professor  A.  S.  Hathaway  :  "The  quaternion  treat- 
ment of  the  problem  of  three  bodies." 

(3)  Dr.  J.  V.  Collins:  "A  general  notation  for  vector 
analysis." 

(4)  Professor  L.  E.  Dickson  :  "  Definitions  of  a  linear  as- 
sociative algebra  by  independent  postulates." 

(5)  Professor  L.  E.  Dickson  :  "  Definitions  of  a  field  by 
independent  postulates." 

(6)  Dr.  E.  V.  Huntington  :  "  Definitions  of  a  field  by 
sets  of  independent  postulates." 

(7)  Dr.  Otto  Dunkel  :  "  Regular  singular  points  of  a  sys- 
tem of  homogeneous  linear  differential  equations  of  the  first 
order." 

(8)  Professor  Oskar  Bolza:  "Some  instructive  ex- 
amples in  the  calculus  of  variations." 

(9)  Professor  J.  B.  Shaw:  "On  linear  associative  al- 
gebras." 

(10)  Dr.  W.  B.  Fite:  "Concerning  the  commutator  sub- 
groups of  groups  whose  orders  are  powers  of  primes." 

(11)  Mr.  J.  W.  Young:  "On  a  certain  group  of  linear  substi- 
tutions and  the  functions  belonging  to  it "  (preliminary  report). 
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(12)  Professor  Jacob  Westlund  :  "On  the  class  num- 
ber of  the  cyclotomic  field  k^e^^^/p^y^ 

(18)  Professor  L.  E.  Dickson  :  "Announcement  of  new 
simple  groups  "  (preliminary  communication). 

(14)  Professor  Alfred  Loewy:  "Ueber  die  Reduci- 
bilitat  der  Gruppen  linearer  homogener  Substitutionen." 

(15)  Professor  H.  S.  White:  "A  special  twisted  cubic 
with  rectilinear  directrix." 

(16)  Professor  F.  Morley:  "  Orthocentric  properties  of 
the  plane  n-line." 

(17)  Dr.  Virgil  Snyder:  "Forms  of  sextic  scrolls  of 
genus  greater  than  1." 

(18)  Professor  Peter  Field  :  "  Quintic  curves  for  which 
p  =  1." 

(19)  Dr.  C.  J.  Keyser:  "Concerning  the  line  and  plane 
geometries  of  point  four-space,  and  allied  theories." 

(20)  Professor  Arnold  Emch  :  "  A  linkage  for  u  =  e*^2." 

(21)  Dr.  Edward  Kasner:  "The  bilinear  point-line  con- 
nex  in  space  :  an  extension  of  Clebsch's  connex." 

(22)  Mr.  E.  a.  Hook  :   "  Multiple  points  on  Lissajous's  . 
curves  in  two  and  three  dimensions.^' 

(23)  Dr.  L.  p.  Eisenhart  :  "  Infinitesimal  deformation  of 
the  skew  helicoid.'^ 

(24)  Professor  John  Eiesland  :  "  Null  systems  in  space 
of  five  dimensions." 

(25)  Professor  E.  D.  Roe  :  "  Note  on  a  partial  differential 
equation." 

(26)  Dr.  Saul  Epsteen  :  "  On  integrability  by  quadra- 
tures." 

(27)  Mr.  W.  B.  Ford  :  "  On  the  possibility  of  differen- 
tiating  term  by  term  the  developments  for  an  arbitrary  function 
of  one  real  variable  in  terms  of  Bessel  functions." 

(28)  Professor  T.  F.  Holgate:  "Apolar  triads  on  a 
straight  line  and  on  a  conic." 

(29)  Professor  H.  B.  Newson:  "List  of  continuous 
groups  of  collineations  in  space." 

(30)  Miss  Helen  Brewster  :  "  The  group  of  collineations 
leaving  a  quadric  surface  invariant." 

(31)  Professor  Alexander  Pell :  "On  the  generalized 
Beltrami  problem." 

(82)  Professor  L.  Heffter  :  "  Ueber  Curvenintegrale  in 
m-dimensionalem  Baum." 
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The  j>apers  of  Dr.  Dunkel  and  Mr.  Hook  were  presented  to 
the  Society  through  Professor  B6cher,  those  of  Professor  Loewy 
and  Professor  Heffter  through  Professor  Moore,  that  of  Dr. 
Epsteen  through  Professor  Lovett,  and  Miss  Brewster's  through 
Professor  Newson.  In  the  absence  of  the  authors,  Dr.  Hun- 
tington's paper  was  read  by  Professor  Dickson,  Professor  West- 
lund's  and  Professor  Emch's  by  Professor  Moore,  Professor 
Loewy's  by  Professor  Maschke,  Dr.  Snyder's  and  Professor 
Field's  by  Dr.  Fite,  and  Miss  Brewster's  by  Professor  New- 
son.  The  papers  of  Dr.  Collins,  Dr.  Dunkel,  Dr.  Keyser, 
Mr.  Hook,  Dr.  Eisenhart,  Professor  Roe,  Mr.  Ford,  and  Pro- 
fessor Heffter  were  read  by  title. 

Professor  Bolza's  paper  was  published  in  the  October  num- 
ber of  the  Bulletin.  The  papers  of  Dr.  Fite  and  Dr. 
Epsteen  will  appear  in  later  numbers  of  the  Bulletin. 
Abstracts  of  the  other  papers  presented  are  given  below. 
The  abstracts  are  numbered  to  correspond  to  the  titles  in  the 
list  above. 

1.  In  constructing  expressions  for  the  elements  of  the  plan- 
etary orbits  three  things  are  desirable :  (a)  that  they  shall,  if 
they  are  series,  converge  for  at  least  a  finite  interval  of  time ; 
(6)  that  it  shall  be  possible  practically  to  find  their  coefficients ; 
and  (c)  that  the  time  for  which  they  are  valid  shall  be  very 
long.  The  method  of  developing  the  elements  as  power  series 
in  the  masses  can  be  proved  to  give  results  which  converge  for 
a  finite  interval  of  time,  but  these  series  have  the  practical 
inconvenience  of  containing  secular  terms  even  of  the  first 
order.  The  thought  has  been  that  these  secular  terms  may  be 
the  expansions  of  periodic  terms.  Following  out  this  idea, 
Lagrange  has  succeeded  by  quite  arbitrary  and  up  to  the  pres- 
ent unjustified  processes  in  avoiding  the  secular  terms  of  the 
first  order  in  the  masses  and  in  the  eccentricities.  Secular 
terms  of  higher  orders  appear,  and  even  if  they  did  not,  his 
results  in  no  way  prove  the  stability  of  the  solar  system,  as  is 
frequently  stated.  Dr.  Moulton  inquires  whether  these  secular 
terms  may  not  be  avoided  by  processes  which  can  be  proved  to 
be  valid.  The  answer  is  in  the  affirmative,  although  the  method 
of  treatment  differs  from  that  of  Lagrange.  The  series  which 
are  used  fulfill  condition  (a) ;  they  fulfill  (6)  about  as  well  as 
those  of  the  standard  methods ;  and  they  are  probably  valid  for 
a  much  longer  time  than  those  now  in  use. 
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2.  Professor  Hathaway  employs  the  quaternion  analysis  in 
the  problem  of  three  bodies,  with  the  hope  that  the  new  and 
concise  forms  of  that  analysis  may  suggest  important  develop- 
ments. Let  a,  /8,  7  be  the  vector  sides  BC^  CA,  -4-B  of  a  fixed 
triangle  of  reference,  and  put 

S'fiy=lfa,     /S-7a=l/6,     S-a/a^^l/c,      UVafi  ^  k. 

Then  if  P,  Q,  R  be  the  positions  of  masses  a,  b,  c  at  any 
time  ty  there  is  a  definite  strain  (f>  such  that 

<^Jfe=0,         4>ABG=^PQR 

whose  differential  equation  is 

or  in  conjugate  form,  ^'  ==  tt^'.  The  area  and  energy  inte- 
grals are 

(2)  4xf>'  -  it>4>'  =  Fe,         ^S,^'^  +  «,<^'<^7r  =  (7, 

where  e  is  the  perpendicular  to  the  invariant  plane,  and  C  is 
the  sum  of  the  kinetic  and  potential  energies.*  Forms  are 
reduced  when  expressed  in  terms  of  -^  =  <^'<^,  and  tt  is  already 
reduced  since  T^<f>p  —  —  Spyirp, 

We  have  </>'^  —  ^'^  =  x  Ffc,  which  gives  by  differentiation 
97-^  —  ^IrTT  =  X  Vhy  a  reduced  differential  equation  for  x.  Also 
by  differentiating  -^  twice  we  find  2<^'<^,  =  <E>,  say,  in  reduced 
form,  so  that  the  identity 

[A<'f  +  xVk)h^k{'^  -xVk)  +  452^-  A*]*  =  0 
or 

re*  +  2j?{8'  Jh/rfe*  +  8^^)  +  4x8,  •  k'^h^k<^  +  S^yjr' 

(^)  +  4>Sj  •  V^*  -  2.S,  •  k^kyjrkfk^  =  0 

is  a  reduced  equation  for  x  itself.  This  agrees  with  Lagrange, 
X  being  to  a  constant  factor  his  p ;  but  does  not  agree  with 

*  The  cubic  in  any  ^  is  0' — ^',0  •  ^*  -f  5,^  •  ^ — /S,^  =  0.  Thus  fiy  is  an  opera- 
tor on  a  strain  ^hich  gives  a  characteristic  scalar.  Prodacts  under  8r  are 
cyclically  commutative  and  replaceable  by  their  oonjn^oites.  6\  is  distribu- 
tive over  a  sura,  and  iSg  over  a  product.  In  tlie  present  case  ^9,=  0,  and  S^ 
has  the  distributive  property  of  >3  for  coplanur  factors. 
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Dziobek  [Planetary  motions,  page  56  (19)].  I  have  verified, 
directly  and  indirectly,  that  (3)  is  a  particular  integral  of  the 
difiFerential  equation  for  x  in  connection  with  (1),  the  general 
integral  being  found  by  replacing  a:  by  a?  -f  C  in  (3).  This 
settles  a  question  which  Dziobek  says  was  undetermined  (Plane- 
tary motions,  page  57). 

By  differentiating  ^  three  times  and  substituting,  we  find 
the  reduced  form  of  (1) 

(4)  <jr  =  2(i/r7r  +  Tnfr)  -f  ^r^  +  i/ttt  +  a;(  Vhir  —  ir  Vk). 

This  is  equivalent  to  three  ordinary  equations  of  third  order  be- 
tween the  mutual  distances  of  the  bodies,  found  by  operating 
with  /Sj,  8^'-^ J  S^ir.  The  first  two  are  straight  differentials 
of  the  reduced  forms  of  (2),  so  that  with  these  integrations  the 
final  forms  are 

(5)  /S,'^+2/S,-Vr7r=4C; 

(6)  S,'inlr^2S,'ir^'ir  +  lS^-ir^^X^  +  2T% 

(7)  S^-ir^^  28^-mnlr  +  4/S^-7r*^. 

Dziobek  does  not  note  that  the  area  integral  (6)  is  one  of  the 
integrals  of  (4). 

3.  The  different  branches  of  vector  analysis  are  very  much 
alike  in  several  respects.  They  deal  with  the  same  funda- 
mental concept,  the  vector,  and  employ  largely  the  same  derived 
concepts,  the  scalar  and  vector  products  and  their  combina- 
tions. Apparently  then  there  is  no  reason  why  a  single  con- 
sistent notation  should  not  be  used  in  all  the  branches  of  the 
subject.  Instead  of  this  we  seem  to  be  tending  in  the  opposite 
direction,  as  is  evidenced  in  Professor  Gibbs's  new  book. 

Professor  Gibbs  has  made  certain  improvements  in  the  nota- 
tion which  will  doubtless  stand.  He  avoids  Hamilton's  cum- 
brous T  and  U  and  puts  his  signs  of  multiplication  between 
instead  of  to  one  side  of  the  factors,  thus  admitting  of  a  new 
sign  of  operation  being  put  on  either  side.  This  Professor 
Gibbs  was  led  to  do  doubtless  through  his  study  of  dyadics. 
However,  instead  of  retaining  Hamilton's  letters  or  Grass- 
mann's  notation  for  the  scalar  and  vector  products,  he  has 
introduced  two  new  marks,  the  dot  and  the  cross,  to  denote 
them. 
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Now  all  interests  can  be  easily  harmonized  in  the  following 
way:  —  Let  a\  a^by  a?by  ah  denote  respectively  Saby  Vaby 
quaternion  aby  dyadic  ab.  Also  let  a'b'c  be  denoted  by  [oic] ,  as 
is  done  by  Gibbs^  whenever  this  notation  is  more  convenient. 
In  this  way  are  retained  Hamilton's  notation^  and  the  good 
points  in  Gibbs^s  and  Grassmann's  notations.  There  is  another 
very  good  reason  why  Gibbs's  dot  and  cross  should  be  given 
up  and  the  letters  retained.  It  is  that  the  use  of  letters  admits 
of  an  easy  extension  of  the  notation  to  new  products.  That 
there  are  such  besides  the  quaternion  the  author  has  demon- 
strated by  constructing  them  and  putting  them  to  practical  use. 

4.  In  the  usual  theory  of  higher  complex  members,  the  co- 
ordinates are  either  real  numbers  or  else  ordinary  complex 
quantities.  To  avoid  the  resulting  double  phraseology  and  to 
attain  an  evident  generalization  of  the  theory^  Professor  Dick- 
son considers  systems  of  complex  numbers  whose  coordinates 
belong  to  an  arbitrary  field  F.  The  usual  definition  rests  upon 
a  multiplication  table  for  n  units.  In  essence,  a  system  of 
complex  numbers  depends  upon  n'  constant  marks  7^  of  F 
subject  to  the  three  conditions 

Z7i*.%„  =  Z7«.7i^  (h  i,  Z,  <  =  1,  2, . .  .,n), 


Z  '^i*fli 


m 


7a.  «* 


not  zero  for  every  a^  •  •  •,  a^ 
not  zero  for  every  a^, . . .,  a, 


These  conditions  are  shown  to  be  independent  by  using  systems 
with  n  =  2. 

For  the  second  definition  the  elements  are  -4  =  (a„  a^,  •  • .,  aj, 
where  a^,  '"y^n  ^^  marks  of  F.     Addition  is  defined  thus  : 

A^  B^{a^  +  b,y  a^  +  62,  •  •  •,  a,  +  6J. 

A  second  rule  of  combination  of  elements  is  defined  by  four 
properties :  (1)  For  any  two  elements  A  and  B  of  the  system, 
A'  B  \r  Bn  element  whose  coordinates  are  bilinear  functions 
of  the  coordinates  of  A  and  By  with  fixed  coefficients  belonging 
toi^.     (2)  (^•-B)(7=i(B(7),if^-5,etc.,belongtothe 
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system.  (3)  There  exists  id  the  system  an  element  /  such 
that  A'Isss  A  (or  every  element  A.  (4)  There  exists  in  the 
system  at  least  one  element  A  such  that  ^  •  Z  4=  0  for  any  ele- 
ment Z  4=  0.  The  elements  are  shown  to  form  a  system  of 
complex  numbers  according  to  the  usual  definition.  The  four 
properties  are  shown  to  be  independent.  The  paper  will 
appear  in  the  Transactions. 

• 

5.  Professor  Dickson^s  second  paper  gives  a  definition  of  a 
field  by  means  of  nine  independent  postulates  and  a  second  defi- 
nition by  means  of  eleven  independent  postulates.  Of  various 
possible  sets  of  postulates^  these  two  sets  (especially  the  second) 
appear  to  present  most  naturally  the  elementary  properties 
necessarily  holding  for  a  field  and  in  a  manner  most  suitable  for 
actually  testing  for  the  field  property. 

A  set  of  elements  with  two  rules  of  combination  denoted  by 
o  and  D  forms  a  field  if  the  following  properties  hold  :  (1)  If  a 
and  6  belong  to  the  set^  then  also  aob  belongs  to  the  set.  (2) 
a o 6  ==  6 o a,  whenever  aob  and  60a  belong  to  the  set.  (3) 
(a o 6) o c  =  a o (6 o c),  whenever  aob,  60c,  (a o 6) o c,  and 
a  o  (6  o  c)  belong  to  the  set.  (4)  For  any  two  elements  a  and 
b  of  the  set,  there  exists  in  the  set  an  element  x  such  that 
{aox)ob^b.  (5),  (6),  (7)  are  the  same  as  (1),  (2),  (3)  with 
o  replaced  by  n .  (8)  For  any  two  elements  a  and  b  of  the 
set,  such  that  c  a  a  4=  a  for  at  least  one  element  c,  there  exists 
in  the  set  an  element  x  such  that  {a  n  x)  n  b  ^  b.  (9) 
a  D  (6  o  c)  =  (a  n  6)  o  (a  D  c),  whenever  a  d  6,  a  u  c,  etc., 
belong  to  the  set. 

The  second  set  employs  postulates  (1),  (2),  (3),  (5),  (6),  (7), 
(9)  and  the  following  four:  (4')  There  exists  in  the  set  an 
element  z  such  that  «  o  6  =  6  for  every  element  b,  (4")  If 
elements  z  of  character  (4')  exist,  then  for  some  such  element  z 
and  for  every  element  a,  there  exists  an  element  x  for  which 
aoa;  =  2.  (8')  There  exists  an  element  u  such  that  it  a  6  =  6 
for  every  element  6.  (8")  If  elements  u  of  character  (8') 
exist,  then  for  some  such  element  u  and  for  every  element  a 
such  that  c  D  a  +  a  for  at  least  one  element  c,  there  exists  an 
element  x  for  which  a  d  a;  ==  li. 

This  paper  will  appear  in  the  Transactions. 

6.  Dr.  Huntington's  paper  presents  several  sets  of  postulates 
which  define  a  field,  that  is,  an  assemblage  in  which  all  the 
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rational  operations  of  algebra  can  be  performed.  The  simplest 
of  these  sets  contains  the  following  seven  postulates,  where  the 
symbols  e  and  0  indicate  abstract  operations  exemplified  by 
addition  and  multiplication  of  rational  numbers  : 

1)  If  a,  b  and  either  a  e  6  or  6  e  a  belong  to  the  field, 
then  a  e  6  s=  6  e  a. 

2)  If  a,  6,  c,  a  ©  6,  6  ®  c  and  either  (a  ©  6)  ©  c  or 
a  ®  (b  ^  c)  belong  to  the  field,  then  Ta  ©  6)  ©  c  =  a  ©  (6  ©  c). 

3)  For  every  two  elements  a  and  6  (a  =  6  or  a  4=  &)  there  is 
an  element  x  in  the  field  such  that  a  ©  a?  «=  6. 

5)  The  same  as  1)  and  2),  when  ©  is  replaced  by  0 . 
For  every  two  elements  a  and  b  {a^b  or  a^  b\  pro- 
vided a  ®  a  ^  a^  there  is  an  element  y  in  the  field  sucn  that 
a  0  y  =  6. 

7)  If  a,  6,  c,  6  ©  c,  a  0  6,  a  0  c  and  either  a  0  (6  ©  c)  or 
(a  0  6J  ©  (a  0  c)  belong  to  the  field,  then  a  o  {b  ®  c)^^ 
(a  0  6)  ©  (a  0  c). 

The  independence  of  the  postulates  of  each  set  is  established 
by  the  nowjTamiliar  method  of  Peano  and  Hilbert.  The  paper 
will  appear  in  the  Transactions. 

7.  In  this  paper,  which  will  be  published  in  the  Proceedings 
the  American  Academy  of  Arts  and  Sciences,  Mr.  Dunkel  con- 
siders a  system  of  differential  equations 


ti 


dyj 
dx 


=  |:(^  +  au)%  (t=l,2,...,n) 

in  which  the  Mi,/8  are  constants  and  the  a^ /s  are  functions  of 
the  real  independent  variable  as,  not  necessarily  analytic,  but 
continuous  in  the  interval  0  <,x  =  b.  The  absolute  values, 
I  at  J  |,  multiplied  by  certain  positive  integral  powers  of  log  x 
are  required  to  be  integrable  up  to  the  point  as  =  0 ;  these 
powers  vary  according  to  the  set  of  solutions  being  developed, 
and  they  may  in  some  cases  be  zero.  When  the  a^ /s  satisfy 
these  conditions,  the  point  a;  =  0  is  called  a  regular  singular 
point.  Use  is  made  of  a  theorem  on  elementary  divisors  to 
reduce  the  system  of  equations  to  a  canonical  form.  Solutions 
of  the  canonical  system  are  developed  by  the  method  of  suc- 
cessive approximations;  and  from  these  the  form  of  the  so- 
lutions of  the  original  system  is  then  determined.  The  results 
thus  obtained  are  applied  to  the  single   differential  equation 
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in  which  the  /t's  are  constants^  and  the  p's  are  functions  of  the 
real  independent  variable  x  satisfying  the  same  requirements 
that  were  imposed  upon  the  functions  a^^. 

Let  r^  be  a  root  of  multiplicity  c^  of  the  indicial  equation. 
The  multiplicities  of  all  the  roots  of  this  equation  whose,  real 
parts  are  the  same  as  that  of  r^  are  considered,  and  e^^  is  chosen 
as  any  one  of  these  multiplicities  as  great  as  any  other  in  this  set. 
It  is  then  required  that  the  absolute  values  of  the  p's  after  be- 
ing multipli^  by  (log  a?)*'""^  be  integrable  up  to  sc  =  0  ;  and 
with  this  requirement  it  is  found  that  we  can  develop  the  fol- 
lowing e^  solutions  and  their  first  n  —  1  derivatives  corres- 
ponding to  the  root  r^  : 

'f^  =r  af  ic(log  a?)''c-^JS5j% 

(X=l,2,  ...,ej, 

^'  =  *^«-'Gogaj^-^^5ii, 

where  the  functions  ^i<  are  continuous  in  an  interval  0  =  a;  =  c, 
and 

^;'|.=o  =  1,     ^i*|.=o  =  T.{T.  -  1)  . . .  (r«  -  f  +  1). 

In  the  case  n  =  2  these  results  not  only  yield  the  theorems 
which  were  established  by  Professor  B6cher  in  the  Tranrndicym 
for  January,  1900,  but  for  the  case  of  equal  exponents  go 
slightly  further. 

9.  Professor  Shaw's  paper  gives  the  reduction  of  all  numbers 
of  linear  associative  algebras  to  typical  forms,  and  a  new  basis 
of  classification  of  such  algebras.  It  makes  use  of  a  pre- 
viously discovered  form  involving  units  of  the  type  X^^^  such 

that  VV'  =  0     iO'  +  «'' 

The  units  are  also  subject  to  restrictions  as  to  the  size  of  the  num- 
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ber  ky  represented  by  the  third  subscript.  The  method  is  given 
of  deriving  all  algebras  to  which  belong  numbers  of  which  the 
most  general  number  satisfies  a  given  characteristic  equation. 
The  place  of  Peirce's,  Scheffer's  and  Molien's  investigations 
is  also  shown,  with  an  examination  of  the  boundaries  of  these 
investigations  and  an  extension  and  generalization  of  their 
results.  The  paper  is  a  conclusion  to  one  presented  before 
the  Chicago  Section,  January,  1902. 

1 1.  The  moduli  of  periodicity  for  the  normal  integrals  of  the 
first  kind  on  the  Riemann  surface  for  w*  =  {z—k^^^k^\z^k^ 
{z  —  K^^  depend  on  a  single  parameter  g)  which  undergoes  a 
linear  substitution  by  every  monodromy  of  the  branch  points. 
Mr.  Young's  paper  considers  the  group  F  of  all  such  substitutions, 
which  is  found  to  be  generated  by  the  two,  ©'=<»+  i/2  and 
<»'=  —  1/ft).  All  functions  automorphic  for  the  group  are  shown 
to  be  rationally  expressible  in  terms  of  the  anharmonic  ratio  of 
the  branch  points. 

The  properties  of  F  are  studied  in  detail,  the  investigation 
following  the  lines  laid  down  by  Klein  in  his  treatment  of  the 
{elliptic)  modular  functions,  and  results  analogous  to  practically 
^11  of  Klein's  results  are  obtained.  The  most  noteworthy  dif- 
ference is  found  in  the  fact  that  F  contains  an  infinite  series  of 
43ubgroups  of  genus  p  =  0.  These  subgroups  are  of  index  2n 
And  are  isomorphic  with  the  dihedron  group  of  order  2n ;  two 
«ets  of  generators  are  determined  for  each. 

The  paper  closes  with  a  discussion  of  the  quotient  groups  of 
F  with  the  "  principal "  congruence  subgroups,  the  latter  con- 
sisting of  all  substitutions  of  F  that  are  congruent  to  identity 
{mod.  q).  When  q  is  an  odd  prime,  the  quotient  group  is 
shown  to  be  of  order  \^(f  —  1)  or  q{c^  —  1)  according  as  q  is 
of  the  form  8Ad=  1  or  8A  =t  3.  In  the  former  case  the  quo- 
tient group  is  simply  isomorphic  with  Klein's  G^g^^_i)^\  in  the 
latter  case  it  contains  a  subgroup  of  half  its  order  which  is 
simply  isomorphic  with  G^g^^_iy 

12.  Dr.  Westlund's  paper,  which  is  an  extension  of  a  paper 
presented  at  the  meeting  of  the  Chicago  section  in  January  last, 
treats  of  the  relation  between  the  class  numbers  of  the  cyclo- 

tomic  number   field  kye^"* ),  when  p  is  any  odd  prime,  and  its 

subfield  k\e^~^).  The  method  used  is  similar  to  that  used 
by  Weber  for  the  case  p  ==  2. 
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13.  Professor  Dickson's  third  paper  is  an  addition  to  his. 
article,  "  Theory  of  linear  groups  in  an  arbitrary  field/'  Trans- 
actionsy  volume  2  (1901),  pages  363-394.  By  certain  modifi- 
cations, the  methods  of  §§  9-10  may  be  made  to  apply  to  the 
there  excluded  case  of  modulus  2,  provided  n  >  1.  Hence  there 
results  a  new  system  of  simple  groups  of  order  2**(2**— 1)(2**— 1),. 
for  any  int^er  w  >  1.  There  remains  for  subsequent  investi- 
gation the  case  n  =  1,  the  order  being  then  12096.  For  n  =  2 
and  n  =  3  the  orders  of  the  new  simple  groups  are  respectively 
2"  .  3' .  5* .  7  .  13,     2"  .  3* .  7^ .  19  .  73. 

14.  The  paper  of  Professor  Loewy  concerns  the  reducibility 
of  groups  of  linear  homogeneous  substitutions,  and  is  in  ab- 
stract as  follows  :  A  group  G  of  linear  homogeneous  substitu- 
tions in  n  variables  is  styled  reducible  if  there  exist  m  <,n' 
linear  homogeneous  functions  of  the  variables  with  constant 
coefficients,  such  that  under  the  group  they  are  transformed  in 
a  linear  homogeneous  way.  The  paper  considers  the  following 
fundamental  theorem  :  To  every  reducible  group  G  of  linear 
homogeneous  substitutions  there  belongs  a  definite  finite  number 
of  irreducible  groups  of  linear  homogeneous  substitutions,  which 
are  uniquely  determined  apart  from  the  order,  in  case  one  con- 
siders similar  groups  as  identical.  This  theorem  is  applied  in 
the  first  place  to  the  theory  of  groups  of  a  finite  number  of  linear 
homogeneous  substitutions  and  then  to  the  theory  of  those  in- 
finite groups  introduced  by  the  author  in  volume  53,  page 
225,  of  the  McUhemcUische  AnncUen  and  designated  as  groups  of 
the  type  of  a  finite  group.  Further,  there  is  introduced  the 
more  general  notion  of  reducibility  or  irreducibility  of  a  group 
G  of  linear  homogeneous  substitutions  with  respect  to  a  realm 
of  rationality  or  field  (Korper)  XI  to  which  all  the  coefficient& 
of  the  various  substitutions  of  the  group  belong,  and  the  fun- 
damental theorem  is  treated  from  this  standpoint.  In  con- 
clusion, the  following  theorem  is  proved  :  In  order  to  exhibit 
all  the  finite  groups  belonging  to  a  given  field  A,  it  is  sufficient 
to  exhibit  all  the  finite  groups  which  are  irreducible  with 
respect  to  the  field  A. 

15.  A  twisted  cubic  has  three  osculating  planes  through 
every  point.  There  are  always  two  points  in  which  these 
three  planes  are  perpendicular  to  one  another.  If  there  are 
more  than  two  such  points,  there  must  be  an  infinite  number,. 
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and  their  locus  is  then  called  the  directrix  of  siieh  a  specialized 
cubic  curve.  For  the  case  where  the  curve  is  a  parabola,  i.  e., 
if  the  plane  at  infinity  osculates  the  curve,  O.  Boklen  and  W. 
F.  Meyer  have  shown  that  its  directrix  is  a  straight  line,  and 
have  discussed  the  conditions  necessary  for  its  existence.  Pro- 
fessor Whitens  paper  is  an  examination  of  the  same  problem  for 
cubical  ellipses  and  hyperbolas.  By  analogy  with  plane  conies 
one  would  look  for  a  curvilinear  directrix,  if  any ;  but  it  is  proven 
that  it  must  be  straight.  The  conditions  for  its  existence  are 
found  in  the  identical  vanishing  of  a  ternary  quadric,  giving 
three  conditions  of  which,  however,  only  two  are  independent. 
Meyer's  twisted  cubics  with  a  directrix  are  defined  by  three 
conditions,  while  this  new  class  is  subject  to  only  two ;  the 
latter,  however,  does  not  include  the  former  class,  but  the  two 
together  comprise  all  possible  twisted  cubics  with  directrix. 

16.  Professor  Morley's  memoir  is  a  continuation  of  one  pub- 
lished in  the  Transdctirnis,  volume  1,  page  97.  What  corres- 
ponds, for  a  plane  n-line,  to  the  elementary  facts  that  for  a  3- 
line  the  perpendiculars  meet  at  a  point,  and  for  a  4-line  the  4 
such  points  lie  on  a  line  ? 

First,  four  lines  determine  uniquely  a  hypocycloid  of  class  3, 
A^ ;  if  from  the  center  of  the  A*  touching  each  4  of  5  lines  a 
perpendicular  be  drawn  to  the  fifth  line,  these  five  perpendicu- 
lars meet  at  a  point ;  for  6  lines  the  6  such  points  lie  on  a  line. 
So  there  is  a  quite  simple  curve  A^~^  uniquely  determined  by 
2n  lines  ;  if  from  the  center  of  the  A***"^  touching  each  2n  of 
2n  +  1  lines  a  perpendicular  be  drawn  to  the  line  omitted, 
these  perpendiculars  meet  at  a  point  and  for  2n+  2  lines  the 
271  +  2  such  points  lie  on  a  line.  The  curve  A  is  for  metrical 
purposes  very  convenient,  much  more  so  than  Clifford's  ri-fold 
parabola,  also  uniquely  determined  by  2n  lines.  Second,  if 
from  the  nine-point  center,  or  center  of  Feuerbach's  circle,  of 
each  3  of  4  lines,  a  perpendicular  be  drawn  on  the  line  left  out, 
these  perpendiculars  meet  at  a  point.  And  the  center  of  a 
circle  arising  from  n  lines  has  the  analogous  property.  Thus 
we  have  for  an  even  number  of  lines  an  orthocenter  and  a  direc- 
trix ;  for  an  odd  number,  two  and  therefore  a  line  of  orthocenters. 

17.  Dr.  Snyder  has  applied  the  same  methods  which  he  em- 
ployed in  the  study  of  unicursal  and  elliptic  scrolls  of  order  six 
to  obtain  the  forms  and  equations  of  those  of  genus  greater 
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than  1.  There  are  eleven  types  of  genus  2,  five  of  genus  3  and 
two  of  genus  4.  The  scrolls  cannot  have  a  triple  conic  nor 
more  than  one  double  conic  as  part  of  the  nodal  curve.  Added 
to  the  paper  is  a  scheme  showing  that  the  maximum  genus  of  a 
scroll  of  order  2n  is  (n  —  1/,  and  of  a  scroll  of  order  2n  —  1 
is  n(n  —  1). 

18.  Professor  Field  obtains  the  general  equation  of  a  quintic 
curve  having  five  fixed  double  points.  It  follows  from  the  form 
of  this  equation  that  if  a  conic  and  cubic  be  taken  and  breaks 
made  at  two  of  their  points  of  intersection,  there  result  quintic 
curves.  The  curves  are  classified  according  to  the  sequence  of 
the  double  points.     Forty-six  forms  are  obtained. 

19.  Dr.  Keyser's  paper  is  devoted  primarily  to  a  systematic 
introduction  to  the  line  and  plane  geometries  of  four-space,  and 
secondarily  to  a  correlation  of  these  with  kindred  doctrines, 
such  as  the  circle  geometry  of  ordinary  space  and  the  theory  of 
the  four-space  point  conceived  as  a  plenum  of  circular  cones. 
The  point  and  lineoid  (three-space)  theories  of  four-space,  in  so 
far  as  needed,  are  assumed.  By  reason  of  the  locus  and  envelope 
phases  of  the  line  and  plane,  one  has  to  do  with  four  funda- 
mental element  aspects.  These  are  strictly  four  distinct  ele- 
ments, giving  rise  to  four  distinct  geometric  theories  which, 
like  the  elements,  fall  into  reciprocal  pairs.  In  a  first  chapter, 
by  means  of  an  arbitrary  finite  pentaedron  of  reference,  i.  e., 
the  configuration  determined  by  any  five  non-collineoidal  points 
or  any  five  non-copunctal  lineoids,  four  appropriate  homogene- 
ous coordinate  systems  are  established,  and  their  relationships 
disclosed  in  connection  with  the  homographic  and  dualistic 
transformations.  Each  of  these  systems  is  composed  of  ten 
variables  whose  nine  ratios,  being  connected  by  five  (equivalent 
in  general  to  three  independent)  quadratic  identities,  reduce  to 
the  necessary  and  sufficient  number  six  of  independent  functions. 
These  identities,  being  essentially  like  those  which  appear  in 
the  circle  theory  of  ordinary  space,  are  of  order  five,  whence  it 
appears  that  four  arbitrary  lines  (planes)  determine  uniquely 
a  fifth  and  so  give  rise  to  a  configuration  of  lines  (planes) 
analogous  to  the  ^*  pentacycle  ^'  of  Stephanos.  A  second  chapter 
which  is  concerned  with  the  solution  of  preliminary  elementary 
problems  in  terms  of  the  adopted  coordinate  systems,  is  fol- 
lowed by  a  third  devoted  to  a  somewhat  detailed  exposition  of 
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the  above-mentioned  correlation.  The  sphere  (of  ordinary 
space)  may  be  conceived  as  an  orthosphere,  i.  e.,  a  sphere 
regarded  as  the  assemblage  of  spheres  orthogonal  to  it ;  or  it 
may  be  regarded  as  the  envelope  of  all  the  orthospheres  con-' 
taining  it.  Calling  the  sphere  an  orthosphere  or  a  sphere 
according  as  it  is  conceived  in  the  former  or  in  the  latter  way, 
and  pairing  the  spheres  and  orthospheres  (of  ordinary  space) 
respectively  with  the  points  and  lineoids  of  four-space,  it  is 
seen  that  to  the  union  of  point  and  lineoid  corresponds  orthog- 
onality of  sphere  and  orthosphere  —  a  principle  which  facili- 
tates the  parallelization  of  a  theory  of  either  space  with  its 
correspondent  in  the  other.  Among  such  readily  deducible 
correspondences  may  be  mentioned :  the  circle  (and  its  geome- 
try) has  four  aspects  matching  the  four  element  aspects  (and 
corresponding  theory  phases)  mentioned  above ;  the  geometry 
of  circles  orthogonal  to  a  sphere  is  analytically  identical  with 
the  line  (plane)  geometry  of  a  lineoid  (four-space  point) ;  the 
theory  of  circles  in  involution  with  a  given  circle  is  parallel  to 
the  theory  of  lines  (planes)  having  a  point  (or  lineoid)  in  com- 
mon with  a  given  plane  (line)  ;  and  the  geometry  of  circles  in 
bi-involution  with  a  given  circle  corresponds  proposition  for 
proposition  with  the  four-space  geometry  of  coplanar  lines  or  of 
coUinear  planes. 

20.  In  a  previous  paper,  read  before  the  society  (Chicago) 
June  1,  1902,  and  to  be  published  in  the  Transactions^  Profes- 


FlG.  1. 


sor  Emch  has  shown  that  all  algebraic  transformations  of  com- 
plex variables  may  be  realized  by  linkages.  In  this  paper  he 
describes  a  very  simple  linkage  realizing  the  rotation  u  «  6**  •  2, 
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where  6  is  constant.  In  Fig.  1,  all  links  with  the  exception 
of  J. C  and  BD  are  equal.  If  ^C=  BD  are  chosen  in  such  a 
manner  that 

AAOC^ABOD^e, 

then  it  can  easily  be  proved  that  ZzOu  =  0,  bo  matter  how  the 
linkage  may  be  distorted.  .Thus,  if  z  is  moved  into  any  part 
of  the  complex  plane,  it  is  clear  that  the  point  u  represents  the 
complex  number  u  =  €**  •  z. 

Taking  0  =  27r/w,  w  —  2  equal  cells  may  be  successively  com- 
bined in  exactly  the  same  manner,  as  OCuD  is  attached  to 
OAzBf  thus  forming  a  closed  linkage  of  n  cells.  The  vertices 
z,  u,  u^y  ...  of  this  linkage  form  a  regular  variable  polygon  of 
n  sides.     If 

_        1  i*±^ 
2  =  ^^  =  r *c     »         (ft  =  0,  1,  2,  . . . ,  n  —  1 ;  to  =  re'*), 

then  the  other  vertices  of  the  polygon  represent  the  remaining 
roots.  This  compound  linkage  has  been  devised  to  show  in  a 
simple  case  the  realization  of  many  valued  functions  by  linkages, 
which  in  general  presents  considerable  difficulties. 

21.  The  plane  connex  of  Clebsch  is  defined  by  equating  to 
zero  a  double  ternary  form  containing  a  set  of  point  coordinates 
and  a  set  of  line  coordinates.  The  analogous  space  connex, 
defined  by  forms  involving  the  coordinates  of  a  point  and  of  a 
plane,  has  been  studied  by  Krause  {Mathematische  Annalmj 
1879),  Sintsof  and  others.  The  paper  of  Dr.  Kasner  gives  an- 
other extension  to  space  by  introducing  forms  involving  a  set  of 
point  coordinates  and  a  set  of  line  coordinates.  The  vanishing 
of  such  a  quaternary-senary  form  a^A^^  where  x  or  x^ :  x^\x^\  x^ 
represents  the  point  and  P  or  P^^ :  P^^ :  P^^ :  P^ :  P^  :  P^  the 
line,  defines  the  general  point-lhie  connex  of  space.  After  a 
survey  of  the  general  case,  of  the  connection  with  certain  types 
of  differential  equations,  and  of  the  configurations  defined  by 
the  intersection  of  two  or  more  connexes,  the  author  considers 
in  detail  the  case  where  each  set  of  variables  is  involved  lin- 
early, n  =  1,  m=  1. 

To  each  point  x  there  corresponds,  by  means  of  this  bilinear 
connex,  a  linear  line  complex,  and  to  each  line  P  there  corre- 
sponds a  plane.  The  study  of  the  connex  consists  in  the  dis- 
cussion of  these  two  transformations,  which  are  both  linear. 
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To  enumerate  a  few  of  the  results :  The  locus  of  the  point 
whose  corresponding  linear  complex  is  special  is  a  quadric  sur- 
face. There  are  five  points^  situated  on  this  quadric,  each 
possessing  the  property  that  the  corresponding  complex  is 
special  and  has  for  its  directrix  a  line  passing  through  the 
point.  There  are  two  fundamental  lines  P,  i.  e.y  such  that  the 
corresponding  plane  is  indeterminate.  The  Connex  is  defined 
geometrically  by  means  of  the  (1,  1)  correspondence  which 
may  be  set  up  between  the  lines  of  a  linear  congruence  and  the 
points  of  a  quadric  surface.  The  paper  concludes  with  the  dis- 
cussion of  certain  invariants  and  covariantd  and  the  establish- 
ment of  normal  forms  with  respect  to  both  cogredient  and  di- 
gredient  transformations. 

22.  Mr.  Hook's  paper,  which  will  be  published  in  the 
Annals  of  MaihemaiicSy  deals  with  curves  given  by  either  two 
or  three  equations  of  the  form 

X.  =  cos  m.(<  +  g     (»  =  1,  2  or  1,  2,  3), 

m^  and  t^  being  constants,  x^  the  cartesian  oodrdinate,  and  t  a 
variable  parameter.  The  plane  curves  are  classified  into  open 
and  closed  curves.  The  three-dimensional  curves  fall  into  four 
types  based  on  the  number  of  open  or  closed  curve  projections 
they  possess  on  the  three  coordinate  planes.  This  classification 
applies  only  to  the  case  in  which  the  ratios  of  the  quantities  m. 
are  commensurable.  Transcendental  curves  are  not  considered 
at  all.  For  each  type  of  plane  curves  a  formula  is  found  for 
the  number  of  real  double  points.  On  the  space  curves  both 
double  and  quadruple  points  are  possible  and  formulsB  giving 
the  numbers  of  these  on  each  type  of  curve  are  found.  A 
number  of  interesting  theorems  in  regard  to  the  relative  posi- 
tions of  the  multiple  points  on  the  curves  are  established.  It 
is  found  that  in  all  cases  the  tangents  at  the  multiple  points  are 
real  and  distinct. 

23.  Dr.  Eisenhart  has  applied  the  methods  of  Weingarten  to 
the  study  of  the  infinitesimal  deformation  of  the  skew  helicoid 
and  has  found  that  the  solution  is  complete,  for  the  character- 
istic partial  differential  equation  of  the  second  order  can  be 
integrated.  The  cartesian  coordinates  of  the  characteristic  sur- 
faces, which  correspond  to  the  helicoid  with  orthogonality  of 
linear  elements,  are  given  by  quadratures.     They  constitute  a 
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general  class  of  surfaces  of  which  the  surfaces  of  revolution  form 
a  subclass^  corresponding  to  a  constant  value  of  one  of  the 
two  arbitrary  functions  which  enter  into  the  general  integral  of 
the  characteristic  equation.  When  these  surfaces  are  surfaces 
of  revolution,  and  only  in  this  case,  their  lines  of  curvature 
correspond  to  the  asymptotic  lines  on  the  helicoid. 

The  associate  surfaces  of  the  deformation  are  given  without 
quadrature  and  are  found  to  be  the  general  moulded  surfaces  of 
Monge.  Moreover,  when  any  moulded  surface  is  given,  the 
characteristic  function  which  determines  the  corresponding  de- 
formation can  be  found  at  once.  Surfaces  of  revolution  are 
moulded  surfaces  and  it  is  shown  that  when  the  associate  sur- 
face is  a  surface  of  revolution  the  characteristic  surface  also  is 
a  surface  of  revolution,  and  conversely. 

24.  Professor  Eiesland's  paper  contains  a  study  of  the  null 
system 

dx^  4-  x^dx^  —  x^dx^  +  x^dx^  —  ^jjda;^  =  0, 

all  the  lines  of  which  may  by  means  of  Lie's  transformation 

be  transformed  into  oo*  parabolas  lying  in  planes  parallel  to 
the  Xg-axis.  The  relations  between  the  oo^  lines  of  the  null 
system  and  these  oo*  parabolas  have  been  discussed.  As  an 
interesting  application  of  this  theory,  a  class  of  surfaces  in 
ordinary  space  was  found  whose  asymptotic  lines  are  known. 
In  the  case  of  certain  two-dimensional  translation  surfaces  in 
the  space  M^  a  class  of  surfaces  in  ordinary  space  was  obtained 
which  Darboux  arrived  at  in  his  Le9ons,  volume  I,  page  141, 
by  an  entirely  different  method. 

In  the  last  part  of  the  paper  the  question  of  invariance  of 
the  null  system  in  n-dimensional  space  is  discussed ;  of  all  the 

(n  —  1  \^ 
— - —  j   rotations  and  a  translation  along 

an  axis  transform  all  the  lines  of  the  null  system  into  them- 
selves. For  71  =  5  the  following  theorems  have  been  proved  : 
1  °  There  exist  oo "  projective  transformations  which  leave  the 
null  system  invariant.  2°  There  exist  co*^  contact  transfor- 
mations leaving  the  differential  equations 
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invariant.  3°  There  exist  oo  ^®  projective  transformations  which 
leave  invariant  the  complex  of  lines  defined  by  the  differential 
equations 

dx^dx^  +  dx^dx^  =  0. 

This  complex  has  been  called  an  asymptotic  complex  on  account 
of  the  rdle  it  plays  in  the  transformation  of  surfaces  in  M^  into 
surfaces  of  ordinary  space  on  which  the  asymptotic  lines  are 
known ;  in  fact^  the  lines  of  this  complex  have  been  shown^ 
when  transformed  by  Lie's  transformation  to  become  linear 
tangents  along  the  asymptotic  curves  of  the  surface.  4°  There 
exist  only  one  rotation  and  a  translation  along  the  X^-axis 
leaving  an  asymptotic  complex  invariant. 

25.  In  Professor  Roe's  paper  an  elementary  proof  is  given 
that  any  function  <^(a5j,  x^  •  •  • ,  x^,  VvV^^  •  •  • ,  y*)  which  satisfies 
the  partial  differential  equation 

where  the  y^s  are  independent  of  the  sc^s,  is  a  function  of  any 
set  of  n  —  1  independent  determinants  of  the  cc's  and  y^s  of  the 

form  ,     . 

{xy)  =  aj^,+i  -  x,^^y,. 

The  paper  will  be  published  in  the  Annals  of  MaihemcUics, 

27.  Mr.  Ford's  paper  is  concerned  with  the  determination  of 
sufficient  conditions  for  a  function  f{x)  of  the  real  variable  x  in 
order  that  each  of  the  two  following  developments,  occurring  in 
mathematical  physics,  for  f{x)  in  terms  of  Bessel's  function 
J^{x)  may  be  differentiated  term  by  term  : 

I.  A^)  =  ^t  ^]  £xf{xy^i\x)dx, 

where  X„  is  one  of  the  positive  roots  of  the  equation  Jj{x)  =  0 ; 
J{x)  =  (2v+2)  rj{x)x^^'dx 

nJo 
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where  X^  is  one  of  the  positive  roots  of  the  equation  xJ^(x)  — 
vJ{x)  =  0. 

The  results  obtained  are  summarized  in  the  following  : 

Theorem :  Each  of  the  series  I  and  II  convei^s  when 
a'  <  a;  <  6'(0  <  a'  <  6'  <  1 )  to  the  limit /(a;),  and  when  diflTeren- 
tiated  term  hj  term  the  resulting  series  converge  for  the  same 
values  of  a?  to  the  limit /'(a;),  provided  that  t?>  —  J  and  that 
the  function  ^(as)  =  a?-*  /  (x)  satisfies  the  following  conditions  : 

Condition  A  :  <f)(x)  is  continuous,  or  is  made  up  of  a  finite  num- 
ber of  a  continuous  portions  throughout  the  interval  0  =x  =  1. 

Condition  B:  (j>{x)  possesses  a  derivative  <l>\x)  which  is 
continuous  throughout  the  interval  a'  =x  =  b'j  and  in  the  in- 
tervals 0  =  a;<a',  6'  <aj  =  l  is  either  continuous  or  is  made 
up  of  a  finite  number  of  continuous  portions.     Also^  the  func- 

tion  --^  'is  finite  in  the  neighborhood  of  the  point  a;  =  0. 

X 

Condition  C:  (l>(x)  possesses  a  second  derivative  <l>'\x)  which 
is  finite  throughout  the  interval  a'— €  =  a;  =  6'-|-€(€  arbitrarily 
small  and  positive). 

Condition  i):  <^(1)=0. 

Moreover,  when  —  1  <  r  =  —  J  the  above  theorem  is  true  if 
we  require  also  that  the  function  |a;y(£c)|  be  adapted  to  integra- 
tion in  the  neighborhood  at  the  right  of  the  point  x^O. 

28.  Defining  two  homogeneous  binary  forms/(a;,  y)  and  ^  (x,  y)y 
each  of  the  nth  order,  as  apolar  when  they  are  so  related  tha* 

the   invariant  |  -  -   ^ -  —  --^    ^^  |    vanishes  identically,  Pro- 
\dx  dy       dy    dxl 

fessor  Holgate  finds  a  linear  construction  of  the  third  element 
in  one  of  two  apolar  cubic  forms  when  its  two  remaining  ele- 
ments and  the  three  elements  of  the  other  form  are  given.  If 
A^y  A^j  A^  are  the  three  root  points  of /*(ar,  y)  =  0  and  B^,  B^ 
B^  the  three  root  points  of  ^^(a;,  y)  =  0,  then  if  E"  is  the  har- 
monic conjugate  of  B^  with  respect  to  A^  and  A^  and  (7"  the 
conjugate  of  A^  in  the  involution  determined  by  the  pairs  -4„ 
A^  ]  B^j  E" ;  similarly  if  E  and  E'  are  the  harmonic  conju- 
gates of  J?j  relative  to  the  pairs  A^,  ^^and  A^  A^y  respectively, 
and  O  and  C  the  conjugates  of  A^  and  A^  in  the  involutions 
A^  A^ ;  jBj,  J?',  and  A^,  A^ ;  B^  E\  respectively  ;  then  Ey  (7; 
E\  C" ;  E"y  C"  is  an  involution  such  that  any  pair  together 
with  B^  constitutes  a  triad  apolar  to  A^^  A^  A^.  Hence  B^ 
and  J?3  need  only  be  a  pair  in  this  involution,  and  if  either  of 
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these  points  is  given  tlie  other  can  be  readily  found  by  linear 
constructions. 

29.  In  the  theory  of  continuous  groups  of  transformations 
the  collineation  groups  are  of  prime  importance.  In  Lie's 
works  are  to  be  found  complete  lists  of  continuous  groups  of 
coUineations  in  the  plane^  but  nowhere  does  he  give  a  list  of 
all  such  groups  in  space  of  three  dimensions.  Professor  New- 
son's  paper  contains  a  list  of  490  continuous  groups  of  coUin- 
eations in  space ;  this  list  is  thought  to  be  complete.  A  syn- 
thetic method  was  employed  in  determining  these  groups  which 
is  wholly  independent  of  Lie's  methods.  These  490  groups 
are  classified  according  to  the  thirteen  well-known  types  of 
coUineations  in  space  and  each  is  designated  by  a  convenient 
symbol.  This  table  is  a  natural  extension  of  the  table  of 
groups  of  coUineations  in  the  plane  given  in  Professor  New- 
son's  memoir  in  the  American  Journal  of  Mathematics,  Volume 
24,  Number  2. 

30.  The  group  of  coUineations  leaving  a  quadric  surface  F 
invariant  is  one  of  the  most  important  subgroups  of  the  gen- 
eral projective  group.  Miss  Brewster's  paper  contains  an 
exhaustive  study  of  the  oo*  coUineations  in  the  group  G^  (F). 
These  are  included  under  the  types  I,  III,  VI,  IX,  X  and  XI 
(Professor  Newson's  classification)  and  one  special  collineation 
of  type  XII.  These  coUineations  combine  to  form  twenty-five 
continuous  groups  and  seven  mixed  groups.  These  groups  are 
classified  according  to  their  types,  their  invariant  figures  deter- 
mined and  the  structure  of  each  group  discussed  with  reference 
to  continuous  groups  of  other  types  and  singular  transforma- 
tions. A  table  is  given  at  the  end  showing  each  group,  its 
symbol,  its  invariant  figure  and  the  corresponding  group  in 
Lie's  table  on  pages  251-254  of  the  third  volume  of  "  Theorie 
der  Transformationsgruppen." 

31.  Dr.  Pell  applied  a  method  given  by  Darboux  (Le9ons, 
etc.,  volume  I,  page  53  AT.)  to  determine  the  surfaces  whose  geo- 
desies can  be  represented  upon  the  plane  as  two-parameter  curves 
of  the  form 

fii^y  y)  +  f^U^j  y)  +  ^U^y  y)  =  o. 

The  problem   has  been  treated  by  Beltrami's  method  by  Dr. 
Stecker  in  the  Transactions  of  1901-1902. 
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32.  The  paper  of  Professor  Heffter,  which  will  appear  in  the 
Transactions^  extends  to  space  of  m  dimensions  considerations 
concerning  curvilinear  integrals  previously  developed  by  him 
in  the  Gbtiinger  Nachrichten  of  February  8,  1902,  for  the  case 
m  =  2  of  the  plane.  As  the  curve  C  of  integration  is  taken 
the  general  rectifiable  curve ;  in  case  the  curve  C  lies  within  a 
closed  continuous  region  of  continuity  of  the  integrand  func- 
tion, the  usual  definition  of  the  integral  receives  a  certain  modi- 
fication, in  that  the  range  of  values  of  the  limitand  sum  is  en- 
larged ;  this  modification  is  seen  to  simplify  the  development 
of  the  theory  as  regards  the  so-called  fundamental  theorem  of 
the  integral  calculus,  the  theory  of  the  curvilinear  integral  as 
function  of  the  upper  limit  in  case  it  is  independent  of  the 
path  (7,  and  the  theorem  of  Cauchy. 

Edward  Kasner, 

Assistant  Secretary. 
Columbia  University. 


THE  MEETING   OF  SECTION  A  OF  THE   AMER- 
ICAN ASSOCIATION  FOR  THE  ADVANCE- 
MENT OF   SCIENCE,   PITTSBURGH, 
PA.,  JUNE  28-JULY  3,  1902. 

Both  in  attendance  and  in  the  number  and  character  of  the 
papers  presented,  the  Pittsburgh  meeting  of  Section  A  of  the 
American  Association  for  the  Advancement  of  Science,  was 
very  successful.  The  Secretary  has  not  preserved  a  memoran- 
dum of  the  members  who  were  present,  but  he  estimates  that 
forty  or  more  attended  the  different  sessions.  The  Section  met 
on  Monday  afternoon,  June  30,  the  Vice-President,  Professor  G. 
W.  Hough,  of  Northwestern  University,  presiding,  to  hear  the  ad- 
dress of  the  retiring  Vice-President,  Professor  James  McMahon, 
of  Cornell  University.  In  the  absence  of  Professor  McMahon, 
his  address,  the  subject  of  which  was  "  Some  recent  applica- 
tions of  function  theory  to  physical  problems,"  was  read  by 
Professor  R.  S.  Woodward,  of  Columbia  University.  This 
address  was  published  in  Science^  for  July  25. 

Amongst  the  papers  on  the  programme  of  the  Section  were 
three  important  reports :  I,  ''  A  report  on  quaternions,'^  by 
Professor  Alexander  Macfarlane,  which  will  be  published  in 
the  Proceedings  of  the  Association.      II,  "  A  second  report  on 


Digitized  by  VjOOQIC 


1902.]       MEETING  OF   THE   AMERICAN   ASSOCIATION.  96 

recent  progress  in  the  theory  of  groups  of  finite  order,"  by 
Professor  G.  A.  Miller,  Stanford  University,  which  was 
presented  in  abstract  by  Dr.  W.  B.  Fite,  Cornell,  in  Profes- 
sor Miller's  absence.  This  report  appears  in  the  present 
number  of  the  Bulletin.  Ill,  "  A  report  on  the  theory  of 
coUineations,"  by  Professor  H.  B.  Newson,  the  University  of 
Kansas,  which  was  read  by  title,  in  Professor  Newson's  absence. 
This  report  will  be  published  in  the  Proceedings  of  the  Associa- 
tion.    Titles  and  abstracts  of  the  other  papers  follow  below. 

Professor  David  P.  Todd,  Amherst  College  Observatory, 
presented  two  papers  : 

I.  "  On  the  adaptability  of  the  glycerine  clock  to  the  diurnal 
motion  of  astronomical  instruments,  particularly  those  used  in 
photographing  solar  eclipses.^' 

The  glycerine  clock  is  an  accurately  constructed  cylinder, 
about  four  inches  in  diameter,  in  which  travels  a  piston,  the 
rate  of  flow  of  the  glycerine  being  controlled  by  a  series  of 
needle  valves.  By  attaching  a  mirror  or  objective  to  a  frame, 
equatorially  mounted,  and  setting  the  clock  under  one  of  its 
arms  at  any  convenient  distance  from  the  axis,  the  requisite 
rate  for  counteracting  the  diurnal  motion  of  the  sun  can  be 
given  by  means  of  the  needle  valves.  This  permits  very 
heavy  weights  to  be  thrown  on  the  piston  and  thereby  the 
vibration  of  the  instrument  by  wind  can  be  precluded.  When 
the  run  of  the  piston  is  finished,  the  glycerine  is  pumped  out 
of  the  top  of  the  cylinder  and  forced  back  into  the  bottom,  and 
the  run  is  commenced  over  again. 

II.  "  On  a  convenient  type  of  finder  for  very  large  equa- 
torials." 

In  equatorials  above  twenty  inches  in  aperture,  the  ordinary 
finder  is  necessarily  mounted  so  far  away  from  the  axis  of  the 
great  telescope  that  its  use  occasions  much  inconvenience,  on 
account  of  the  distance  of  its  eye  piece  from  that  of  the  great 
tube.  To  obviate  this  difficulty  Professor  Todd  proposes  to 
construct  the  finder  with  a  pair  of  reflectors,  either  planes  or 
prisms,  set  at  45°,  and  to  mount  its  tube  in  rings  or  bearings. 
By  turning  the  tube  in  these,  the  finder's  eye  piece  can  be 
brought  as  near  the  eye  piece  of  the  great  tube  as  is  desired,  or 
pushed  away  from  it  to  admit  attachment  or  adjustment  of 
subsidiary  apparatus. 

"  Series  whose  product  is  absolutely  convergent,^'  Professor 
Florian  Cajori,  Colorado  College. 
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This  paper  is  a  continuation  of  the  subject  as  developed  by 
the  author  in  his  previous  papers  ( Transactions  of  the  American 
Mathematical  Society,  volume  2,  pages  25-36  (1901)  ;  Science, 
volume  14,  page  395  (1901),  Bulletin,  volume  8,  pages  231- 
236  (1902),  and  in  the  article  of  Alfred  Pringsheim  (Trans- 
auctions  of  the  American  Mathemaiical  Society,  volume  2,  pages 
404-412  (1901).  Some  of  the  results  previously  obtained, 
relating  to  absolutely  convergent  products  of  two  or  more  series, 
are  generalized  and  the  method  of  treatment  is  simplified. 
The  construction  of  pairs  of  divergent  series  with  real  or  com- 
plex terms  is  given,  such  that  the  product  of  the  two  series  is 
not  only  absolutely  convergent,  but  equal  to  any  desired  value, 
including  zero. 

Professor  Greorge  Bruce  Halsted,  University  of  Texas,  pre- 
sented two  papers : 

I.  "  A  new  treatment  of  volume." 

By  a  sect  calculus,  the  product  of  two  sects  is  fixed.  The 
area  of  a  triangle  is  defined  as  half  the  product  of  base  and 
altitude,  which  is  proved  independently  of  the  side  chosen  as 
base.  Then  the  volume  of  a  tetrahedron  is  defined  as  one  third 
the  product  of  base  and  altitude,  which  is  proved  independently 
of  the  side  chosen  as  base.  Then  is  proven  the  theorem  :  The 
volume  of  any  tetrahedron  is  equal  to  the  sum  of  the  volumes 
of  all  the  tetrahedra  which  arise  from  the  first  by  making 
successively  a  set  of  transversal  partitions.  Then  the  theorem : 
However  a  tetrahedron  is  cut  by  a  plane,  this  partition  can  be 
obtained  in  a  set  of  transversal  partitions  using  not  more  than 
two  other  planes.  Then  is  proven  as  a  theorem  :  If  a  tetrahe- 
dron T  is  in  any  way  cut  by  any  planes  into  a  certain  finite  num- 
ber of  tetrahedra  T^,  then  is  always  the  volume  of  the  tetrahe- 
dron T  equal  to  the  sum  of  the  volumes  of  all  the  tetrahedra  T^. 
Then  the  volume  of  any  polyhedron  is  defined  as  the  sum  of 
the  volumes  of  any  set  of  tetrahedra  into  which  it  is  cut,  and 
ehis  is  proved  independently  of  the  set  taken.  A  corollary  is 
that  if  a  polyhedron  be  cut  into  polyhedra,  the  sum  of  their 
volumes  equals  its  volume.  Then  a  prismatoid  is  defined,  and 
by  cutting  it  into  tetrahedra  its  volume  is  proved  to  be 

F=  I  (5  +  ZS)  [see Halsted' s Elements]. 

All  the  forms  of  elementary  geometry  follow  as  special  cases 
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of  this.  For  example,  the  volume  of  the  cube  with  edge  1  is 
thus  proved  to  be  1.  Thus  volume  is  completely  treated  with- 
out ratio,  without  continuity,  without  limits,  without  infinity  or 
any  infinite  process. 

II.  "  A  new  founding  of  spherics." 

This  founds  two-dimensional  spherics  and  deduces  all  its 
theorems  by  assuming  three  sets  of  postulates.  It  makes  no 
use  of  euclidean  space,  no  use  of  straight  line,  center,  radius,  no 
use  of  any  theorem  of  solid  geometry.  Thus  it  is  an  establish- 
ing of  two-dimensional  Riemannian  geometry.  The  second 
group  of  assumptions,  the  ^^  betweenness  "  assumptions,  are  en- 
tirely new.  There  is  no  assumption  that  the  shortest  path  be- 
tween two  points  is  on  a  straigbtest  line  or  great  circle.  It  is 
rigorously  proved  that  two  sides  of  a  spherical  triangle  are  to- 
gether greater  than  the  third.  Thus  is  eliminated  the  objec- 
tionable assumption  analogous  to  ^Hhe  straight  line  is  the 
shortest  distance  between  two  points." 

"A  new  solar  attachment,"  Professor  Herbert  A.  Howe,* 
Chamberlin  Observatory,  University  Park,  Colorado. 

The  purpose  of  this  paper  is  to  call  the  attention  of  teachers 
of  astronomy  to  a  new  solar  attachment,  the  ^^  Shattuck  solar," 
which  is  capable  of  illustrating  the  uses  of  a  number  of  as- 
tronomical instruments.  When  it  is  attached  to  an  ordinary 
engineer's  transit,  a  teacher  may  give  his  students  a  good  deal 
of  practice  with  it  in  some  of  the  fundamental  processes  of 
practical  astronomy,  without  having  recourse  to  expensive 
astronomical  instruments.  The  instruments  illustrated  are  the 
prism  transit  in  the  meridian,  the  zenith  telescope,  the  prime 
vertical  transit,  the  sextant,  and  the  equatorial  coud^. 

"  On  the  periodic  solutions  of  the  problem  of  three  bodies," 
Professor  E.  O.  Lovett,  Princeton  University. 

Lagrange  found  five  exact  solutions  of  the  problem  of  three 
bodies  in  each  of  which  the  bodies  preserve  an  unvarying  con- 
figuration which  revolves  with  a  uniform  velocity.  When  the 
third  body  is  of  infinitesimal  mass  compared  with  the  other 
two,  it  can  describe  small  periodic  orbits  in  the  vicinity  of  the 
points  where  exact  solutions  exist.  The  latter  points  were 
called  centers  of  libration  by  Gyld^n,  and  Darwin  calls  the 
infinitely  small  body  an  oscillating  satellite.  Hill  pointed  out 
the  fertility  of  the  notion  and  made  a  splendid  application  of  it 
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in  his  lunar  theory.  Poincar6  elaborated  the  mathematical 
theory  in  his  celebrated  researches,  and  we  owe  to  Darwin  an 
extended  collection  of  examples  of  periodic  orbits. 

One  of  the  most  recent  investigations  of  such  orbits  is  a  sug- 
gestive paper  by  Charlier,  in  No.  18  of  the  Meddelanden  frdn 
Lunds  Astronomiska  Observatorium,  In  the  Monthly  Notices  of 
the  Royal  Astronomical  Society  for  November,  1901,  Plummer 
has  discussed  some  of  Charlier^s  results  in  a  more  general 
manner. 

It  is  the  object  of  Professor  Lovett's  paper  to  determine  the 
imaginary  centers  of  libration  and  their  corresponding  orbits, 
and  thus  complete  the  analytical  solution  proposed  by  Charlier. 
The  results  cannot  be  expected  to  fit  the  sky,  but  they  may  be 
of  some  interest  to  mathematical  astronomers.  It  appears  that 
there  are  real  periodic  orbits  corresponding  to  imaginary  cen- 
ters of  libration. 

"  The  rate  of  the  Riefler  sidereal  clock,  No.  56,"  Professor 
Charles  S.  Howe,  Case  School  of  Applied  Sciences. 

In  order  to  obtain  the  best  rate  from  a  clock,  it  is  necessary 
to  have  it  under  constant  pressure  and  constant  temperature. 
Constant  temperature  may  be  obtained  in  a  clock  room.  Dr. 
Riefler,  of  Munich,  is  the  only  manufacturer  in  the  world  who 
makes  a  clock  in  an  air-tight  glass  case.  There  are  three  of 
these  clocks  in  the  United  States,  one  of  which  is  at  the  Case 
Observatory.  The  mean  daily  rate  of  this  clock  for  a  trifle 
over  three  months  was  .116  of  a  second.  The  average  daily 
variation  from  this  mean  daily  rate  was  .015  of  a  second,  and 
the  maximum  variation  was  .022  of  a  second.  It  is  believed 
that  these  rates  are  the  best  ever  published. 

"  A  representation  of  the  codrdinates  of  the  moon  in  power 
series  which  are  proved  to  converge  for  a  finite  interval  of 
time,"  Dr.  F.  R.  Moulton,  University  of  Chicago. 

In  the  construction  of  a  lunar  theory  three  conditions  are 
very  desirable,  if  not  absolutely  essential,  viz.:  (a)  that  every 
step  and  the  general  process  shall  be  proved  to  be  logically 
valid,  at  least  under  certain  conditions  which  are  fulfilled  by 
the  moon ;  (6)  that  the  labor  of  constructing  the  series  shall 
not  be  so  great  as  to  be  impracticable,  and  (c)  that  the  arbi- 
trary constants  shall  enter  in  such  a  way  that  they  may  be  de- 
termined  from  observations  with  a  high  degree  of  precision. 
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The  first  condition  has  not  been  insisted  upon  heretofore.  The 
nearest  approach  is  in  Delaunay's  theory  in  which  every  one  of 
the  finite  number  of  steps  taken  is  separately  valid,  but  in  which 
the  infinite  sequence  which  is  involved  has  not  been  shown  to 
<x)n verge.  Dr.  Moulton  imposes  everywhere  condition  (a),  and 
also  (6)  and  (c)  so  far  as  possible. 

By  making  use  of  Cauchy's  existence  theorem  for  the  solu- 
tions of  total  differential  equations  and  Mittag-Leffler's  recent 
splendid  researches  on  the  representation  of  analytic  function  in 
extended  areas  by  generalizations  of  power  series,  and  by  de- 
fining conveniently  a  certain  anchor  ring,  Dr.  Moulton  arrives 
at  a  method  of  obtaining  expressions  for  the  coordinates  of  the 
moon  which  are  valid  for  any  length  of  time  chosen  in  advance  ; 
and,  moreover,  it  is  possible  to  determine  in  advance  a  number 
•of  terms  which  will  give  an  arbitrary  degree  of  accuracy. 
These  very  general  results  fulfill  condition  (a),  but  unfortu- 
nately do  not  fulfill  (6)  and  (c). 

Another  method  is  given  depending  upon  the  expansion  of 
the  expressions  for  the  coordinates  as  power  series  in  certain 
appropriately  chosen  parameters,  the  coefficients  in  the  case  of 
the  linear  variables  being  trigonometric  functions  of  the  time, 
and  in  the  case  of  the  angular  variables,  linear  and  trigono- 
metric functions  of  the  time.  It  is  proved  that  these  series 
<5onverge  for  all  values  of  the  time  not  too  remote  from  the 
initial  epoch.  When  a  sufficient  number  of  terms  have  been 
taken  so  that  the  error  committed  shall  be  less  than  an  arbi- 
trary amount  they  may  be  rearranged  as  a  Fourier  series  so 
that  the  expressions  will  be  of  the  form  given  in  the  standard 
methods.  This  method  fulfills  all  three  of  the  conditions,  but 
the  second  not  so  well  as  that  first  developed  by  Hill  in  his 
remarkable  researches. 

"  The  mass  of  the  rings  of  Saturn,"  Professor  Asaph  Hall, 
'South  Norfolk,  Conn. 

The  mass  of  these  rings  was  first  determined  by  Bessel  in 
1831  from  the  motion  of  the  apsides  of  the  orbit  of  Titan. 
This  motion  is  about  half  a  degree  in  a  year.  But  the  action 
of  the  figure  of  the  planet,  and  the  attractions  of  the  other 
satellites  were  neglected  ;  and,  as  Bessel  pointed  out,  the  result- 
ing mass  of  the  rings  was  too  great.  This  mass  is  1/118,  the 
mass  of  Saturn  being  taken  as  the  unit. 

In  this  paper  an  equation  was  formed  containing  two  indeter- 
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minate  quantities  depending  on  the  figure  of  the  planet^  the 
mass  of  the  rings,  and  the  masses  of  the  three  brighter  satel- 
lites, Rhea,  Dione  and  Tethys.  The  small  resulting  action  of 
the  other  satellites  was  estimated.  The  coefficients  of  these 
six  indeterminate  quantities  can  be  computed  with  sufficient 
accuracy.  The  uncertainty  in  finding  the  mass  of  the  rings 
arises  chiefly  from  the  lack  of  good  values  of  the  masses  of  the 
satellites.  These  masses  must  be  found  from  the  mutual  per- 
turbations of  the  satellites.  Substituting  the  values  of  the- 
masses  of  the  satellites  determined  by  Professor  H.  Struve, 
the  principal  coefficient  depending  on  the  figure  of  the  planet 
was  assumed  to  be  0.0222.  The  mass  of  the  rings  is  1/7092. 
It  is  probable  that  Struve's  masses  of  the  satellites  are  too 
small,  and  the  above  mass  of  the  rings  would  be  too  great. 

Saturn  will  soon  return  to  our  northern  skies,  and  it  is  hoped 
that  further  observations  and  their  discussion  will  give  good 
values  of  the  constants  of  this  interesting  system. 

Professor  John  A.  Eiesland,  Thiol  College,  presented  two- 
papers: 

I.  "  On  a  class  of  real  functions  to  which  Taylor's  theorem 
does  not  apply." 

As  an  example  of  a  function  to  which  Taylor's  expansion 
does  not  apply  Cauchy  gave  /(«)  =  6  ""  ^''* .  Pringsheim  has  the- 
following  series 

f(x)  =  y;^^^ ^,         a  >  1  and  real, 

which  expanded  gives  rise  to  the  series 

<^(a;)  =  6-1  -  e'^x  +  6-*V =b  e-^-aj-'qz  . . . 

This  series  is  convergent  throughout  the  finite  portion  of  the 
plane,  while /(cc)  in  the  neighborhood  of  aj  =  0  has  an  infinite 
number  of  poles  cc  =  0.  There  is  a  class  of  functions  of  this 
kind  which  are  distinguished  by  the  additional  property  that 
they  give  rise  to  identically  the  same  expansion.  Such  a  func- 
tion is  ,    .  2 

£(-')•(;)  . 

•^(^^^         (2i;+l)!        'l+a'^+'x' 
which  expanded  becomes 


.21/+1 
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.,  V         .    TT        .    air      ,     ,     cfir   •  /    ^   i\ 

<l>(x)  =  sm  -  —  sin  -— a;  +  sin  ~^-x^  —  . . .  (a  >  1). 

If  a  is  any  even  integer, 

if  a  is  an  odd  int^er  of  the  form  4n  +  1, 

and  if  a  is  an  odd  integer  of  the  form  4n  —  1, 

Hence  all  functions  /(«)  having  different  poles  may  give  rise 
to  the  same  expansion  in  Taylor's  series.  The  reason  for  this 
singular  phenomenon  must  be  sought  in  the  periodicity  of  the 
coefficients  in  the  expanded  series.  Another  class  of  functions 
all  having  the  mme  poles  but  differing  in  the  values  assigned  to 
the  coefficients  present  the  same  feature.  Functions  of  the 
type 

may  be  expanded  in  a  power  series  A^  +  A^x  +  A^  +  •  •  •  in 
which  • 

OP  ao  CB 

0  0  0 

Now  this  system  of  equations  may  be  solved  for  the  unknown 
c^  by  a  method  employed  by  Poincar^  ;  *  the  system  of  values 
obtained  is  not  unique,  in  fact  as  Poincar^  shows 

c^a^c^a,C2a^...,c,a•',...,-l 

also  form  a  system  of  solutions,  and  more  generally 

Co«°^,  c^a^,  c,a*^, . . .,  c^^, ...,(-  1)  ^ 

are  solutions  of  the  system.  But  to  all  the  different  functions 
/(a?)  that  may  thus  be  constructed  there  corresponds  only  one 

*BuU.  dtf  \a  Soc,  Math,  de  France,  vol.  8.    . 
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expansion  ^  (x)  which  of  course  does  not  represent  any  of  the 
functions. 

II.  ^<  On  a  class  of  transcendental  functions  with  line 
singularities." 

Borel  has  given  the  function 

<^(«)  =  l.b,x'-        (-^^^-^-^  >  ^) 

as  an  example  of  a  class  of  functions  which  with  all  their  deriva- 
tives remain  finite  and  continuous  within  the  unit  circle  as 
well  as  on  it.  To  this  class  of  transcendentals  the  following 
type  may  be  added : 

where  lim  a^  =  0^  lim  6^  =  0,  and  a  =  an  incommensurable 
number.  The  circle  of  radius  unity  is  an  essential  singular 
line  for  all  such  functions,  and  this  with  respect  to  zeros  as  well 
as  poles  which  are  situated  outside  the  circle,  this  curve  being  the 
point  limit  of  poles  and  zeros.     A  more  general  type  is 

where 

y^^^)  -  ^  -  (1  +  bj)e^  +  t  L -J  ^  (1  +  6,)e»'*-  J 

All  these  functions  can  be  proved  finite  and  continuous 
within  as  well  as  on  the  unit  circle  together  with  all  their 
derivatives  up  to  any  order  as  high  as  we  please.  They  admit 
of  no  analytical  expansion  beyond  this  circle ;  the  zeros  and 
poles  approach  the  unit  circle  in  a  narrowing  spiral,  but  none 
of  these  singularities  are  situated  on  the  curve. 

"  On  a  general  method  of  subdividing  the  surface  of  a  sphere 
into  congruent  parts :"  Mr.  Harold  C.  Goddard,  Amherst 
College. 

The  problem  was  incidental  to  the  practical  problem  of  con- 
structing a  steel  sphere  one  hundred  feet  in  diameter,  in  con-^ 
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nection  with  a  Dew  method  of  mounting  a  telescope,  as  out- 
lined in  an  article  in  the  American  Journal  of  Science  for  June, 
1902,  by  Professor  David  P.  Todd. 

If  a  regular  dodecaedron  be  inscribed  in  a  sphere,  planes  de- 
termined by  the  center  and  each  edge  of  the  dodecaedron  cut 
out  on  the  sphere  twelve  equal  regular  spherical  pentagons. 
If  the  vertices  of  each  pentagon  be  connected  with  its  center 
by  arcs  of  great  circles  the  surface  of  the  sphere  is  divided  into 
sixty  congruent  isosceles  spherical  triangles,  whose  angles  are 
determined  as  60^,  60°  and  72°. 

Professor  J.  Burkitt  Webb,  Stevens  Institute  of  Technology, 
presented  two  papers : 

I.  "  A  possible  new  law  in  the  theory  of  elasticity." 

II.  "  Displacement  polygons." 

The  first  of  these  papers  was  presented  by  abstract,  and  the 
second  by  title.  The  law  referred  to  in  the  first  is  :  "  If  the 
forcible  change  of  the  distance  between  two  points  in  an  elas- 
tic system  changes  the  distance  of  two  other  points  by  a  cer- 
tain amount,  then  the  same  force  applied  to  alter  the  distance 
of  the  two  other  points  will  change  the  distance  of  the  first 
two  points  by  the  same  amount." 

"On  extracting  roots  of  numbers  by  subtraction,"  Dr. 
Artemas  Martin,  Washington,  D.  C. 

This  paper  is  a  development  and  extension  of  an  article, 
published  in  the  Philosophical  Magazine  for  September,  1880, 
by  tlie  Rev.  F.  H.  Hummell.  Dr.  Martin  shows  how  to  de- 
termine any  root  of  any  perfect  power  by  subtracting  from  the 
given  power  a  certain  series  of  subtrahends.  If  the  given 
number  is  not  a  perfect  power  that  fact  is  revealed  at  a  close  of 
the  operation.  The  last  remainder  is  always  equal  to  the  root 
sought,  if  the  given  number  is  a  perfect  power,  and  the  num- 
ber of  subtractions  is  less  by  unity  than  the  root  sought.  The 
general  formula  for  the  nth  subtrahend  of  the  mth  root  is 

S^=(n+l)"~(7i-  +  l), 

or  6;  =  S„_i  +  (n  +  1)"*  +  (n  -  1)*^  -  2n*». 

The  paper  will  be  published  in  the  Mathematical  Magazine. 

"  On  the  positions  of  the  northern  circumpolar  stars : "  Pro- 
fessor Milton  Updegraff,  Washington,  D.  C. 
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The  questions  discussed  by  Professor  Updegraff  were  : 

(1)  The  importance  of  accurate  knowledge  of  the  positions 
of  the  fixed  stars,  and  the  greater  attention,  comparatively 
speaking,  which  has  hitherto  been  paid  to  the  places  of  the 
equatorial  stars. 

(2)  The  fundamental  work  on  the  circumpolar  stars  of  the 
Greenwich  and  Pulkowa  observatories.  DiflFerential  work  done 
by  Groombridge,  Carrington  and  Schwerd.  Later  work  done 
at  Greenwich  and  Pulkowa,  and  in  America.  Observations  of 
circumpolar  stars  requested  by  Auwers. 

(3)  By  observing  the  circumpolar  stars  at  both  upper  and 
lower  culminations  on  the  same  day,  their  places  can  be  deter- 
mined so  that  the  results  are  practically  fundamental.  The 
fainter  stars  can  be  observed  at  both  culminations  on  the  same 
day,  during  the  fall  and  winter  months  in  middle  latitudes,  by 
observing  a  certain  list  of  stars  in  the  early  morning  and  again 
early  in  the  evening.  Instrumental  errors  are  largely  elim- 
inated, as  also  are  errors  of  personal  equation  and  of  the  refrac- 
tion tables.  The  periodic  variation  of  the  position  of  the  pole 
may  be  determined  and  also  eliminated  from  the  observed 
places.  The  formula  for  reducing  the  observations  is  the  fol- 
lowing well  known  modification  of  BessePs  formula  for  the 
reduction  of  observations  in  right  ascension, 

a=  T+AT+m  +  (n  +  c)tan  S  +  c(sec8  —  tan8). 

(4)  The  desirability  was  pointed  out  of  an  extended  series 
of  fundamental  observations  of  both  equatorial  and  circum- 
polar stars  for  increasing,  for  example,  our  knowledge  of  the 
motions  and  distribution  of  the  stars  in  space.  Such  a  series 
of  observations  would  be  useful  in  constructing  a  general  cata- 
logue of  fundamental  stars,  numbering  several  thousand,  and 
selected  with  reference  to  their  suitability  to  serve  as  standard 
points  of  reference. 

(5)  In  conclusion  certain  advantages  in  the  location  of  the 
Naval  Observatory  in  Washington  for  'fundamental  work  on 
the  fixed  stars  were  stated.  Washington  is  twelve  and  one 
half  degrees  in  latitude  south  of  Greenwich,  twenty  degrees 
south  of  Pulkowa,  and  seven  and  one  half  degrees  south  of  the 
new  branch  of  the  Pulkowa  Observatory  at  Odessa.  It  is 
however  far  enough  north  so  that  the  northern  circumpolar 
stars  can  be  advantageously  and  accurately  observed.  For 
these  reasons  it  may  be  said  that  perhaps  no  better  location,  as 
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regards  latitude^  could  be  found  for  supplementing  the  funda- 
mental work  done  at  Greenwich,  Pulkowa  and  the  Cape  of 
Good  Hope.  The  climate  at  Washington  is  very  good  for 
work  of  this  kind.  The  local  conditions  are  also  favorable  and 
are  likely  to  remain  so. 

"  The  definite  determination  of  the  causes  of  variation  in 
level  and  azimuth  of  large  meridian  instruments,'^  Professor 
G.  W.  Hough,  Dearborn  Observatory,  Evanston,  111. 

Professor  Hough  went  into  an  elaborate  discussion  of  several 
series  of  observations  upon  the  causes  and  effects  of  this  varia- 
tion with  different  styles  of  mounting.  His  conclusion  was 
that  stone  piers  give  the  best  results.  The  paper  gave  rise  to 
some  spirited  discussion. 

"  Some  theorems  on  ordinary  continued  fractions/'  Profes- 
sor Thomas  E.  McKinney,  Marietta  College. 

Let  D  be  any  positive  integer  not  a  perfect  square  and  let 
its  square  root  be  represented  by  an  ordinary  continued  frac- 
tion. Professor  McKinney  determines  the  form  of  D  so  that 
the  continued  fraction  representing  its  square  root  may  have  a 
period  with  one,  two,  three  or  four  elements  and  applies  the 
results  to  the  determination  of  the  number  of  reduced  forms  in 
the  class  to  which  the  indefinite  quadratic  form  (1, 0,  D)  belongs. 

"  On  the  forms  of  sextic  scrolls  of  genus  one,"  Dr.  Virgil 
Snyder,  Cornell  University. 

Dr.  Snyder  applied  the  same  methods  to  find  the  forms  of 
sextic  scrolls  of  genus  1  as  he  previously  employed  in  the  study 
of  the  unicursal  surfaces.  Thirty-three  types  are  found,  ten  of 
which  have  a  multiple  conic.  The  same  method  is  being  ap- 
plied to  sextic  scrolls  of  genus  greater  than  1.  The  complete 
paper  will  be  published  in  the  American  Jourrud  of  Maiheniatics. 

"  Transformation  of  the  hypergeometric  series, "  Professor 
Edgar  Frisby,  U.  S.  Naval  Observatory. 

If  in  the  differential  equation  of  the  second  order  connect- 
ing the  elements  of  the  hypergeometric  series 

P  =  1  +  -  -x  +  —^\ y  —  ^Y  ^  +  etc. 

7  l-2-7-(7+l) 

05^  P'  be  substituted  for  P,  new  relations  are  obtained  in  which 
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P'  takes  the  place  of  P,  and  the  new  elements  are  functions  of 
the  original  elements,  fi  is  determined  from  the  condition  that 
the  new  series  must  be  of  the  same  general  form  as  the  old. 
If,  in  addition,  x  be  replaced  by  l/aj  another  series  is  obtained. 
From  these  two  new  series,  by  proper  substitution  of  the  new 
derived  elements,  are  obtained,  almost  by  inspection,  the  twenty- 
four  different  series  ordinarily  given  in  works  on  differential 
equations. 

Edwin  S.  Crawley, 

Secretary, 
Univkbsity  of  Pennsylvania. 


SECOND   REPORT  ON   RECENT  PROGRESS   IN 

THE  THEORY  OF  GROUPS   OF 

FINITE   ORDER. 

BY  PROFESSOR  G.    A.    MILLER. 

(Read  before  Seofcion  A  of  the  Amerioan  Assooiation  for  the  Advancement  of 
Soienoe,  Pittsbarg,  Jaly  %  1902.) 

The  main  extensive  treatments  of  this  theory  which  have  ap- 
peared during  the  four  years  since  my  first  report  was  .presented 
before  this  Section  are :  The  articles  in  volume  I  of  the  Ency- 
klopadie  der  '  mathematischen  Wissenschaften  on  ^^  Endliche 
discrete  Gruppen,"  '*  Galois'sche  Theorie  mit  Anwendung,"  and 
"  Endliche  Gruppen  linearer  Substitutionen,"  by  Burkhardt, 
Holder,  and  Winian  respectively ;  Weber,  Lehrbuch  der  Alge- 
bra, second  edition,  volume  2,  1899 ;  Bianchi,  Lezioni  sulla 
teoria  dei  gruppi  di  sostituzioni,  1899  ;  *  Echegaray,  Lecciones 
sobre  resolucion  de  ecuaciones  y  teoria  de  ecuaciones,  1899  ;f 
Netto,  Vorlesungen  iiber  Algebra,  volume  2,  1900 ;  Pierpont, 
"  Galois  theory  of  algebraic  equations,"  J  1900  ;  Dickson,  Lin- 
ear groups,  1901 ;  Burnside  and  Panton,  Theory  of  equations, 
volume  2,  1901. 

In  the  present,  as  in  my  first  report,  it  is  my  intention  to 
avoid,  as  far  as  practicable,  the  consideration  of  those  recent 
advances  which  have  received  considerable  attention  in  these 

♦Printed  edition  of  the  work  lithographed  in  1897. 

t  Reviewed  in  V Enseignement  Maihematique,  vol.  2  (1900),  p.  227. 

t  Annah  of  Math.  ^  2d  series,  vols.  1  and  2. 
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articles  and  treatises,  and  to  devote  most  of  the  space  to  a  few 
recent  developments  which  seem  to  offer  inviting  fields  of  investi- 
gation. It  is  hoped  that  this  report  will  soon  be  supplemented 
in  some  directions,  like  the  first  report  the  usefulness  of  which 
was  greatly  extended  by  Professor  Dickson.* 

For  several  years  Dr.  Steinitz,  of  Charlottenberg,  has  had 
under  consideration  a  report  on  the  theory  of  groups  of  finite 
order  for  the  Deutsche  Mathematiker-Vereinigung.  In  a  recent 
letter  he  expressed  the  hope  of  having  this  report  ready  for  the 
next  meeting  of  the  Vereinigung,  which  will  be  held  at  Karlsbad 
during  the  coming  September  in  connection  with  Section  I  of 
the  Gesellschaft  Deutscher  Naturforscher  und  Aerzte.  Dr. 
Easton,  of  the  University  of  Pennsylvania,  has  prepared  a 
bibliography  of  the  theory  of  substitutions  together  with  a  col- 
lection of  theorems  and  definitions,  which  is  now  in  press. 

§  1.  Abstract  Groups. 

If  the  three  numbers  Z,  m,  n  are  the  orders  of  three  opera- 
tors one  of  which  is  a  product  of  the  other  two,  it  is  well 
known  that  the  group  generated  by  any  two  of  these  operators 
is  completely  determined  by  Z,  m,  n  provided  at  least  two  of 
these  numbers  are  2 ;  or  one  is  2,  another  3,  while  the  thii*d  is 
3,  4,  or  6.  The  groups  which  may  be  defined  in  this  way, 
together  with  those  which  are  cyclic,  are  known  as  the  groups 
of  genus  zero,  and  have  received  a  great  deal  of  attention  as 
they  are  the  groups  of  the  rotations  into  themselves  of  the 
regular  solids  and  hence  enter  prominently  into  many  geometric 
considerations. 

It  has  recently  been  proved  t  that  three  operators  X,  M^  N 
whose  orders  are  fixed  numbers  Z,  m,  n  respectively  can  always 
be  so  selected  as  to  generate  any  one  of  an  infinite  system  of 
groups  of  finite  order  whenever  each  of  these  fixed  numbers  ex- 
ceeds unity  and  the  three  do  not  satisfy  one  of  the  special  con- 
ditions mentioned  in  the  preceding  paragraph.  The  proof  of 
this  theorem  is  based  upon  the  fact  that  it  is  always  possible  to 
find  three  operators  such  that  one  of  them  is  a  product  of  the 
other  two  and  that  their  orders  are  the  three  arbitrary  numbers 
Z,  m,  n.     Both  of  these  theorems  were  proved  by  means  of  sub- 

*  DiokeoD,  **  Report  on  the  recent  progress  in  the  theory  of  linear  gronps," 
Bulletin,  vol.  6  (1899),  p.  13. 

turner.  Jour,  of  Math.  ^  vol.  24  (1902),  p.  96  ;  of.  Dyck,  Malh.  Annalen, 
Tol.20(1882),  p.  34. 
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stitutions.  It  would  appear  desirable  that  more  abstract  proofs 
should  be  given,  especially  since  the  published  proofs  are  based 
upon  considerations  which  are  not  commonly  employed. 

The  infinite  systems  of  groups  which  belong  to  a  particular 
set  of  values  of  Z,  m,  n  have  received  very  little  attention  except 
in  the  three  cases  where  these  numbers  are  such  as  to  give  rise 
to  groups  of  genus  one.  These  cases  have  been  studied  geo- 
metrically by  Dyck  *  and  Bumsidcf  Recently  they  have  been 
studied  from  the  purely  analytic  standpoint  and  some  interest- 
ing common  properties  have  been  found.  \  Perhaps  the  most 
important  of  these  is  the  fact  that  all  of  them  contain  an  abelian 
commutator  subgroup. 

The  groups  of  genus  one  which  are  not  included  in  the  three 
cases  mentioned  in  the  preceding  paragraph  are  those  which  may 
be  generated  by  three  operators  of  order  two  whose  continued 
product  is  also  of  order  two,  but  which  cannot  be  generated  by 
two  operators  of  order  two.  All  of  these  groups  may  be  con- 
structed by  adding  to  any  abelian  group  A^  having  just  two  in- 
dependent generators,  an  operator  of  order  two  which  transforms 
each  operator  of  A  into  its  inverse.  In  this  way  a  group  is  ob- 
tained whose  order  is  twice  the  order  of  A  and  which  contains 
only  operators  of  order  two  besides  those  of  A.  This  is  the 
simplest  category  of  groups  of  genus  one  and  has  many  properties 
in  common  with  the  dihedral  rotation  groups.  It  may  be  observed 
that  none  of  these  groups  can  be  generated  by  less  than  three 
operators.  This  category  includes  only  one  abelian  group,  viz., 
the  group  of  order  8  and  of  type  (1,  1,  1). 

From  what  precedes  it  is  clear  that  little  is  known  about  the 
groups  generated  by  the  two  operators  L  and  M  when  the  three 
numbers  Z,  m,  n  are  given.  A  closely  related  problem  which 
has  received  but  little  attention  is  the  study  of  the  groups  in 
which  the  order  of  every  operator  is  a  divisor  of  a  fixed  number 
k.  The  simplest  case,  viz.,  when  ^  =  2,  has  been  completely 
solved.  §  There  is  just  one  such  group  of  order  2*  for  every 
value  of  a.    This  is  the  only  value  of  k  for  which  aU  the  possible 


*  Loc.  ciL 

t  Theory  of  groups  of  finite  order,  1897,  p.  293. 

t  Quar.  Jour,  of  Math.,  vol.  33  (1901),  p.  76  ;  Annala  of  Math.,  vol.  3 
(1901),  p.  40  ;  The  case  when  the  ^ronps  are  generated  by  two  operators  of 
order  4  whose  product  is  of  order  2  was  considered  by  Manning  in  a  paper 
read  at  the  first  meeting  of  the  San  Franoisoo  section  of  the  Amer.  Math. 
Soc.,  May,  1902. 

§  Quar.  Jour,  of  Math.,  vol.  28  (1896),  p.  208. 


Digitized  by  LjOOQIC 


1902.]  REPORT   ON   GROUPS   OP   FINITE   ORDER.  109 

groups  are  abelian.  When  £  =  3  it  is  very  easy  to  prove  that 
all  the  conjugate  operators  are  commutative.  Moreover,  it  is 
evident  that  this  property  is  not  common  to  all  the  groups  for 
any  value  of  k  greater  than  3. 

Recently  Bumside  has  made  a  study  of  all  the  possible  groups 
when  ib  as  3,  and  also  of  the  special  case  when  A;  ===  4  and  the 
groups  have  but  two  generators.*  The  more  general  case  when 
k  is  any  prime  p  seems  to  present  considerable  difficulty.  The 
order  of  such  a  group  is  evidently  a  power  of  p.  In  the  special 
case  when  there  is  an  abelian  subgroup  whose  order  is  the  order 
of  the  entire  group  divided  by  p  it  is  not  difficult  to  determine 
all  the  possible  groups.f  Even  for  ^',  /?  >  3,  there  are  groups 
which  contain  only  operators  of  order  p  without  containing  the 
abelian  group  of  order  p^. 

The  questions  considered  in  the  preceding  two  paragraphs 
may  be  regarded  as  special  cases  of  the  problem  to  determine 
all  the  groups  which  are  conformal  with  systems  of  abelian 
groups.  If  two  abelian  gi*oups  are  conformal,  i.  e.,  if  they  con- 
tain the  same  number  of  operators  of  each  order,  they  cannot 
be  distinct ;  but  with  respect  to  the  non-abelian  groups  the  mat- 
ter is  entirely  different.  Recently  all  the  possible  abelian 
groups  which  are  conformal  with  non-abelian  groups  have  been 
determined,:^  but  the  total  number  of  non-abelian  groups  which 
are  conformal  with  fixed  types  of  abelian  groups  are  known  in 
only  a  few  cases.  For  instance,  it  is  known  that  there  is  only 
one  non-abelian  group  which  is  conformal  with  the  abelian 
group  of  order  jo"*  and  of  type  (m  —  1,  1).  The  only  other 
types  of  order  p"^  for  which  all  the  conformal  non-abelian  groups 
are  known  are  (m  —  2,  2)  and  (m  —  2,  1,  1).§ 

If  p"^  is  the  highest  power  of  the  prime  number  p  which 
divides  the  order  of  a  group  then  the  group  must  contain 
\  +  kp  conjugate  subgroups  of  order  /?*  according  to  Sylow's 
theorem.  Moreover,  it  is  known  that  there  are  groups  for  all 
values  of  p  when  k  is  either  0  or  1.  Burnside  has  recently 
examined  the  cases  when  k  is  either  2  or  4  and  found  that  in 
both  of  these  cases  the  possible  values  of  p  are  greatly  restricted. 
His  results  ^re,  when  &  =  2,  then  1  -f  2j9  is  either  a  prime  or  a 
power  of  3  ;  and  when  k^^^  then  1  -f  4/?  is  either  a  prime,  9, 

*  Burnside,  Qaar.  Jour,  of  Math.,  vol.  33  (1902),  p.  230. 
t  Bulletin,  vol.  8  (1902),  p.  39. 
X  Bulletin,  vol.  8  (1902),  p.  154. 
i  Loc,  ciL,  p.  206. 
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or  a  power  of  6.  The  case  when  ^  =  3  seems  to  present  gi-eater 
difficulties  but  it  is  easy  to  see  that  there  are  also  limitations  on 
the  form  of  j)  for  this  value  of  h,  * 

Most  of  these  advances  in  the  theory  of  abstract  groups  have 
been  made  by  means  of  substitution  groups.  When  this  method 
is  employed  comparatively  little  use  is  made  of  definitions,  as  all 
the  steps  can  be  conveniently  illustrated  by  means  of  concrete 
examples.  For  some  purposes  it  is  however  desirable  to  pro- 
ceed more  abstractly.  This  seems  to  be  especially  the  case  in 
a  systematic  presentation  of  the  subject.  Hence  it  becomes 
desirable  that  the  definitions  should  be  so  formulated  as  to  be 
as  useful  as  possible.  It  is  also  desirable  to  avoid  redundancies 
as  these  mar  the  beauty  of  the  presentation.  Recently  Dr. 
Huntington  has  pointed  out  redundancies  in  the  definitions 
usuaUy  given  and  has  formulated  definitions  which  do  not  in- 
volve these  objectionable  features,  f  Professor  Moore  has  also 
presented  a  note  on  this  subject.  | 

Scarpis  has  recently  considered  some  properties  of  commutators 
and  of  commutator  subgroups.  He  proves  by  a  method  which  dif- 
fers somewhat  from  the  one  employed  earlier,  that  the  important 
question  of  solvability  can  readily  be  decided  by  means  of  com- 
mutator subgroups.§  Although  he  gave  a  general  reference  to 
the  earlier  article  in  which  this  theorem  is  proved,  yet  one  would 
naturally  infer  in  reading  his  article  that  he  considered  the 
theorem  as  new.  One  might  also  question  the  propriety  of 
naming  these  groups  after  Dedekind,  since  he  published  very 
little  in  regard  to  them,  and,  moreover,  was  not  the  first  to  make 
their  properties  known.  || 

The  interesting  question  whether  every  operator  of  a  commu- 
tator subgroup  is  a  commutator  has  been  answered  in  the  nega- 
tive in  volume  2,  page  133,  of  the  second  edition  of  Weber's 
Algebra.  Dr.  Fite  has  found  some  conditions  which  are  suf- 
ficient for  the  existence  of  such  operators,  and  has  published  a 
group  which  satisfies  these  conditions.^f  Wundt  proved  a  very 
interesting  theorem  in  regard  to  the  special  class  of  soluble 
groups  which  possess  a  principal  series  of  composition  such  that 

*  Burnaide,  Messenger  of  MatJwmatirs,  vol.  31  (1901),  p.  77. 
t  HuntingtoD,  Bulletin,  vol.  8  (1902),  p.  296. 

I  Bulletin,  vol.  8  (1902),  p.  373. 

§  Scarpis,  Qiomale  de  Matemaiiche,  vol.  39  (1901),  p.  376 ;  of.  BULLETIN, 
vol.  6  (1899),  p.  105. 

II  Cf.  FrobenioB,  Berliner  Sitzungt^erichte,  1896,  p.  1348  ;  Cantor,  Gewkichte 
der  Mathemaiik,  vol.  2  (1900),  p.  811. 

1[  BULLETIN,  vol.  6  (1900),  p.  181. 
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all  of  the  corresponding  factor  groups  are  of  prime  order. 
Whenever  this  condition  is  satisfied  he  proved  that  the  com- 
mutator subgroup  must  be  the  direct  product  of  groups  whose 
orders  are  powers  of  primes.*  This  proof  is  partly  based  upon 
the  fact  that  every  group  contains  an  invariant  subgroup  (which 
may  be  the  identity)  which  is  the  direct  product  of  groups 
whose  orders  are  powers  of  primes  and  includes  all  other  inva- 
riant subgroups  that  have  this  property. 

The  most  extensive  work  on  the  enumeration  of  abstract 
groups  which  has  appeared  during  the  last  few  years  seems  to 
be  the  Enumeration  des  groupes  d'op^rations  d'ordre  donn6, 
1901,  128  p.,  lith.,  by  Le  Vavasseur.  This  work,  which  is  pub- 
lished by  Hermann,  Paris,  was  noticed  by  the  writer  too  lately 
to  permit  an  examination  before  writing  this  report.  The  same 
author  has  recently  published  less  extensive  enumerations  of  the 
groups  of  order  p^if  and  also  those  of  order  16^,  p  and  q  be- 
ing primes  and  p  being  odd.f  Western  has  considered  the 
groups  of  order  jo^y4  ^^*  ^^  ^°®  seems  to  have  determined  all 
the  groups  in  the  remaining  case  where  there  are  four  prime 
factors,  viz.,  when  the  order  is  p^qr.  The  enumeration  of  groups 
of  low  orders  has  been  extended  to  those  of  order  64. § 

Dickson  has  embodied  a  large  number  of  the  results  of  his 
extensive  investigations  in  his  Linear  Groups.  The  last  chap- 
ter of  this  work  is  devoted  to  a  summary  of  known  systems  of 
simple  groups.  It  is  observed  that  two  of  these  systems  in- 
volve simple  groups  of  the  same  order  that  are  not  isomorphic. 
The  object  of  some  of  his  more  recent  papers  is  to  show  that 
several  branches  of  group  theory  may  be  correlated  by  means 
of  transformations  in  a  given  domain  of  rationality.  The 
special  simple  group  of  order  604  has  been  defined  more  ab- 
stractly by  Burnside  in  the  Mathematische  Annalen^  volume 
62  (1899),  page  174.  Fricke  considers  this  group  from  a  dif- 
ferent standpoint  in  the  same  volume,  page  321. 

In  a  memoir  published  in  Bihang  till  Kongl.  Svenska  Vetens- 
hap8  Akademiens  Handlingar^  volume  25  (1900),  Wiman  de- 
termined all  the  subgroups  of  a  doubly  infinite  system  of  simple 
groups.  The  article  begins  with  a  study  of  the  Galois  imagi- 
naries  and  the  groups  of  finite  order  defined  by  congruences. 

*Wundt,  Math,  Annalen,  vol.  55  (1901),  p.  479. 

t  La  Vavassenr,  Comptes  rendus,  Paris,  vol.  128  (1899),  p.  1152  ;  vol.  129, 
p.  26. 

t  Western,  Fror,  of  the  London  Math.  8oc,^  vol.  30,  p.  209. 
§  Quar,  Jour,  of  Math,,  vol.  30  (1898),  p.  243. 
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Bauer,  in  a  series  of  articles  published  in  N(mveLles  Annales^* 
proved  a  number  of  theorems  relating  to  the  number  of  sub- 
groups of  particular  orders  that  can  occur  in  a  group  whose 
order  is  known.  Most  of  these  theorems  are  based  upon  those 
proved  by  Frobenius  in  the  Berliner  Sitzungsberichte  of  1895. 

While  some  questions  in  regard  to  abelian  groups,  for  in- 
stance those  which  relate  to  the  number  and  the  types  of  groups 
of  a  fixed  order,  have  been  completely  solved  yet  there  is 
a  large  number  of  others  which  have  received  but  little  atten- 
tion. Steinitz  has  recently  considered  one  of  the  latter,  viz., 
the  determination  of  how  many  times  a  group  7  is  contained  in 
the  product  ajS  of  two  abelian  groups.  In  other  words,  to 
determine  the  number  of  subgroups  a'  such  that  a'  is  isomorphic 
with  a  and  y/a^  is  isomorphic  with  /S,  Representing  this 
number*  by  ^(7 ;  a,  8)  Steinitz  investigated  some  of  the  proper- 
ties of  this  function  and  determined  all  these  groups  when  /3  is 
cyclic  or  has  just  two  independent  generators. f 

On  the  occasion  of  the  jubilee  of  Sir  G.  G.  Stokes,  Burnside 
presented  a  brief  memoir  on  the  groups  of  even  order  which 
contain  no  operator  of  even  order  except  those  of  order  2.  He 
found  that  these  groups  may  be  divided  into  three  distinct 
classes  which  are  represented  by  the  dihedral,  tetrahedral,  -and 
the  icosahedral  rotation  groups.  In  a  more  recent  paper  com- 
municated to  the  London  Mathematical  Society  he  considers 
the  groups  in  which  every  two  conjugate  operators  are  permut- 
able  and  proves  that  the  necessary  and  sufficient  condition  that 
the  order  of  such  a  group  is  finite  is  that  the  generators  are  of 
finite  orders.  The  case  when  the  order  is  a  power  of  3  is 
exceptional.^ 

§  2.  H0LOMORPHISM8. 

A  simple  isomorphism  of  a  group  ^.with  itself  has  been 
called  a  holomorphism  or  an  automorphism  of  (r.§  The  total- 
ity of  the  holomorphisms  of  G  correspond  to  a  group  /  known 
as  the  group  of  isomorphisms.  When  G  is  transformed  by  its 
own  operators  one  or  more  holomorphisms  are  obtained.  The 
totality  of  the  holomorphisms  that  can  be  obtained  in  this  way 
correspond  to  an  invariant  subgroup  I^  of  /,  which  is  known  as 

•Vol.  19  (1900),  pp.  59,  508,  509. 

t Steinitz,  Jahresbericht der  Deutschen  Math.-Vereinigung,  vol. 9 (1901 ) ,  p.  80. 
t  Nature,  vol.  66  (1902).  p.  71. 

I  Annals  of  Malh.y  vol.  2  (1901),  p.  78  ;  Frobenius,  Berliner  SUzungiber- 
chU,  1901,  p.  1324. 
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the  group  of  cogredient  isomorphisms.  When  /  is  abelian,  G 
is  said  to  be  metabelian  and  vice  versa.  A  characteristic  prop- 
erty of  metabelian  groups  is  that  all  their  commutators  are  in- 
variant. 

The  metabelian  groups  constitute  a  special  case  of  a  category 
of  groups  which  seems  to  have  been  first  studied  by  Ahrens ; 
viz.,  those  in  which  one  arrives  at  the  identity  by  forming  the 
successive  groups  of  cogredient  isomorphisms.**^  It  is  easy  to 
prove  that  all  the  groups  of  this  category  are  the  direct  products 
of  groups  whose  orders  are  powers  of  single  prime  numbers  and 
vice  versa-t  Dr.  Fite  has  recently  made  an  extensive  study  of 
the  properties  of  metabelian  groups  and  some  of  his  results  have 
been  published  in  the  form  of  abstracts.  His  memoir  on  these 
groups  is  to  appear  soon  in  the  Transactions  of  the  American 
Mathematical  Society. 

The  term  metabelian  seems  appropriate  since  these  groups 
have  many  properties  which  differ  but  slightly  from  those  of 
abelian  groups.  In  the  development  of  their  theory  it  is  con- 
venient to  make  prominent  use  of  the  commutator  subgroup 
and  the  group  of  cogredient  isomorphisms.  When  the  former 
is  cyclic  and  of  order  ;>*,  p  being  any  prime,  the  latter  contains 
an  even  number  of  independent  generators,  and  the  correspond- 
ing metabelian  groups  are  the  direct  products  of  abelian  groups 
and  a  metabelian  group  of  order  ^"*.  J  The  Hamiltonian  groups 
constitute  a  special  case  of  those  metabelian  groups  whose  group 
of  cogredient  isomorphisms  is  the  four-group.  The  theory  of 
metabelian  groups  clearly  involves  the  determination  of  all  the 
abelian  groups  which  can  be  groups  of  cogredient  isomorphisms. 
Most  of  the  results  in  this  direction  are  found  in  the  memoir 
mentioned  in  the  preceding  paragraph. 

A  number  of  important  properties  of  a  group  are  exhibited 
in  its  group  of  isomorphisms.  Comparatively  little  progress  has 
been  made  in  the  theory  of  the  simple  isomorphisms  of  a  group 
with  itself.  One  of  the  most  important  steps  in  this  direction 
has  been  the  determination  of  all  the  invariant  operators  of  / 
when  G  is  abelian.  These  operators  correspond  to  the  holo- 
morphisms  of  G  in  which  every  subgroup  corresponds  to  itself. 
If  this  condition  is  satisfied  every  operator  of  G  corresponds  to 

*  Ahrens,  Leipztger  Berichte,  vol.  49  (1897),  p.  616;  of.  Fite,  Bulletin, 
▼ol.  8  (1902),  p.  236. 

fBarnside,  Theory  of  gronpe,  1897,  p.  115;  of.  Loewy,  Math.  Annalen, 
vol.  55  (1901),  p.  67. 

JBULLKTIN,  vol.  7  (1901),  p.  86. 
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the  same  power  of  itself.*  Hence  the  number  of  invariant 
operators  of  /  is  the  totient  of  the  maximum  order  of  any  oper- 
ator of  G. 

These  results  have  been  very  materially  extended  by  Mr. 
Young  in  his  recent  article  "  On  the  holomorphisms  of  a 
group."  f  He  employs  for  the  first  time  the  convenient  term 
a-holomorphism  to  denote  a  simple  isomorphism  of  a  group 
with  itself  such  that  every  operator  corresponds  to  its  ath  power, 
and  inquires  into  the  necessary  and  sufficient  condition  that  a 
non-abelian  group  may  admit  a-holomorphisms  besides  the 
identical  one.  He  finds  that  a  group  cannot  admit  an  ot-holo- 
morphism  unless  the  {a  —  l)th  power  of  every  operator  is  invari- 
ant. When  the  order  of  the  group  is  a  power  of  a  prime  these 
a-holomorphisms  correspond  to  invariant  operators  in  the  group 
of  isomorphisms  but  it  is  not  always  possible  to  obtain  all  the 
invariant  operators  of  the  latter  group  in  this  manner. 

In  any  holomorphism  each  operator  corresponds  to  itself 
multiplied  on  the  right  by  some  operator  of  the  group.  The 
totality  of  these  multiplying  operators  do  not  necessarily  form 
a  group.  For  instance,  if  the  symmetric  group  of  order  6  is 
transformed  by  one  of  its  operators  of  order  three,  the  holo- 
morphism will  be  such  that  the  multiplying  operators  do  not 
form  a  group ;  but  these  operators  form  a  group  when  the  holo- 
morphism may  be  obtained  by  transforming  by  an  operator  of 
order  two.  In  every  holomorphism  of  an  abelian  group  A  these 
multipliers  always  form  a  group  J  and  it  is  frequently  conve- 
nient to  consider  the  holomorphisms  of  A  from  this  standpoint. 

Not  only  do  the  multipliers  of  the  preceding  paragraph  form 

a  subgroup  of  A  but  this  subgroup  (which  may  coincide  with  A) 

is  also  isomorphic  with  A  in  every  possible  simple  isomorphism 

of  A  with  itself.     If  the  order  of  this  subgroup  is  either  p  or  2/?; 

the  resulting  holomorphism  of  A  will  correspond  to  an  operator 

P  — 1 
of  order /?,  2jp,  or  (a  being  a    divisor  of  p  —  1)  in    the 

group  of  isomorphisms  I  oi  A.  If,  moreover,  each  operator  of 
this  subgroup  corresponds  to  itself  in  such  a  holomorphism,  the 
order  of  the  corresponding  operator  of  /  is  clearly  equal  to  the 
order  of  the  largest  operator  of  the  subgroup.  Very  little  has 
been  done  towards  the  development  of  the  theory  of  holomor- 

*  Transaciiona  Amer,  Mnth.  Soc.,  vol.  2  (1901),  p.  260. 
t  Young,  Thid.,  vol  3  (190.2),  p.  186. 
J  Bulletin,  vol.  6  (1900),  p.  337. 
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phisius  from  this  standpoint.  It  may  be  possible  to  find  simple 
conditions  which  are  necessary  and  sufficient  to  establish  holo- 
morphisms  of  non-abelian  groups  in  this  manner.  Such  condi- 
tions would  be  of  considerable  interest. 

One  of  the  simplest  ways  of  obtaining  a  holomorphism  of  a 
non-abelian  group  (7  is  to  make  each  of  its  operators  A  cor- 
respond to  its  transform  with  respect  to  any  one  of  its  operators 
B.  In  calling  attention  to  a  slight  error  in  Burkhardt's  article 
in  the  Encyklopaedie,  Loewy  writes  this  transform  BAB~^  in- 
stead of  B'^AB.*  Moreover  Loewy  writes  BA~^B~^  instead 
of  BA~^B  as  given  by  Burkhardt.  The  latter  is,  however,  a 
very  insignificant  error ;  while  the  former  cannot  be  regarded  as 
an  error  since  some  good  writers  have  used  BAB~^  for  the 
transform  of  A  with  respect  to  B  ;f  but  the  majority  of  writers 
(including  Jordan,  Lie,  Netto,  Weber,  Bumside,  Bianchi)  use 
the  form  B~~^AB.  The  form  used  by  the  minority  seems  to 
have  decided  advantages.  For  instance,  in  considering  the  ex- 
pression ^^^^^  ^  ^^  ^^  ^^  ^^ 

=  A  BAB-'  B'  AB-'  B'AB-'  .. 

it  is  convenient  to  call  BAB~^  the  transform  of  A^  especially 
if  some  of  the  commutators  are  not  invariant.  Although  this  is 
not  a  very  important  matter  yet  it  would  be  of  some  interest  to 
know  which  of  these  forms  is  the  most  advantageous,  especially 
since  transforms  are  so  frequently  employed. 

If  any  group  G  is  represented  as  a  regular  substitution  group 
there  is  a  totality  of  substitutions  in  the  same  elements  as  those 
involved  in  G  which  transform  G  into  itself.  These  form  a 
non-regular  group  known  as  the  holomorph  of  G.  Any  one  of 
the  largest  subgroups  which  do  not  involve  one  of  the  elements 
of  this  holomorph  is  simply  isomorphic  with  the  group  of  iso- 
morphisms of  G  and  every  holomorphism  of  G  can  therefore  be 
obtained  by  transforming  G  by  some  operator  in  such  a  sub- 
group. The  substance  of  these  remarks  is  found  in  my  former 
report,  page  245.  It  is  repeated  here  since  Burkhardt's  state- 
ment on  bottom  of  page  221  of  the  Encyklopaedie  seems  to 
imply  that  the  holomorph  of  G  is  also  its  group  of  isomorphisms, 
which  is  evidently  incorrect. 

♦Loewy,  Math.  Annalenj  vol.  55  (1901),  p.  68. 

tDyck,  Math.  AnnaleUj  vol.  22  (1883),  p.  75.  The  present  usage  seems 
to  be  due  to  the  iDflneDce  of  Jordan  ;  cf.  Hagen,  Synopsis  der  hoheren  Mafehe- 
matik,  vol.  1  ( 1891 ),  p.  285.  Canchy  and  Serret  nsed  the  form  BA  B-\  whioh 
was  called  the  derivative  of  A  by  Betti. 
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It  is  known  that  cyclic  groups  are  the  only  abelian  groups 
whose  groups  of  isomorphisms  are  abelian.*  No  one  seems  to 
have  investigated  the  question  whether  a  non-abelian  group  can 
have  an  abelian  group  of  isomorphisms.  If  this  question  should 
be  answered  in  the  negative  it  will  follow  that  the  system  of 
groups  which  Weber  calls  the  most  important  example  of 
abelian  groups  of  finite  order  f  ia  composed  of  all  the  possible 
commutative  groups  of  isomorphisms.  Since  the  group  of  co- 
gredient  isomorphisms  of  a  non-abelian  group  cannot  be  cyclic, 
it  follows  that  a  cyclic  group  cannot  be  a  group  of  isomorphisms 
unless  its  order  is  of  the  form  p\j)  —  1),  p  being  an  odd 
prime. 

Groups  which  have  the  same  group  of  isomorphisms  may 
differ  very  much  from  each  other.  The  totality  of  such  groups 
has  been  determined  in  only  a  few  cases  while  no  one  seems 
to  have  determined  all  those  which  have  the  same  group  of  co- 
gredient  isomorphisms.  Some  of  the  simplest  cases  would  evi- 
dently present  very  few  difficulties.  For  instance,  when  the 
group  of  cogredient  isomorphisms  of  G  is  of  order  p^  it  must 
be  of  type  (1,  1)  and  G  must  be  the  direct  product  of  abelian 
groups  and  a  non-abelian  group  P  of  order  p^  whose  group  of 
cogredient  isomorphisms  /^  is  of  order  /)*.  Moreover,  P  con- 
tains an  abelian  subgroup  of  order  pi^~^  which  includes  the 
^«-2  invariant  operators.  When  this  abelian  subgroup  is 
cyclic  it  is  well  known  that  there  is  only  one  such  group. 
When  it  is  of  type  (1,  1,  1,  ••• )  there  are  clearly  three  such 
groups  if  />  >  2  and  m  >  3  ;  one  is  conformal  with  the  abelian 
group  of  type  (1,  1,  1,  •• )  while  the  others  are  conformal  with 
the  one  of  type  (2,  1,  1,  —  ). 

§3.    Substitution  Groups. 

Maillet  and  Burnside  have  considered  the  transitive  groups 
of  degree  n  and  of  class  w  —  1.  In  his  thesis  entitled,  "Re- 
cherches  sur  les  substitutions,  et  en  particulier  sur  les  groupes 
transitifs,"  Paris,  1892.  Maillet  divides  these  groups  into  two 
categories.  The  first  of  these  included  all  those  which  contain 
a  regular  gi*oup  of  order  9i,  while  the  second  included  those 
which  do  not  have  this  property.  He  states  that  in  all  the  par- 
ticular cases  which  he  has  examined  there  is  no  primitive  group 
belonging  to  the  second  category.    In  several  later  articles  pub- 

♦  Tran9aciion%,  vol.  1  (1900),  p.  397. 

t  Weber,  Lehrbaoh  der  Algebra,  vol.  2  (1899),  p.  60. 
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lished  in  the  BtUletin  of  the  French  Mathematical  Society  * 
he  extends  a  namber  of  his  results  in  regard  to  these  groups. 

Burnside  takes  up  the  same  question  both  in  his  Theory  of 
Groups  and  also  in  an  article  published  in  the  Proceedings  of 
the  London  Mathematical  Society. 1f  In  the  latter  he  proves 
that  every  transitive  group  of  degree  n  and  of  class  n  —  1  con- 
tains a  regular  group  of  order  n  whenever  71^81,000,000. 
Recently  Frobenius  proved  |  that  this  theorem  is  true  for  all 
values  of  n  and  thus  established  one  of  the  most  useful  recent 
theorems  in  the  theory  of  substitutions.  Since  the  order  of 
each  operator  in  the  regular  group  is  a  divisor  of  n  while  the 
order  of  every  other  operator  divides  n  —  1  it  follows  that  there 
can  be  only  one  subgroup  of  order  n. 

During  the  last  four  years  the  enumerations  of  intransitive, 
imprimitive,  and  primitive  groups  have  each  been  extended  to 
one  larger  degree.  The  list  of  the  intransitive  groups  of  degree 
eleven  includes  1,492  distinct  substitution  groups,  which  is 
about  500  more  than  the  number  for  degree  10.  §  Nothing 
seems  to  have  been  done  towards  giving  general  formulas  by 
means  of  which  the  number  of  these  groups  can  be  determined 
without  trial  except  for  the  cases  when  the  order  is  either  the 
product  of  two  distinct  primes  or  when  it  is  4.  Miss  Martin 
published  a  list  of  the  imprimitive  groups  of  degree  15  and 
also  one  of  the  primitive  groups  of  degree  18.  ||  She  remarks 
that  Dr.  Kuhn  has  also  made  a  study  of  the  imprimitive  groups 
of  degree  15  and  has  arrived  at  results  which  differ  greatly 
from  those  which  she  obtained. 

The  efforts  to  discover  a  simple  group  of  odd  composite  order 
have  led  to  the  study  of  primitive  groups  of  such  an  order,  for 
every  simple  group  is  simple  isomorphic  with  one  or  more 
primitive  substitution  groups.  Burnside  proved  the  interesting 
theorem  that  the  maximal  subgroup  which  does  not  involve  one 
of  the  elements  of  such  a  group  must  contain  an  even  number 
of  transitive  constituents.^  Dr.  Rietz  has  also  established  a 
number  of  theorems  relating  to  this  maximal  subgroup**  which 
seems  to  present  one  of  the  most  accessible  approaches  towards 

♦  Vol.  26  (1897).  p.  1«  ;  vol.  26  (1898),  p.  249. 

tVol.  32  (1901),  p.  240. 

i  Frobenius,  Berliner  Sitzungfherichle^  1901,  p.  1220. 

I  Miller  and  Ling,  Quar,  Jour,  of  Math.,  vol.  32  (1901),  p.  342. 

II  Mias  Martin,  Amer.  Jour,  of  Math.,  vol.  23  (1901),  p.  269. 

f  Burnside,  Proc,  of  the  London  Math.  Soc^  vol.  33  (1901),  p.  165.    . 
**  Bulletin,  vol.  8,  pp.  17  and  275. 
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the  theory  of  primitive  groups.  By  means  of  these  theorems 
and  the  important  theorem,  due  to  Bumside,  that  there  is  no 
primitive  group  of  odd  composite  order  and  of  a  prime  degree 
p  that  contains  more  than  one  subgroup  of  order  ^,  Dr.  Rietz 
has  determined  all  the  primitive  groups  of  odd  order  whose  de- 
gree does  not  exceed  242.     All  these  groups  are  solvable. 

It  is  well  known  that  the  average  number  of  elements  in  all 
the  substitutions  of  a  transitive  group  of  degree  n  is  w  —  1. 
Hence  every  transitive  group  must  contain  at  least  n  —  1  sub- 
stitutions of  degree  n  to  make  up  the  average  for  the  identity. 
In  general,  for  each  of  its  substitutions  of  degree  n  —  cl  there 
must  be  a  —  1  substitutions  of  degree  n.  Dr.  Rietz  has  recently 
proved  *  a  closely  related  theorem  to  the  effect  that  a  primitive 
group  of  degree  n  and  of  order  g  contains  more  than  gjx  -h  1 
substitutions  of  degree  less  than  ti,  x  being  the  number  of 
ti*ansitive  constituents  in  a  maximal  subgroup  of  degree  ti  —  1. 
This  theorem  is  closely  related  to  the  investigations  of  Jordan, 
Bochert,  Maillet,  and  others  in  reference  to  the  class  of  a  primi- 
tive group. 

Although  the  primitive  groups  of  low  classes  present  much 
greater  difficulties  than  those  of  low  degrees,  yet  it  is  easy  to 
determine  all  the  primitive  groups  of  a  prime  class  p  while  no 
one  has  yet  succeeded  to  determine  those  of  any  general  degree.f 
In  a  memoir  published  in  VidenakahS'Sehkahets  Skrifter^ 
1897,  Sylow  considers  the  groups  of  degree  p  and  of  order 
p{p+  l)7r,  IT  being  a  divisor  of  jo  —  1.  He  proved  that  there 
are  no  groups  of  degree  p  and  of  order  p/2[p^  ~"  1)  except  in 
the  cases  when  p  has  one  of  the  values  5,  7,  11.  In  each  of 
these  special  cases  there  is  only  one  such  group. 

Lombardi  has  recently  developed  a  number  of  theorems  in 
regard  to  imprimitive  groups.  J  Although  his  results  diflfer  but 
slightly  from  well-known  theorems  yet  no  references  are  given. 
Dr.  Kuhn  has  made  a  much  more  extensive  study  of  the  theory 
of  these  groups.  Only  abstracts  of  his  memoir  have  appeared. § 
In  the  first  of  these  it  is  pointed  out  that  there  are  groups  in 
addition  to  those  noted  by  Dyck  in  Mathematische  Annalen^ 
volume  22,  which  cannot  be  represented  in  any  non-regular  im- 
primitive form.  In  connection  with  Wilkinson's  article  in  re- 
gard to  Jordan's  theorem  on  the  constancy  of  the  factors  of 

*  Bulletin,  vol.  8,  p.  276. 

t  Jordan,  LwuvUle,  vol.  17  (1872),  p.  363. 

X  Lombardi,  Oiornale  di  Mathetnaticfte,  vol.  39  (1901),  p.  134. 

§  Bulletin,  vol.  7  (1901),  pp.  5  and  116. 
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imprimitivity  *  it  should  be  observed  that  Jordan  himself  noted 
the  error  in  his  Traite  des  Substitutions.  He  published  a  note 
in  regard  to  the  matter  in  Giomale  di  Matematiche^  volume 
10  (1872),  page  116. 

An  abstract  group  is  generally  said  to  be  represented  by  a 
substitution  group  if  the  two  groups  are  simply  isomorphic. 
The  term  is  used  in  this  sense  when  it  is  said  that  every  ab- 
stract group  can  be  represented  as  a  regular  substitution  group. 
Quite  recently  Burnside  published  an  article  in  which  he  uses 
this  term  in  a  more  general  sense  in  accord  with  the  phraseology 
used  by  Frobenius  in  the  study  of  linear  substitutions.  Any 
substitution  group  to  which  an  abstract  group  has  an  (a,  1) 
isomorphism  is  said  to  be  a  representation  of  the  abstract  group.f 

According  to  this  use  of  the  term  1,  {ah)  is  a  representation 
of  every  group  which  involves  a  subgroup  of  half  its  order.  It 
appears  to  the  writer  somewhat  unfortunate  to  use  a  term 
which  had  such  definite  meaning  in  the  theory  of  substitutions, 
in  this  general  way.  It  may  be  added  that  some  of  the  state- 
ments of  this  article  are  not  in  accord  with  known  results  unless 
other  terms  are  also  given  an  unusual  meaning.  Lines  8—11 
on  page  161  may  serve  as  an  instance.  Additional  references  to 
other  articles  bearing  on  the  same  question  would  have  increased 
the  usefulness  of  the  article  very  mateiially. 

Beginners  in  the  study  of  the  theory  of  substitutions  are 
naturally  much  hampered  by  the  different  uses  of  the  same  term 
as  well  as  by  the  number  of  different  terms  employed  to  express 
the  same  concept.  Within  the  last  few  years  Netto  has  perhaps 
made  the  most  serious  contribution  towards  increasing  the  latter 
difficulties  by  using  such  new  terms  as  con  jug,  conjuge  com- 
plexe,  and  autojugen  Theiler.|  The  last  of  these  terms  is  used 
for  invariant  subgroup  so  that  the  Germans  can  now  express 
this  concept  by  any  one  of  the  following  six  terms :  invariante, 
ausgezeichnete,  or  monotypische  Untergruppe ;  autojuger,  eigent- 
licher,  or  Normaltheiler.  The  first  four  and  the  last  of  these 
seem  to  be  due  to  Konig,  Lie,  Frobenius,  Netto,  and  Weber 
respectively,  while  eigentlicher  Theiler  seems  to  have  been  de- 
rived from  decomposition  propre,  used  by  Galois  §  who  intro- 
duced the  concept  of  invariant  subgroup. 

♦Wilkinson,  Qitar.  Jour,  of  Math.,  vol.  30  (1898),  p.  157. 

t  Burnside,  Proc,  of  the  London  Math,  Soc,  vol.  34  (1902),  p.  159. 

t  Netto,  Vorlesungen  iiber  Algebra,  1900,  p.  328. 

iLiouville,  vol.  11  (1846),  p.  408. 
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Frobenius  has  employed  the  terms  inner  and  outer  automor- 
phisms *  instead  of  Holder's  terms  cogredient  and  contragredient 
isomorphisms.  These  new  terms  have  the  advantage  of  being 
shorter  and  perhaps  more  natural  than  the  older  ones.  More- 
over, it  seems  desirable  to  have  a  term  which  explicitly  states 
that  a  simple  isomorphism  is  under  consideration.  This  may 
be  done  by  either  of  the  new  terms  holomorphism  or  automor- 
phism, which  were  introduced  about  the  same  time.  Possibly  it 
would  be  well  to  restrict  the  latter,  as  Frobenius  has  done,  to 
express  a  simple  isomorphism  of  a  group  with  itself,  while  the 
former  might  express  a  general  simple  isomorphism. 

It  may  be  observed  that  the  nomenclature  here  suggested  is 
not  free  from  objections.  It  is  sometimes  desirable  to  speak 
of  a  general  isomorphism  of  a  group  with  itself,  and  it  would 
not  appear  unnatural  to  use  the  term  automorphism  for  this 
purpose  instead  of  restricting  its  use  to  a  simple  isomorphism 
of  a  group  with  itself.  Moreover,  Hitter,  at  the  suggestion  of 
Klein,  has  employed  holomorphism  for  a  general  isomorphism 
and  has  used  the  term  isomorphism  to  represent  only  a  simple 
isomorphism.  Burkhardt  has  followed  this  terminology  in  his 
Encyklopadie  article.-}*  It  is  open  to  the  objection  that  the 
term  isomorphism  has  been  extensively  used  in  a  broader  sense. 

As  the  elements  of  a  substitution  group  are  not,  in  general, 
numbers,  their  laws  of  combination  cannot  be  directly  repre- 
sented by  relations  between  numbers.  In  a  series  of  articles 
published  in  the  Mathematische  Annalen  and  in  Crdle^  Hoyer ' 
has  developed  a  new  theory  for  the  algebraic  solution  of  the 
problems  of  substitution  groups.^  These  developments  not 
only  concern  themselves  with  abstract  group  properties,  such  as 
the  smallest  number  of  generational  relations  and  the  finiteness 
of  the  order,  but  also  with  those  relating  to  the  representation 
as  substitution  groups,  such  as  the  degree  of  transitivity,  the 
class,  and  the  systems  of  imprimitivity.  The  general  question  of 
the  determination  of  all  the  possible  substitution  groups  of  de- 
gree n  is  reduced  to  an  algebraic  one.  Most  of  the  develop- 
ments are  quite  general  and  the  results  do  not  appear  directly 
useful  in  advancing  the  theory  along  the  older  lines. 

*  Frobenius,  Berliner  Sitzunffshen'chte^  1901,  p.  1324. 

t  Burkhardt,  Encyklopadie  der  Mathematischen  Wiasensohaften/vol.  1,  p. 
220. 

t  Hover,  Math.  Amialen,  vol.  49  (1897),  p.  39;  vol.  50  (1898),  p.  499; 
vol.  51 '(1899),  p.  445;  vol.  52  (1899),  p.  550;  Crelle,  vol.  124  (1901),  p. 
102. 
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§4.   Group  Characteristics. 

The  independent  generators  of  any  abelian  group  A  may  be 
represented  by  cyclic  substitutions  in  distinct  sets  of  letters.  If 
the  orders  of  these  cyclic  substitutions  are  Pj,  p^^  •.• ,  p^  the  order 
of  A  is  PiPz"  Pnt'  The  group  generated  by  any  one  of  these 
substitutions  of  order  p^  is  simply  isomoi*phic  with  the  p^  roots 
of  unity.  If  the  roots  which  may  be  associated  with  the  differ- 
ent generating  substitutions  are  regarded  as  independent  num- 
bers just  as  the  substitutions  are  independent,  these  roots  will 
generate  a  group  which  is  simply  isomorphic  with  A.  The 
numbers  which  constitute  the  operators  of  this  group  are  the 
group  characteristics  of  A, 

A  more  abstract  definition  of  the  characteristics  of  J.  is  as 
follows:*  With  every  operator  «  of  ^  there  is  associated  a 
number  which  may  be  regarded  as  a  function  of  s  and  is  de- 
noted by  x{s).  This  number  must  satisfy  the  following  condi- 
tions :  (1^  It  does  not  vanish  for  any  value  of  8,  (2)  the  equa- 
tion x{ss)  =  aj(«)cc(«')  is  satisfied  for  every  pair  of  operators  in 
A,  Two  such  numbers  as  a?,  oi/  are  to  be  regarded  as  different 
when  there  is  some  operator  s^  in  A  such  that  x{s^)  4=  ^'(^O* 
The  numbers  thus  defined  are  the  group  characteristics  of  A 
and  it  is  not  difficult  to  deduce  the  properties  mentioned  in  the 
preceding  paragraph  from  these  more  abstract  definitions.  The 
characteristics  of  an  abelian  group  were  already  employed  by 
Lagrange  and  Dirichlet  f  and  their  abstract  definition  is  due  to 
Dedekind. 

Since  1896  Frobenius  has  published  a  series  of  memoirs  in 
which  he  has  developed  a  theory  of  group  characteristics  for 
non-abelian  groups,  which  reduces  to  the  preceding  when  the 
g^up  is  abelian. :(  He  proves  that  the  number  of  distinct 
characteristics  is  equal  to  the  number  of  coipplete  sets  of  con- 
jugate operators  of  a  group  and  that  a  characteristic  of  a  given 
operator  is  the  same  as  that  of  each  of  its  conjugates.  More- 
over, each  of  the  characteristics  is  the  sum  of  roots  of  unity  and 
the  product  of  two  characteristics  can  be  represented  as  a  Hnear 
function  of  aU  the  characteristics  of  the  group. 

Weber  gives  a  brief  exposition  of  the  theory  of  characteristics 
in  the  second  edition  of  his  Algebra,  volume  2,  1899.     More 

*Cf.  Weber,  Lehrbuoh  der  Algebra,  vol.  2  (1899),  p.  49. 
t  Frobenius,  Berliner  Sitzungaberichte^  1896,  p.  985. 

t  Lac.  ciL,  1896,  pp.  985,  1343  ;  1897,  p.  994  ;  1898,  p.  501  ;  1699,  pp.  330 
and  482  ;  1900,  pp.  303  and  516. 
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recently,  Bumside  has  developed  the  same  subject  from  a  some- 
what Afferent  standpoint  in  an  article  published  in  the  Pro- 
ceedings of  the  London  Mathematical  Society. *^  In  two  sub- 
sequent articles  published  in  the  same  volume  he  has  applied 
the  theory  in  the  study  of  some  properties  of  groups  of  odd 
order.  In  the  first  of  these  papers  he  proves  that  a  linear  sub- 
stitution of  odd  order  is  reducible  whenever  all  the  coefficients 
are  real  and  that  there  is  no  simple  group  of  an  odd  composite 
order  and  of  a  prime  degree.  The  main  result  arrived  at  in 
the  second  of  these  papers  is  that  if  an  odd  prime  p  is  the 
smallest  factor  of  the  order  of  a  group  there  must  be  an  invari- 
ant subgroup  of  index  p  unless  either  p^  or  p^q^  where  ;  is  a 
prime  factor  of  ^*  +  ^  +  1,  is  a  factor  of  the  order. 

To  facilitate  the  application  of  characteristics  Frobenius  de- 
veloped two  methods  which  are  more  convenient  in  many  special 
cases  than  the  general  method  developed  in  1896.  The  first 
of  these  is  based  upon  the  relations  which  exist  between  the 
characteristics  of  a  group  and  those  of  a  subgroup,  f  The  case 
when  this  subgroup  is  invariant  leads  to  especially  interesting 
results.  Moreover,  a  characteristic  can  be  directly  obtained  by 
this  method  in  case  the  group  is  represented  as  a  doubly  transi- 
tive substitution  group.  The  second  method  is  based  upon  the 
composition  of  the  characteristics  and  is  illustrated  by  means  of 
the  alternating  and  the  symmetric  groups  of  degree  6  as  well  as 
by  the  tetrahedral,  octahedral  and  icosahedral  rotation  groups.  | 

The  Berliner  Sitzungsberichte  for  1901  contains  three  papers 
by  Frobenius  on  solvable  groups.  In  the  first  two  of  these 
group  characteristics  are  extensively  used.  The  main  theorem 
of  the  first  paper  is  as  follows :  If  a  group  of  order ygr,^*  and  g 
being  relatively  prime,  contains  a  subgroup  of  order/*  composed 
of  invariant  operators  then  it  must  be  the  direct  product  of  this 
subgroup  and  a  subgroup  of  order  g.  This  theorem  was  after- 
wards proved  without  the  use  of  group  characteristics  by  de 
Seguier  in  Comptes  Rendus^  volume  134  (1902).  The  second 
of  these  papers  contains,  among  many  others,  the  interesting 
theorem  mentioned  in  the  preceding  paragraph  that  a  group  of 
class  n  —  1  always  contains  a  regular  group  of  order  n. 

The  principal  theorem  which  is  proved  in  the  last  of  these 
three  articles  may  be  stated  as  follows  :  If  p^  is  the  highest  power 

»Vol.  33(1901),  p.  146. 

t  Frobenius,  Berliner  Sitzungsberichte,  1898,  p.  501. 

t  Loc.  eit,  1899,  p.  3'30, 
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of  p  which  divides  the  order  of  a  group  H^  and  if  no  operator 
of  H  whose  order  is  prime  to  p  transforms  a  subgroup  of  order 
p^  into  itself  without  being  commutative  with  each  one  of  its 
operators,  then  must  H  contain  a  subgroup  of  index  p^  which 
is  composed  of  all  the  operators  of  H  whose  orders  are  not 
divisible  by  p.  Frobenius  observes  that  it  is  possible  to  state 
this  theorem  somewhat  more  generally;  but  in  this  case  the 
statement  becomes  still  more  complex  and  we  shall  not  present 
it  here. 

Stanford  Univebsity, 
JiiJi€,  1902. 


SHORTER  NOTICES. 

Urkunden  tmt  Geschichte  der  Mathematik  im  Mittdalter  und 
der  Renaissance.  By  M.  Curtze.  Erster  Theil.  Ah- 
handlungen  zur  Geschichte  der  mathematischen  Wissen- 
schaften,  XII.  Heft.  Leipzig,  Teubner,  1902.  836  pp.  16 
Marks. 

It  is  a  compliment  to  the  monumental  work  of  Professor  M. 
Cantor  that  the  activity  in  the  field  of  the  history  of  mathe- 
matics for  the  past  twenty  years  has  been  almost  entirely 
directed  by  him.  The  sole  effort  has  been  to  supplement  his 
work,  to  enter  some  of  the  innumerable  doors  which  he  has 
opened,  to  decipher  the  inscriptions  upon  the  monument  which 
he  has  erected.  Hardly  an  article  appears  in  the  Bihliotheca 
Mathematical  relating  to  the  period  preceding  the  middle  of  the 
eighteenth  century,  that  does  not  refer  in  some  way  to  Cantor's 
work,  and  the  Abhandlungen  have  been  more  or  less  under  his 
direction  for  a  quai'ter  of  a  century. 

Herr  Curtze's  latest  contribution  is  an  evidence  in  point,  not 
merely  in  being  dedicated  to  Professor  Cantor  on  the  occasion 
of  his  doctor's  jubilee,  but  in  that  it  elaborates  certain  details 
of  his  History  for  which  elaboration  scholars  have  been  waiting. 
Half  of  the  work  is  given  to  the  Liher  emhadorum  of 
Abraham  Savasorda  (Sahib  al  Schorta,  chief  of  the  guards)  as 
translated  from  the  Hebrew  by  Plato  of  Tivoli  in  1116,  a 
treatise  merely  mentioned  by  Cantor.*  The  work  has  already 
been  noticed  by  Curtze  f  as  being  one  of  the  chief  sources  of 


♦  Vorlesangen,  vol.  2,  p.  853. 

t  Bibliotheca  Mathematica,  vol.  1,  3d  series  (1900),  p.  501. 
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Leonardo  of  Pisa's  Praetica  Geometriae,  and  Braunmuhl  has 
testified  *  to  its  importance  in  the  history  of  trigonometry.  Of 
course  it  has  also  been  more  or  less  known  to  other  historians, 
particularly  to  Steinschneider  f  who  has  devoted  so  much  atten- 
tion to  Jewish  mathematics.^  The  work  itself,  however,  has 
been  closed  to  the  world  at  large  until  the  appearance  of  the 
present  edition. 

It  speaks  well  for  the  brotherhood  of  nations,  as  also  of 
scholars,  that  the  French  government  should  permit  the  two 
manuscripts,  which  form  the  basis  for  the  present  edition,  to  be 
sent  from  the  National  Library  and  be  placed  at  the  disposal 
of  Herr  Curtze.  As  a  result  we  have,  on  opposite  pages,  the 
Latin  and  German  texts,  the  former  with  the  variations  in  read- 
ing of  the  two  manuscripts. 

The  most  interesting  fact  relating  to  the  treatise  is  that  it  shows 
at  the  same  time  the  chief  source  of  Fibonacci's  work  on  geom- 
etry, and  the  originality  of  the  latter.  Both  of  these  facts  ap- 
pear throughout  the  treatise,  and  are  emphasized  in  the  foot- 
notes. While  the  work  is  devoted  chiefly  to  geometry,  it  is  also 
valuable  as  giving  insight  into  the  Spanish  arithmetic  of  the 
period.  It  shows  that,  among  the  learned  class,  the  subject  was 
of  the  Boethian  stamp,  the  Hindu  numerals  being  unknown,  and 
the  definitions  being  mainly  the  conventional  ones  of  the  middle 
ages.  Mutabemini  nvmeri  and  almvgesem  numeri  are  new 
names,  however,  and  the  explanation  of  the  meaning  of  the  prod- 
uct of  a  line  by  a  line  shows  a  broadening  of  definition  due  to 
the  Arab  influence.  Abraham  solves  certain  equations,  as 
a^  4-  5  =  6KC  (giving  the  double  root),  ar^  4-  y*  =  a^,  a;  zb  y  =  6, 
and  05^  +  3^  =  a^  a?y  =  6,  of  course  geometrically.  The  geom- 
etry, as  was  the  custom  of  the  time,  due  both  to  Arab  and  to 
Roman  influence,  is  largely  given  to  mensuration.  The  value 
of  TT  is  given  as  34  or  377/120  (that  of  Ptolemy),  and  the  treat- 
ment of  the  circle  is  followed  by  some  discussion  of  trigonometry, 
the  table  of  chords  being  probably  the  oldest  that  is  known  in 
Latin  form. 

The  second  part  of  the  volume  is  devoted  to  the  correspond- 
ence of  Regiomontanus  with  Giovanni  Bianchini,  Jacob  von 
Speier  and  Christian  Roder.  This  correspondence  is  preserved 
in  the  city  library  at  Niirnberg,  and  although  once  published,§ 

♦Geschichte  der  Trigonometrie,  vol.  1,  p.  93. 
t  Zntschrift  fiir  Mathematik  und  Phpnik,  XII,  1. 
X  See  also  hiR  articles  in  the  Bibliotheca  MathemaHva. 
JChristophorlTheophili  de  Mnrr  Memorabilia  Bibliothecamm  Pablicarnm 
NorimbergeDSum  et  UDivermtatis  AltorfiDse.     Pars  1.,  M.DCC.LXXXVI. 
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its  reappearance  is  valuable  both  because  it  corrects  certain 
errors  in  Murr's  transcription,  and  because  it  now  becomes 
generally  accessible. 

Begiomontanus  was  the  leader  of  his  generation  in  astronomy 
and  mathematics,  and  his  correspondence  with  Bianchini,  who 
was  court  astronomer  to  the  Duke  of  Ferrara,  Speier,  who  was 
court  astrologer  to  the  Prince  of  Urbino,  and  Boder,  the  pro- 
fessor of  mathematics  at  the  University  of  Erfurt,  throws  much 
light  upon  the  practical  astronomicid  work  of  the  fifteenth 
century.  The  correspondence  is  in  Latin  and  no  translation  is 
given. 

Altogether,  this  number  of  the  Abhandlungen  is  one  of  the 
most  valuable  that  have  appeared,  and  the  tendency  to  publish 
the  sources  for  the  history  of  mathematics  is  one  that  will  meet 
the  hearty  commendation  of  scholars. 

David  Eugene  Smith. 

Gauss*  wissenschaftliches  Tagebuch^  1796-1814.  Mit  An- 
merkungen  herausgegeben  von  Felix  Klein.  Reprinted 
from  the  Festschrift  zur  Feier  des  hundertfunfzigjdhrigen 
Bestehens  der  Koniglichen  Gesellschaft  der  Wissenschqften 
zu  Gbttingen.  Berlin,  Weidmannsche  Buchhandlung,  1901, 
8vo.,  44  pp. 

As  a  youth  not  quite  nineteen  years  old  Grauss  began  jotting 
down  in  a  copy-book  memoranda,  always,  unfortunately,  of  the 
very  briefest  sort,  of  the  great  mathematical  discoveries  he  was 
making.  The  entries  in  this  Scientific  Diary  {Catalogus^ 
Gauss  calls  it)  are  in  Latin,  and  begin  with  a  statement  dated 
March  30,  1796,  to  the  effect  that  Gauss  had  found  a  construc- 
tion for  the  regular  polygon  of  seventeen  sides.  From  this  date 
the  entries  follow  each  other  in  rapid  succession,  there  being  no 
less  than  112  in  the  next  four  years  and  a  quarter.  From  here 
on  they  become  more  irregular,  and  there  are  only  84  entries 
during  the  following  fourteen  years.  Such  a  diary  as  this, 
written  by  any  great  mathematician,  would  be  of  the  greatest 
interest,  as  illustrating,  even  with  all  its  gaps  and  obscurities, 
the  order  in  which  the  mathematical  ideas  developed  in  his  mind 
and  the  form  they  first  took ;  but  there  is  probably  no  mathe- 
matician in  whose  case  it  could  be  even  approximately  as 
valuable  as  in  the  case  of  Gauss.  For  it  is  well  known  that 
ideas,  many  of  them  of  the  first  importance,  poured  in  on  Gauss's 
mind  in  his  early  youth  in  such  numbers  that,  as  he  himself 
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said,  he  was  at  times  hardly  able  to  roaster  them ;  and  many  of 
these  ideas,  especially  those  concerning  elliptic  functions,  were 
never  incorporated  in  memoirs. 

This  diary  has  now  been  given  to  the  public  by  Professor 
Klein,  who  has  enhanced  its  value  very  greatly  by  attaching  to 
a  large  number  of  its  entries  explanatory  notes  pointing  out 
their  relation  to  other  published  or  unpublished  writings  of 
Gauss.  Professor  Klein  explains,  however,  that  this  publication 
is  to  be  regarded  as  a  preliminary  one  only,  since  the  diary  is  to 
be  printed,  with  a  more  extended  conunentary,  in  Volume  X, 
of  Gauss's  Collected  Works. 

A  portrait  of  Gauss  at  the  age  of  twenty-six,  which  has  never 
before  been  published,  serves  as  frontispiece,  and  one  of  the 
pages  of  the  diary  is  reproduced  in  facsimile. 

Maxime  Booher. 

Zfar  Integration  partieller  Differentialgleichungen.     Dr.  Karl 

Boehm.    Leipzig,  Teubner,  1900.    8vo.    65  pp.    Mk.  1.80. 

The  above  paper,  printed  in  book  form,  deals  exclusively 
with  the  formal  solution  of  partial  diflferential  equations,  and 
of  systems  of  such  equations,  by  means  of  series,  the  convergence 
of  which  is  not  investigated. 

The  author  starts  with  a  given  equation,  or  set  of  equations, 
of  any  order,  forms  their  successive  derived  equations,  and 
counts  the  number  of  derivatives  of  highest  order  compared 
with  the  number  of  equations,  at  each  stage.  He  then  shows, 
for  a  single  equation,  that  the  given  equation  can  be  solved 
with  respect  to  any  exceptional  *  derivative,  and  finally  that  a 
power  series  expansion  may  be  obtained  for  the  solution,  which 
will  formally  satisfy  the  given  equation,  when  arbitrary  con- 
stant values  have  been  preassigned  for  certain  suitable  deri- 
vates  ;  all  this  at  a  point  where  the  equation  is  not  "  singular '' 
with  the  respect  to  the  exceptional  derivative  chosen.  Similar 
results  are  obtained  for  a  system  of  equations,  under  certain 
restrictions. 

The  work  doubtless  has  real  merit,  but  the  reviewer  does 
not  feel  justified  in  entering  further  into  detail  on  account  of 
the  failure  to  discuss  the  convergence  of  the  series  in  question : 
an  omission  which  the  author  acknowledges  in  several  places, 
and  which  renders  the  importance  of  the  paper  rather  doubt- 

*  **Atiflgezei6hnet ;"  the  definition  is  too  intrioate  to  repeat  here. 
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fill.  For  it  reduces  the  work  to  a  questionable  revision,  not  of 
Weierstrass  and  Kowalewsky,  but  of  Cauchy,  as  the  author 
confesses  in  his  preface  ;  certainly  in  fact  as  well  as  in  prin- 
ciple not  a  modern  tendency.  In  fact  the  author's  only  plea 
for  a  very  complicated  piece  of  reasoning,  which  might  indeed 
have  been  put  into  far  simpler  form,  is  that  ^^  it  gives  results 
even  for  certain  singular  points,  and  fails  only  for  the  points 
which  we  have  called  wholly  dngvlar  ^^ —  for  several  reasons  a 
doubtful  advantage,  especially  in  view  of  the  unfinished  state 
of  the  work. 

In  conclusion,  the  material  of  the  book  would  seem  to  be 
more  fitted  for  a  thesis ;  or  for  publication  in  a  journal  (in 
which  case  nearly  twenty  pages  of  repetition  and  unnecessary 
examples  might  profitably  have  been  omitted);  or  for  preserva- 
tion unpublished,  awaiting  some  of  the  proofs  of  convergence 
of  which  the  author  is  happily  sanguine.  In  its  present  form 
it  may  serve,  if  at  all,  perhaps  to  some  student  who  will  fiir- 
nish  the  major  portion  of  the  whole  by  giving  these  conver- 
gence proofs.  It  is  not  in  any  sense  a  text-book  or  a  treatise, 
and  it  is  certainly  not  a  book  for  general  purchase. 

E.  R.  Hedrick. 

The  Measurement  of  General  Exchange  Value.     By  Correa 

MoYLAN   Walsh.     New  York,  The  Macmillan  Company, 

1901.     8vo.,  xiv  +  680  pp.     $3.00. 

This  is  the  most  exhaustive  work  ever  brought  out  on  the 
theory  of  index  numbers,  embodies  a  vast  deal  of  labor  and  acute 
logic,  and  will  be  a  mine  of  information  to  future  investigators. 
In  so  well  worked  ground  there  is  necessarily  much  that  is 
familiar  to  students  of  the  subject,  though  hitherto  inaccessible 
outside  the  largest  libraries.  But  this  editorial  portion  of  the 
material  —  the  most  excellent  bibliography,  the  index,  the  sym- 
bolized summaries  of  the  methods  of  his  predecessors  —  may 
prove  to  be  the  most  valuable  part  of  Mr.  Walsh's  work. 

It  is  not  in  place  in  this  Bulletin  to  enter  on  the  purely 
economic  aspect  of  the  subject,  which  is  covered  by  an  extended 
notice  by  Professor  F.  Y.  Edgeworth  in  the  British  Economic 
Journal  for  September,  1901.  But  the  mathematician  and  the 
practical  statistician  may  find  themselves  puzzled  by  the  confi- 
dent rejection  of  the  aid  of  the  calculus  of  probabilities,  else- 
where found  so  helpfid  both  to  theory  and  practice  in  dealing 
with  complex  problems  of  mensuration.    Doubtless — as  Professor 
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Edgeworth  points  out — ^the  variations  between  two  given  series 
of  index  numbers  according  to  different  systems  are  within  the 
range  of  probable  error,  and  therefore  inconclusive.  What  an 
amount  of  controversy  might  have  been  saved  by  general  recog- 
nition of  this  fact. 

To  those  interested  in  the  theory  of  averages  mention  may  be 
made  of  the  appendices,  in  which  are  detailed  the  elementary 
propositions  relating  to  the  arithmetic,  geometric  and  harmonic 
means,  with  single  and  multiple  weighting. 

The  logical  method  of  the  work  is  admirable,  its  index  most 
complete,  but  it  leaves  the  reader  with  the  impression  that 
farther  work  must  be  done  and  that  no  one  solution  will  cover 
what  is  really  a  considerable  number  of  independent  problems. 

J.  M.  Gaines. 


NOTES. 


The  closing  (October)  number  of  volume  3  of  the  Transao- 
timis  of  the  American  Mathematical  Society  contains  the 
following  papers  :  "  On  the  groups  of  order  p^  which  contain 
operators  of  order  jp"*"*/^  by  G.  A.  Miller  ;  "  On  the  circuits 
of  plane  curves/*  by  C.  A.  Scott  ;  "  Note  on  the  real  inflexions 
of  plane  curves,"  by  C.  A.  Scott  ;  "  La  th^orie  des  plaques 
6lastiques  planes,"  by  J.  Hadamard  ;  "  Covariants  of  systems 
of  linear  diflPerential  equations  and  applications  to  the  theory 
of  ruled  surfaces,"  by  E.  J.  Wilczynski  ;  "  On  the  rank, 
order  and  class  of  algebraic  minimum  curves,"  by  A.  S.  Gale  ; 
"  On  superosculating  quadric  surfaces,"  by  H.  Maschke  ; 
"  Algebraic  transformations  of  a  complex  variable  realized  by 
linkages,"  by  A.  Emch  ;  "  On  the  determination  of  the  dis- 
tance between  two  points  in  space  of  m  dimensions,"  by  H. 
F.  Blichfeldt  ;  "  A  definition  of  abstract  groups,"  by  E.  H. 
Moore;  notes  and  errata:  volumes  1,  2,  3. 

The  October  number  (volume  24,  number  4)  of  the  -4mer- 
ican  Journal  of  Mathematics  contains  :  "  On  systems  of  linear 
differential  equations  of  the  first  order,"  by  M.  Bocher  ;  "  On 
the  quaternary  linear  homogeneous  group  and  the  ternary  lin- 
ear fractional  group,"  by  T.  M.  Putnam  ;  "  On  cardinal  num- 
bers," by  A.  N.  Whitehead  ;  ^'  On  a  method  of  constructing 
all  the  groups  of  order  j?**,"  by  G.  A.  Miller  ;  "  Non-euclidean 
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properties  of  plane  cubics  and  of  their  first  and  second  polars/' 
by  H.  F.  Stecker. 

At  the  meeting  of  the  British  association  for  the  advance- 
ment of  science  held  at  Belfast,  September  10-12,  the  presi- 
dent of  Section  A,  Professor  John  Purser,  took  as  the  subject 
of  his  opening  address  an  historical  sketch  of  the  Irish  school 
of  mathematics  and  physics.  Sir  Norman  Lockyer  was 
elected  president  of  the  association  for  the  coming  year.  The 
meeting  in  1903  will  be  held  at  Southport,  beginning  Septem- 
ber 9,  and  in  1904  at  Cambridge.  It  is  probable  that  the 
meeting  in  1905  will  be  held  at  Cape  Town. 

The  several  universities  below  offer  during  the  winter  sem- 
ester of  the  current  academic  year  courses  in  mathematics  as 
follows  : 

University  op  Giessen. — By  Professor  M.  Pasch  :  Dif- 
ferential calculus  and  the  elements  of  integral  calculus,  four 
hours ;  Introduction  to  the  theory  of  functions,  two  hours ;  Ex- 
ercises in  the  elements  of  higher  mathematics  (algebra,  analytic 
geQmetry,  differential  and  integral  calculus),  two  hours ;  Exer- 
cises in  the  mathematical  seminar,  one  hour. — By  Professor  E. 
Netto  :  Definite  integrals  and  their  applications,  four  hours ; 
Analytic  geometry  of  space,  four  hours ;  Exercises  in  the  math- 
ematical seminar. 

University  op  Greifswald. — By  Professor  W.  Thom6  : 
Algebra,  four  hours ;  Theory  of  plane  algebraic  curves,  two 
hours ;  Mathematical  seminar,  two  hours. — By  Professor  E. 
Study  :  Non-euclidean  geometry,  two  hours ;  Mechanics,  four 
hours;  Mathematical  seminar,  two  hours. — By  Professor  G. 
KoWALEWSKi :  Introduction  to  analytic  geometry,  two  hours ; 
Theory  of  continuous  transformation  groups,  two  hours  ;  On 
Fourier's  series  (with  applications  to  mathematical  physics),  two 
hours. 

University  of  Halle. — By  Professor  A.  Wangerin  : 
Integral  calculus,  with  exercises,  five  hours ;  Calculus  of  varia- 
tions, two  hours;  Hydrodynamics,  two  hours ;  Exercises  in  the 
mathematical  seminar,  one  hour. — By  Dr.  H.  Grassmann  : 
Exercises  in  descriptive  geometry,  one  hour ;  Analytic  geometry 
of  space,  two  hours ;  Elements  of  descriptive  geometry,  two 
hours. 
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University  of  Konigsberg. — By  Professor  F.  Meyer: 
Exercises  in  integral  calculus^  one  hour;  Integral  calculus^  four 
hours ;  Differential  geometry,  four  hours  ;  Exercises  in  differ- 
ential geometry,  one  hour. — By  Professor  A.  Schoenflies: 
Mathematical  seminar,  two  hours ;  Applications  of  elliptic 
functions  to  geometry,  mechanics  and  mathematical  physics, 
four  hours. — By  Professor  L.  Saalschutz  :  Exercises  in 
algebraic  analysis,  one  hour ;  Theory  of  Fourier's  series,  two 
hours ;  Introduction  to  algebraic  analysis,  two  hours. 

University  of  Marburg.  —  By  Professor  F.  Schottky: 
Algebraic  analysis,  four  hours ;  Mathematical  seminar,  two 
hours. — By  Professor  A.  E.  Hess:  Integral  calculus,  five 
hours ;  Spherical  trigonometry  and  its  applications,  two  hours ; 
Mathematical  seminar,  two  hours.  —  By  Dr.  F.  von  Dalwigk  : 
Analytic  geometry  of  space,  especially  surfaces  of  the  second 
degree,  four  hours ;  Analytic  geometry  and  graphic  statics,  with 
exercises,  two  hours;  Advanced  analytic  geometry,  one  hour. 
— By  Dr.  H.  Jung:  Algebra,  four  hours;  Differential  and 
integral  calculus,  four  hours. 

University  of  Munster.  —  By  Professor  W.  Killing: 
Analytic  mechanics,  five  hours;  Analytic  geometry,  five  hours; 
Theory  of  transformation  groups,  two  hours ;  Exercises  in  the 
mathematical  proseminar,  two  hours ;  Exercises  in  analytic 
geometry,  one  hour.  —  By  Professor  R.  von  Lilienthal: 
Differential  and  integral  calculus,  five  hours ;  Introduction  to 
the  theory  of  differential  equations,  four  hours;  Exercises  in 
the  mathematical  seminar,  one  hour.  —  By  Dr.  M.  Dehn  : 
Elliptic  functions,  three  hours;  Graphic  statics,  two  hours; 
Exercises  in  the  theory  of  functions,  one  hour. 

University  of  Innsbruck. — By  Professor  O.  Stolz  : 
Theory  of  double  integrals,  two  hours ;  Elements  of  the  cal- 
culus of  variations,  one  hour ;  Exercises  in  these  subjects  in 
the  mathematical  seminar,  one  hour ;  Theory  of  functions  of 
complex  variables  according  to  Cauchy  and  Weierstrass,  three 
hours. — By  Professor  W.  Wirtinger  :  Higher  algebra,  three 
hours ;  Abelian  functions,  two  hours ;  Mathematical  seminar, 
two  hours. — By  Professor  K.  Zindler  :  Analytic  geometry  of 
the  plane  and  of  space,  five  hours  ;  Mathemetical  seminar, 
one  hour. 

University  of  Neuchatel. — By  Professor  L.  Isely  : 
Infinitesimal  calculus,  including  differential  equations,  three 
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hours ;  Analytic  geometry  of  space,  two  hours  ;  Theory  of 
numbers,  one  hour. — By  Professor  L.  Gaberel  :  General 
theory  of  functions,  two  hours ;  Abelian  functions,  one  hour. 

University  of  Prague. — By  Professor  G.  Pick  :  Differ- 
ential and  integral  calculus,  five  hours  ;  Mathematical  seminar, 
two  hours. — By  Professor  J.  A.  Gmeiner  :  Analytic  geom- 
etry, three  hours ;  Double  integrals,  two  hours  ;  Exercises  in 
analytic  geometry,  one  hour. — By  Dr.  W.  Weiss  :  Elements 
of  descriptive  geometry,  two  hours. 

University  of  Tubingen.  —  By  Professor  A.  von  Brill  : 
Introduction  to  higher  mathematics,  four  hours;  Non-rigid 
systems  and  the  mechanics  of  Hertz,  three  hours ;  Seminar,  two 
hours. — By  Professor  H.  Stahl  :  Higher  algebra,  three  hours ; 
Applications  of  the  theory  of  functions,  four  hours  ;  Seminar, 
two  hours.  —  By  Professor  L.  Maurer:  Definite  integrals, 
two  hours;  Differential  equations,  two  hours;  The  theory  of 
ternary  forms,  one  hour,  with  exercises,  one  hour ;  Exercises 
in  higher  analysis,  two  hours. 

University  of  Vienna. — By  Professor  G.  R.  von  Escher- 
ICH :  Elements  of  the  differential  and  integral  calculus,  with  par- 
ticular reference  to  their  common  applications,  five  hours ;  Exer- 
cises relating  to  these  lectures,  one  hour ;  Proseminar,  one 
hour  ;  Seminar,  two  hours. — By  Professor  L.  Gegenbauer  : 
Integral  calculus  and  calculus  of  variations,  three  hours ;  Theory 
of  spherical  and  cylindrical  functions,  with  applications  to  prob- 
lems of  theoretical  physics,  two  hours  ;  Exercises  in  the  mathe- 
matical proseminar,  one  hour ;  Exercises  in  the  mathematical 
seminar,  two  hours. — By  Professor  F.  Mertens  :  Theory  of 
numbers,  five  hours ;  Exercises  in  the  mathematical  seminar, 
two  hours  ;  Exercises  in  the  mathematical  proseminar,  one 
hour. — By  Professor  G.  Kohn  :  Introduction  to  synthetic 
geometry,  four  hours  ;  Exercises  relating  to  these  lectures,  one 
hour ;  Theory  of  invariants  with  applications  to  geometry,  two 
hours. — By  Dr.  A.  Tauber  :  The  mathematics  of  life  insur- 
ance, four  hours  ;  Exercises  relating  to  this  course,  two  hours. 
— By  Dr.  E.  Blaschke  :  Introduction  to  mathematical  statics, 
second  course,  three  hours. — By  Dr.  R.  Daublebsky  von 
Sterneok  :  Applications  of  differential  and  integral  calculus 
to  geometry,  two  hours ;  Theory  of  numbers,  one  hour. — By 
Dr.  K.  Carda  :  Introduction  to  the  theory  of  contact  trans- 
formations.— By  Dr.  R.  Schram  :  Method  of  least  squares,  one 
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hour. — ^By  Professor  H.  Hartl  :  Elements  of  descriptive 
geometry,  with  applications  in  constructions,  four  hours  ;  Geo- 
detic coordinates,  with  computations,  one  and  one  half  hours. 

Professor  F.  Schottky,  of  Marburg,  has  been  appointed 
to  succeed  the  late  Professor  L.  Fuchs  at  the  University  of 
Berlin. 

Dr.  Alfred  Loewy,  of  the  University  of  Freiburg,  has 
been  promoted  to  an  associate  professorship  of  mathematics. 

Dr.  H.  Hohenner  of  Munich  has  been  appointed  professor 
of  geodesy  in  the  Technical  high  school  in  Stuttgart. 

Professor  D.  A.  Gra v6  of  Kharkov  has  been  called  to  a 
professorship  of  mathematics  in  the  University  of  Kieff. 

Dr.  £.  Haentzschel  has  been  appointed  professor  of  math- 
ematics in  the  Technical  high  school  in  Berlin. 

Professors  R.  Haussner,  of  Giessen,  and  A.  Krazer,  of 
Strassburg,  have  been  called  to  the  Polytechnic  school  at  Carls- 
ruhe. 

Professor  L.  M.  Defoe,  of  the  department  of  mathematics 
of  the  Missouri  State  University,  has  been  appointed  professor 
in  charge  of  the  department  of  mechanics  in  that  institution. 
Professor  Defoe  will  enter  upon  his  new  duties  on  his  return 
from  Europe  where  he  is  spending  a  year  on  leave  of  absence. 

Dr.  F.  H.  Safford  has  been  appointed  instructor  in  mathe- 
matics at  the  University  of  Pennsylvania, 

Professor  W.  H.  Metzler,  of  Syracuse  University,  has 
been  elected  to  membership  in  the  Royal  Society  of  Edinburgh. 

At  Yale  University,  Mr.  W.  D.  A.  Westfall  has  been 
appointed  instructor  in  mathematics  in  the  academic  depart- 
ment, and  Mr.  Burke  Smith  in  the  Sheffield  scientific  school. 
Dr.  H.  E.  Hawkes  has  resumed  his  duties  as  instructor.  Dr. 
E.  B.  Wilson  is  spending  a  year's  leave  of  absence  abroad. 

John  Wheldon  &Co.,  36  Great  Queen  Street,  London,  W. 
C,  have  recently  issued  a  catalogue  (No.  14)  of  second-hand 
mathematical  works,  containing  nearly  800  entries. 
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NEW  PUBLICATIONS. 
I.     HIGHER  MATHEMATICS. 
Ahrens  (W.).    See  Encyklopadie. 

Bachmann  (P.).  Niedere  Zahlentheorie.  (In  2  Teilen.)  Teil  I.  Leip- 
zig, Teubner,  1902.  8vo.  10 -f- 402  pp.  Cloth.  (Teubner's  Samm- 
lung  mathematischer  Lehrbllcher,  Vol.  X,  1.)  M.  14.00 

Bopp  (K.).  Antoine  Amauld,  der  grosse  Arnauld,  als  Mathematiker. 
(Diss.)     Heidelberg,  1002.     8vo.     40  pp. 

CuBTZE  (M.).  Urkunden  zur  Gesehichte  der  Mathematik  im  Mittelalter 
und  der  Renaissance.  (In  2  Teilen.)  Teil  2.  Leipzig,  Teubner, 
1902.    8vo.     Pp.  337-627.  M.  14.00 

Dessexon  (E.).  Elements  de  g#om^trie  analytique,  H  Tusage  des  candi- 
dats  A  I'Ecole  centrale  et  des  ^l&ves  de  premiere  ann^  de  la  classe 
de  math^matiques  sp^ciales.  3e  ^ition.  Paris,  Hachette,  1002. 
8vo.      523  pp.      (Cours  complet  d'^tudes  scientifiques. )       Fr.  7.50 

DoEHLEMANN  (K.).  Geometrische  Transformationen.  Teil  1:  Die 
projektiven  Transformationen  nebst  ihren  Anwendungen.  Leipzig, 
GOschen,  1002.  8vo.  7  +  322  pp.  Cloth.  (Sammlung  Schubert, 
No.  XXVIL)  M.  10.00 

Encyklopadie  der  mathematischen  Wissenschaften  mit  Einschluss  ihrer 
Anwendungen.  (In  7  Banden.)  Vol.  I:  Arithmetik  und  Algebra, 
redigiert  von  W.  F.  Meyer.  Heft  7:  R.  Mehmke,  Numerisches 
Rechnen;  W.  Ahrens,  Mathematische  Spiele;  V.  Pareto,  Anwen- 
dungen der  Mathematik  auf  Nationalokonomie.  Leipzig,  Teubner, 
1002.     8vo.      Pp.  003-1120. 

Eysank  (J.  von).  Einige  Aufgaben  aus  der  analytischen  Geometric. 
(Progr.)      Wien,  1002.     8vo.     25  pp. 

PouiSr  (E.  A.).  Legons  ^l^mentaires  de  la  th^rie  des  fonctions  ana- 
lytiques.      Partie  1.      Paris,  1002.      8vo.      Pp.  1-310.  Fr.  7.60 

Fbicke  (R.).  Hauptsatze  der  Differential-  und  Integralrechnung,  als 
Leitfaden  zum  Gebrauch  bei  Vorlesungen  zusammengestellt.  Teil 
1.  2ter  Abdruck.  Braunschweig,  Vieweg,  1902.  8vo.  0  +  80 
pp.  M.  2.00 

FucHS  (R.).  Ueber  lineare  homogene  Differentialgleichungen,  deren 
Substitutionsgi-uppe  von  einem  in  den  Koeffizienten  auftretenden 
Parameter  unabhungig  ist.      (Progr.)      Berlin,  1002.     4to.     23  pp. 

FuHRMANN  (W.).  Kollineare  und  orthologische  Dreiecke.  (Progr.) 
Kdnigsberg,  1002.     4to.     20  pp. 

Ganteb  (H.)  und  RuDio  (F.).  Die  Elements  der  analytischen  Geo- 
metrie,  mit  zahlreichen  Uebungsbeispielen.  Teil  II :  Die  analytische 
Geometrie  des  Raumes,  von  F.  Rudio.  3te,  verbesserte  Auflage. 
Leipzig,  1001.     8vo,     10  -f  186  pp.     Cloth.  M.  3.00 
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Gboat  (B.  F.).  An  introduction  to  the  summation  of  differences  of  a 
function.  An  elementary  exposition  of  the  nature  of  the  algebraic 
processes  replaced  by  the  abbreviations  of  the  infinitesimal  calculus. 
4  +  43  pp.  Seven  lessons  in  theory  of  inversions  of  order  and 
determinants.      32  pp.      Minneapolis,  Wilson,  1002.      8vo.      Cloth. 

GBtyNWALO  (A.).  Geodiltische  Linien  auf  dem  Ellipsoide.  (Progr.) 
1902.      8vo.      27  pp.,  I  plate. 

Hadamard  (J.).  La  s4rie  de  Taylor  et  son  prolongement  analytique. 
[Paris]  Naud,  1901.  12mo.  10 -f- 102  pp.  Cloth.  {Scientia, 
s^rie  physico-math6matique,  No.  12.)  Fr.  2.00 

Halsted  (G.  6.).  The  foundations  of  geometry.  8vo.  {The  Open 
Court  16,  pp.  513-521.) 

Hauth  (R.).  Ueber  die  Flftchen,  von  deren  Krttmmungslinien  ein 
System  in  parallelen  Ebenen  sich  befindet.  (Progr.)  Metten, 
1902.     8vo.     33  pp. 

HoYEB.  Andreas  Gartner,  der  "  s&chsische  Archimedes."  (Progr.) 
Dresden,  1902.     4to.     21  pp.,  1  plate. 

Kadesch  (A.).  Ueber  die  Einhtillungsflftchen  von  Potenzflftchenscharen. 
(Progr.)      Wiesbaden,  1902.      4to.      46  pp. 

KiNKELiN  (H.).  Quadraturen.  (Progr.)  Basel,  Schwabe,  1902. 
4 to.      30  pp.  M.  1.60 

Koch  (W.).  Die  Eigenschaften  der  Kurven  4ten  Grades  mit  2  Dop- 
pelpunkten,  hergeleitet  mittelst  elliptischer  Funktionen.  (Progr.) 
ZUllichau,  1902.      4to.      14  pp. 

Laurent  (H.).  Sur  les  principes  fondamentaux  de  la  th^rie  des 
nombres  et  de  la  g^m^rie.  [Paris]  Naud,  1902.  12mo.  68  pp. 
Cloth.      {Scientia,  s6rie  physico-math^matique,  No.  20.)       Fr.  2.00 

Lodge  (A.).  Differential  calculus  for  beginners.  With  an  introduc- 
tion by  Sir  O.  J.  Lodge.  London,  Bell,  1902.  12mo.  304  pp. 
Cloth.  4s.  6d. 

Maupin  (G.).  Opinions  et  curiosit^s  touchant  la  mathdmatique.  2e 
s^rie.      Paris,  Naud,  1902.      8vo.      338  pp. 

Mehmke  (R.),  Meter  (W.  F.).     See  Encyklopadie. 

MiOKiNi  (W.  VON).  Ueber  eine  Erweiterung  der  Sfttze  von  Pascal  und 
Brianchon.     (Progr.)     Wien,  1902.     8vo.     12  pp.,  1  plate. 

MoRTTZ  (R.  E.).  Generalization  of  the  diflferentiation  process.  4to. 
{American  Journal  of  Mathematics  24,  pp.  267-301.) 

Pareto    (V.).      See  Encyklopadie. 

Pascal  (E.).  Lezioni  di  calcolo  infinitesimale.  Parte  I:  Calcolo 
differenziale.  2a  edizione  completamente  riveduta.  Milano, 
Hoepli,  1902.      16mo.      12 -f- 331  pp.      (Manual!  Hoepli.) 

Pilgram  (A.).  Die  Scharschar  der  Kegelschnitte,  die  ein  gegebenes 
Tangentendreieck  haben.  (Diss.)  Erlangen,  1902.  8vo.  27  pp., 
1  plate. 

RuDio   (F.).      See  Gaxter   (H.). 

Schubert  (H.).  Niedere  Analysis.  Teil  I:  Kombinatorik,  Wahrschein- 
lichkeitsrechnung,  KettenbrUche  und  diophantische  Gleichimgen. 
Leipzig,  G6schen,  1902.  8vo.  7  +  181  pp.  Cloth.  (Sammlung 
Schubert,  No.  V.)  M.  3.60 
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Veronese  (G.)*  Les  postulats  de  la  g4om4trie  dans  renseignement. 
8vo.  (Deuxi^me  Congr^s  international  des  math^maticiens,  Paris, 
1900,  pp.  433-460.) 

ViLLANi  (N.).  Ricerche  matematiche  suUe  misure  antiche  e  il  sistema 
antico  delle  misure  romane.  Lanciano,  Garabba,  1902.  16mo. 
7  +  66  pp.  Fr.  1.00 

ZiNDLEB  (K.).  liniengeometrie  mit  Anwendungen.  Vol.  I.  Leipzig, 
Goschen,  1902.  8vo.  8  -f-  380  pp.  Cloth.  (Sammlung  Schubert, 
No.  XXXIV.)  M.  12.00 

Zi^HLKE  (P.).  Ueber  die  geodfttischen  Linien  und  Dreiecke  auf  den 
Fl&chen  konstanten  Kriimmungsmasses  und  ihre  Beziehungen  zur 
sogenannten  nicht-Euklidischen  Greometrie.  (Progr.)  Charlotten- 
burg,  1902.     8vo.     36  pp.,  1  plate. 


II.     ELEMENTARY   MATHEMATICS. 

AscARZA  (V.  J.)  y  Solan  A  (E.).  Colecci6n  de  problemas  de  aritm^tica 
razonados  y  resueltos  analfticamente ;  aprobado  de  real  orden  para 
servir  de  texto.  3a  edicidn  corregida  y  aumentada.  Madrid,  Imp. 
Moderna,  1902.      8vo.      183  pp.  Fr.  1.60 

Brooks  (E.).  Plane  and  solid  geometry;  a  complete  course  in  the 
elements  of  the  science.  Revised  edition.  Philadelphia, 
Christopher   Sower   Co.    [1902].      12mo.     416   pp.     Cloth.     $1.26 

Chailan  (E.).  G^m^trie,  &  Tusage  des  ^l^ves  des  classes  de  lettres, 
conforme  au  programme  de  la  premiere  partie  du  baccalaur^t  de 
I'enseig^ement  secondaire  classique.  2e  edition.  Paris,  Pous- 
sielgue,  1902.  16mo.  8  +  240  pp.  (Alliance  des  maisons 
d'Mucation  chr^tienne. ) 

Chancellor  (W.  E.).  Elementary  school  mathematics  by  grades. 
Seventh  book:  arithmetic,  geometry,  and  algebra.  New  York, 
Globe  School  Book  Co.  [1902].  12mo.  176  pp.  Cloth.  (Globe 
series.)  $0.28 

Davison    (C).      Easy  mathematical   problem  papers;   with   answers. 
London,  Blackie,  1902.      12mo.      12  pp.     Cloth.  28. 6d. 

Fletcher  (W.  C).  Elementary  geometry.  London,  Arnold,  1902. 
12mo.      84  pp.      Cloth.  Is.  6d. 

FtJcHTJOHANN  (H.).  Losung  der  Aufgaben  in  J.  R.  Boyman's  Lehr- 
buch  der  Planimetrie.  2ter  Teil:  Aufgabe  734-1244.  Bonn, 
Cohen,  1902.      8vo.      212  pp.  M.  4.20 

GlKA  (D.)  and  Muromtsev  (A.).  Geometrical  problems.  Part  II: 
Solid  geometry.      Moscow,  1902.      8vo.      163  pp.      (Russian.) 

M.  3.00 

GODT  (W.).  Ueber  einige  sogenannte  merkwttrdige  Punkte  des  Dreiecks. 
L      (Progr.)      LUbeck,  1902.     4to.     23  pp. 

Hopkins  (G.  I.).  Inductive  plane  geometry;  with  numerous  exercises, 
theorems,  and  problems  for  advance  work.  New  revised  edition. 
Boston,  Heath,  1902.      12mo.      6  +  208  pp.      Hf.  leather.       $0.76 
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Jelinek  (L.).  Mathematiache  Tafeln  ftir  technische  Lehranstalten, 
besonders  ftir  hohere  Gewerbeschulen.  3te  Auflage;  nach  der  neuen 
Rechtschreibung  berichtigter,  sonst  im  wesentlichen  unverftnderter 
Abdruck  der  2ten  Auflage.  Wien,  Pichler,  1902.  8vo.  223  pp. 
Cloth.  M.  2.00 

LoRENZ  (K.).  Das  Rechnen  mit  unvollstilndigen  DezimalbrUchen. 
(Progr.)      Weidenhofen,  1902.     8vo.      22  pp. 

LosuNOEN  der  Absolutorial-Aufgaben  aus  der  Mathematik  an  den 
humanistischen  Gymnasien  B/iyerns.  8ter  Nachtrag:  1902. 
Milnchen,  Pohl,  1902.      Svo.      7  pp.  M.  0.30 

Majiler     (G.).       Ebene    Geometric.       3te,  verbesaerte    Auflage,    2ter 

Abdruck.       Leipzig,    GOschen,    1902.  12mo.       158    pp.       Cloth. 

(Sammlung  Goschen,  No.  41.)  M.  0.80 

MuROMTSEv   (A.).     See  Gika   (D.). 

Peters  (F.).  Ziegler's  graphische  Darstellung  der  trigonometrischen 
Funktionen  nebst  Tafeln  zur  Konstruktion  bestimmter  Winkel  und 
Linien.  Ein  praktisches  Hilfsmittel  beim  geometrischen  Zeichnen. 
Wiesbaden,  Kreidel,  1902.     Svo.     22  pp.,  6  plates.    Cloth.      M.  3.00 

SANCHEZ  Casado  (F.)  y  SAnchez  Rueda  (E.).  Prontuario  de  geo- 
metrfa  y  trigonometrTa,  para  uso  de  los  alumnos  de  los  institutos, 
colegioa  y  seniinarios.  7a  edici6n  corregida  y  notablemente  au- 
mentada  por  E.  Sfinchez  Rueda.     Madrid,  Hernando  y  de  Jubera. 

1902.  Svo.      127  pp.  Fr.  1.00 

SOLANA    (E.).       See  ASCARZA    (V.  J.). 

III.     APPLIED    MATHEMATICS. 

Aparici  (R.).  Lecciones  de  geometrTa  descriptiva.  2a  edici6n. 
(Rectas  y  pianos,  poliedros,  superficies  cilfndricas,  cOnicas  y  de 
revoluci6n;  pianos  acotados.)  Madrid,  Lib.  Gutenberg  de  Jos6 
Ruiz,  1903.      4to.      8  +  32-1-8  pp.  Fr.  8.00 

Appell  (P.).  Traits  de  m^canique  rationnelle  (cours  de  m^anique 
de  la  Faculty  des  sciences  de  Paris).  Vol.  Ill:  Equilibre  et  mouve- 
ment  des  milieux  continus.      3e  fascicule.      Paris,  Gauthier-Villars, 

1903.  Svo.      Pp.  457-558. 

Atkinson  (A.  A.).  Electrical  and  magnetic  calculations.  New  York, 
1902.      Svo.      7  -h  310  pp.     Cloth.  $1.50 

BriJsch  (W.).  Grundriss  der  Elektrotechnik  fllr  technische  Lehran- 
stalten.      Leipzig,  Teubner,  1902.      Svo.      11  +  168  pp.      Cloth. 

M.  3.00 

BuRZHEiEV  (S.).  The  elements  of  the  resistance  of  materials  and 
graphostatics,  with  applications  to  the  construction  of  machines. 
St.  Petersburg,  1902.      Svo.      207  pp.       (Russian.)  R.   1.50 

CesAro  (E.).  Sur  un  problfeme  de  propagation  de  la  chaleur.  Svo. 
{Bulletin  de  VAcad6mie  royale  de  Belgique,  classe  des  sciences, 
1902,  pp.  387-404.) 

CiURLO  (M.).  Sul  principio  dei  lavori  virtuali;  memoria.  Genova, 
Istituto  Sordomuti,  1902.      Svo.      9  pp. 
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FiTZOERALD  (G.  F.)-  Scientific  writings,  collected  and  edited,  with  a 
historical  introduction  by  J.  Larmor.  London,  Longmans,  1902. 
8vo.     Portrait.     Cloth.  ISs. 

Genovino    (G.).      La  variabilitiL  degli  angoli  che  la  congiungcnte  le 
punte  del  crescente  lunare  forma  col  circolo  di  declinazione  e  col 
.  verticale  del  centro  della  luna  e  problemi  relativi.      Pistoia,  Nic- 
colai,  1902.      8vo.      36  pp. 

.      L'epoca  della  massima  visibility  del  planeta  Venere.      Firenze, 

Landi,  1902.      8vo.      13  pp. 

.      Le  epoche  in  cui  la  luna  in  una  sua  rivoluzione  intorno  alia 

terra  si  trova:  1°  alia  minima  distanza  da  due  stelle;  2**  ad  ugual 
distanza  da  due  stelle;  3°  sul  circolo  massimo  che  passa  per  due 
stelle.      Pistoia,  Niccolai,  1902.     8vo.      13  pp. 

Hartmann  (R.).  Beitrilge  zur  Wirbelbewegung.  (Diss.)  Braun- 
schweig, 1902.     8vo.     31  pp. 

Haug  (J.).  Ueber  die  Drehung  eines  starren  Kttrpers  um  seinen 
Schwerpunkt.      (Progr.)      Miinchen,  1902.      8vo.      17  pp. 

Heun  (K.).  Formeln  und  LehrsAtze  der  allgemeinen  Mechanik,  in 
systematischer  und  geschichtlicher  Entwickelung  dargest«llt.  Leip- 
zig, GOschen,  1902.      8vo.      8+112  pp.      Cloth.  M.  3.60 

HoFP  (J.  H.  van't).  Acht  Vortrilge  tlber  physikalische  Chemie,  gehal- 
ten  auf  Einladung  der  Universit&t  Chicago.  Braunschweig, 
Vieweg,  1902.      8vo.      7  +  81  pp.  M.  2.50 

Johnson  (L.  J.).  The  determination  of  unit  stresses  in  the  general 
case  of  flexure.  8vo.  39  pp.  {Journal  of  the  Association  of 
Engineering  Societies  27,  1892.) 

Kloss  (M.).  Analytisch-graphisches  Verfahren  zur  Bestimmung  der 
Durchbiegung  zwei-  und  dreifach  gestiitzter  Trager.  Mit  besonderer 
Berilcksichtigung  von  Drehstrommotorenwellen.  (Diss.)  Berlin, 
Polvtechnische  Buchhandlung,   1902.      8vo.      128  pp.,  4  plates. 

M.  3.00 

KoTrE?fBACH  (R.).  Zur  didaktischen  Behandlung  einiger  Fragen  der 
Mechanik.       (Progr.)      Troppau,  1902.      8vo.      28  pp. 

Kriemler  (C.  J.).  Jjabile  und  stabile  Gleichgewichtsfiguren  vollkom- 
men  elastischer  auf  Biegung  beanspruchter  StUbe  mit  besonderer 
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CONCERNING    THE    COMMUTATOR    sbBGROUPS 

OF    GROUPS   WHOSE  ORDERS   ARE 

POWERS  OF   PRIMES. 

BY   DR.    W.    B.    KITE. 

(Read  hetore  the  American  Mathematical  Society,  September  2,  1902.) 

In  the  Transactions  of  the  American  Mathematical  So- 
ciety, volume  3  (1902),  pages  331,  351,  the  writer  has  shown 
that  the  oommutators  of  a  nietabelian  group  are  invariant  in  the 
group,  and  that  those  operators  of  a  group  which  eorresjwnd  to 
the  invariant  operators  of  the  group  of  cogredient  isomor- 
]>hisins  are  commutative  with  all  the  commutators  of  the  group. 
It  follows  as  a  direct  consequence  of  these  two  facts  that  the 
commutator  subgroup  of  a  group  of  the  second  or  third  class  is 
abelian,  that  is,  is  of  the  first  class.  It  was  shown  in  the  same 
article,  page  349,  that  a  metabelian  group  of  odd  order  cannot 
be  a  group  of  cogredient  isomorphisms  if  it  has  a  set  of  gener- 
ators such  that  the  order  of  any  one  of  them  is  not  a  divisor  of 
the  least  common  multiple  of  all  the  others.  It  is  the  main 
object  of  this  paper  to  show  that  these  facts  are  special  cases  of 
more  general  ones. 

Let  (?  be  a  group  of  order  p'^i  p  being  a  prime)  and  let  G* 
be  the  group  of  cogredient  isomorphisms  of  G,  and  G"  that  of 
G';  also  let  /  and  T  denote  the  classes  of  the  commutator  sub- 
groups of  G  and  G"  respectively.  If  B^  is  any  commutator  of 
(r,  and  A.  (i=  1,  2,  •  •  •,  T)  a  set  of  any  f  commutators  (not 
necessarily  distinct)  of  G,  we  have  At^B.A.^^  B^B.^^.  Now 
since  the  commutator  subgroup  of  G"is  of  class  T  it  is  evident 
that  B^!,  is  invariant  in  this  subgroup  {^B^!,  I)eing  that  operator 
of  G"  that  corresponds  to  Bj,,).  Therefore  B^,,^^  is  invariant 
in  the  commutator  subgroup  of  G  and  I'^l"  -\-  1.  We  have 
seen  that  for  groups  of  classes  two  or  three  the  commutator 
subgroups  are  of  class  one.     We  have  therefore  proved  the 

Theorem  :  If  a  gi'ouj>  G  is  of  order  jf'  (/>  being  a  prime)  and 
class  2k  or  2fc-|- 1 ,  its  commutator  subgroup  is  of  class  I,  where  I  ^  k. 

Suppose  now  that  G  is  of  class  A',  where  k  '^p^  and  has  an 
abelian  commutator  subgroup.  Let  ^^.  («  =  1,  2,  •  •  •,  n),  be  a 
set  of  generators  of  G'  of  orders /^^M'espectively,  and  let  A^  be 
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an  operator  of  G  that  corresponds  to  A\.  IfB  is  any  operator 
of  (?,  we  have  Ar^BA.  =  Bt^,  and 

AtHjA,  =  t/j^,  (j  =  1,  2,  3, . -.k-i). 

It  follows  from  this  that 

A.-p^'BAf'^  =  Bt,^\     ^'      -"tj  ^-^ 

<,_r      c*-^)'      =5, 

since  ^'.  is  of  order />"*.     Also 

(j  =  l,  2,  ...,A:-2; 

and  <j;\  =  1,  provided  tP"^  =  1  (l>j  +  1).  Now  tC  =  l,and 
therefore /f' =  1. 

In  a  similar  way  we  can  show  that  the  order  of  t^  is  a  divisor 
of  the  order  of  B\  Also  the  order  of  ^^+,0  =  1 ,  2,  •  •  • ,  fc  —  2) 
is  a  divisor  of  the  order  of  t\  and  therefore  a  divisor  of  the 
order  of  B\  It  follows  from  this  that  if  an  operator  B  cor- 
responds to  an  operator  of  G'  of  order  p^,  then  it  is  commu- 
tative with  thep^th  power  of  every  operator  of  G. 

Suppose  now  that  a^  >  a.  (i  =  2).  Then  a  power  of  A^,  less 
than  p"^,  would  be  commutative  with  every  operator  of  G. 
But  this  is  impossible. 

Theorem  :  If  a  group  G,  of  order  p"^  {p  being  a  prime)  and 
class  k(k  =p)f  has  an  abelian  commutator  subgroup^  (?'  cannot 
have  a  set  of  generators  such  that  the  ordef*  of  one  of  them  is 
greater  than  the  order  of  every  one  of  the  others. 

We  now  consider  under  what  conditions  a  group  G  of  order 
PTPV  ' '  'P^f  where  p,,  p^,  •  •  •,  jo^  are  distinct  primes,  can  have  a 
commutator  subgroup  of  order  jpf.*  Let  G^,  Gg,  •••,  G^  be 
subgroups  of  G  of  orders  p^^,  pj',  •  •  •,  p*-  respectively.  Then 
G.{i  >  1)  is  abelian,  since  identity  is  the  only  commutator  it 
contains.     Moreover,  any  operator  of  G  that  transforms  G.  into 

*The  symmetric  group  of  degree  three  is  such  a  group.  It  is  of  order  3.2 
and  its  commutator  subgroup  is  of  order  3. 
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itself  is  commutative  with  every  operator  of  G-,  Let  H^  be 
the  commutator  subgroup.  The  group  {//j,  G.}  is  of  order 
P^PV'  "^^^^  contains  p|(7  =  /8)  subgroups  of  order  j)**,  and 
therefore  p\  ^  1  (mod  p.).     Hence  if 

py^l{modp,)     (0<7  =  /3), 

every  commutator  is  commutative  with  every  operator  of  G.. 
Then  Aj^A^Aj  =  At,  where  Aj  is  any  operator  of 

Gj  (i=l,2,...,n) 

and  A.  is  any  operator  of  G. ;  and  Aj^A^i^Aj  ==  A^l?\  where  j>f  * 
is  the  order  of  L  But  pf*  is  relatively  prime  to  p..  There- 
fore Aj^A.A.  =  ^ .,  and  G  is  the  direct  product  of  the  groups  GJ" 

Theorem.  If  a  group  G  of  order  />"^p;»  •  •  •/>;;"  (2?,,  p^,  "jP* 
being  distinct  primes)  has  a  commuUdor  subgroup  of  order  pf  and 
if  Pi  ^  1  {Tnod  p^  (0  <  7  =  /8),  (t  =  2,  3,  •  •  •  n),  then  G  is  the  di- 
rect prodiuji  of  groups  of  orders  j[>*»,  joj*,  •  •  •,  p^-  respectively, 

Cornell  University. 
Auffu^j  1902. 


NOTE  ON   IKREGULAR   DETERMINANTS. 

BY  PKGFKSSOfi  L.   I.    HEWES. 

In  Gauss's  table  *  of  binary  quadratic  forms  the  two  negative 
determinants  —  468  and  —  931  of  the  first  thousand  are 
classed  as  regular  and  their  genera  and  classes  given  correctly. 
Perott  t  has  i)ointed  out  that  these  two  determinants  are  irreg- 
ular. The  details  of  the  classes  of  the  original  thirteen  irreg- 
ular determinants  of  Gauss  have  been  worked  out  by  Cayley  X 
and  on  the  following  page  are  given  the  details,  in  hia  nota- 
tion, for  the  properly  primitive  reduced  forms  of  the  two 
determinants  added  by  Perott's  investigation. 


*C.  F.  GatiSB,  Werke,  vol    H,  p  450. 

t  *'SDr  la  formation  des  tl^^terniiitants  irre^aliere,''  Crelle^  vol.  59. 

I  Cay  ley '8  Collected  Papers,  vol.  5,  p.  141. 
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—  468 


Classes. 


Cp. 


1 

0 

468 

+ 

13 

U 

36 

9 

0 

5-2 

4 

0 

117 

9 

3 

53 

— 

17 

—  5 

29 

17 

5 

29 

9 

—  3 

5;i 

28 

19 

8 

-h 

7 

-1 

67 

7 

1 

67 

19 

—  8 

28 

8 

2 

59 



11 

—  4 

44 

11 

4 

44 

8 

—  2 

59 

+  '  -f 


-h    + 


1 


e 


Exponent  of  irrefsnlarity  2. 


D 

Classes. 

a 

? 

Cp. 

—  931 

1          0     931 

+ 

+ 

1 

4          1     233 

9' 

4     —1     233 

9' 

25        12       43      :             1 

dg* 

25  —  12       43                   1 

d'g^ 

11             2        85        :                 1 

d 

11     —2       85      1 

d' 

23         9      44      , 

dg' 

23    —9       44      1 

dY 

19         0      49 

-H 

— 

9" 

17         2      55 

g 

17—2       55 

9" 

5     -2     187 

dfl" 

5         2     187 

d«„5 

20         3      47 

rfff> 

2U    —  3      47 

<«*#' 

20         7      49 

d^g 

20—7      49 

RzpoDent  of  irrejsniarity  3. 

Kingston,  R.  I., 
August,  1902. 
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NOTE  ON  THE  PEOJECTIONS  OF  THE 

ABSOLUTE   ACCELERATION   IN 

RELATIVE  MOTION. 

BY  DR.    G.    O.    JAMES. 

Inasmuch  as  the  usual  methods  of  forming  the  projections  of 
the  absolute  acceleration  on  the  moving  axes  rest  to  a  certain 
extent  on  geometric  considerations  it  has  seemed  worth  while 
to  treat  the  question  from  a  purely  analytic  point  of  view  and 
derive  these  expressions  by  purely  algebraic  processes.  This 
method  possesses  the  advantage  of  being  immediately  extensible 
to  any  number  of  dimensions,  and  in  the  latter  part  of  this 
note  I  shall  give  the  expressions  for  n  dimensions. 

Connecting  the  moving  axes  Oa?,  Oy,  Oz  with  the  fixed  axes 
by  the  following  schema 

X     y     z 

X    a     b     c 

Y  I  a     U    c 

I 
Z  I  a     0     c  , 

I  shall  rapidly  recall  tlie  following  equations  : 

(1)  X=>Skc,      Y^Sdx,    Z^Sa'x, 

where  S  denotes  summation  with  respect  to  a,  6,  c  and  x,  y,  z. 


(2) 


<IX      .,  dx      ^,  da 


dt 


dt 


dt' 
da' 


dY      „  ,  d.v      ^, 
ldt='^   dt-^'^  dt' 

dZ  „  dx  da' 

dt  ='^"  dt  +  ^''~dt' 
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(3) 


<PX 


cPx 


(if  ='^rf/2  +  ^.»2  +  2'^ 


(PV 

de 


2  =  Sa'  -,^  +  Sx  jjs  +  2S  -J  - ,  , 


=  Sa' 


(Px 

(le 

d^x 


d^a 
df 

d^a' 

de 


dxda 
dl  dl' 

d.v  da 
7t'di 


cPa"  dxda" 


dt   dt 


(■1) 


—.   db  ,^^.  dc 

dc  da 

^,da  ^    db 


The  projections  of  the  absolute  velocity  on  the  moving  axes 
are  then 

^,       ^   dX      dx 


(4) 


.^^,dX      dy 
,,      ^  dX     dz 

^.'-T.^-dt=df+p'J-'i''- 


The  direction  cosines  satisfy  the  following  equations 

da       -  db  dc 

(.•>)  di  =  f>'--cq,     j^  =  cp-ar,     ^^^  =  aq  -  bp, 

with  two  similar  sets  in  a,  6',  c',  and  a\  b'\  c",  which  I  shall 
denote  by  (5)'  and  (5)". 

The  projections  of  the  absolute  acceleration  on  the  moving 
axes  are 

.r-»    ^-Y     ,,«^    ^   drx       __.     ^^    d^a      ^,^^    ^dxda 


(6) 


d'^X 
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Calculating  ]^  aSa  -^  and  remembering  the  relations  between 
the  direction  cosines  we  have  at  once 

(7)  T.^dti'-dr 

Again 

Differentiating  (5)  (5)'  and  (5)"  and  calculating 


we  have 


(8) 


T.<'df>  ^''df'  2:«^' 


^   cP6  dr 


"de 


dt 


Again 

(9) 
Hence 


--^    cPc      dq 


_-^      dx  da       dx  ,^^    da       ^2/  v^    ^^        ^^  t-^    ^^ 

^*^df  ~di  =  d<  ^"  eft  +  "(ft  ^°  di  +  ¥<  ^"  W 

dy  dz 

--'di  +  'i'dt- 


(10) 


/   di,  dz\  ' 


Now  (10)  may  be  written 


(11) 


d/dx  \  /dz  \ 

'^'=di[-di+'i'-'y)  +  'i\dt+pv-^) 


-r[%  +  rx-pzy 


♦This  formula  appears  to  have  been  first  given  by  J.  Liouville,  Jour,  de 
Math.  pure8  et  appL,  series  2,  vol.  3  (1858),  pp.  10-11. 
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Hence  we  have  for  the  projections  the  ordinary  expressions 


(11) 


J.-Z^  +  9V.-rV, 


dV 


J.-l'  +  P''^-^^- 


To  extend  this  method  to  n  dimensions  I  shall  connect  the 
moving  axes  (Ac,,  Ox^  •  •  •,  Ox^  with  the  fixed  axes  OX^, 
OX^,  ' . .,  OX,  by  the  following  table  : 


X^    a,     a^ 


^Y^!^.    /3,    •••    ^„ 


Then 

(12) 


X     V       V       •  •  • 


(13) 
(14) 
(15) 


where 


IK 

dc 


i-i    de 

dX. 


,4f  dt    dt 


dx. 


da. 


Vr.  =  'S  .If  =  *''»-  S '»( 77/*  +  '*''«-  S  *.•  V;/ 


^  dt 


dt 


»    „        (tc.        "    .      da. 


dx^      JL^     ^^     da.       rfa;^        " 
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(.6)  ,,.-S..%--,*.,l|', 

d'^Y  ^        (Px  «        (Pa 

(17)        /^=^.   ,/=^.ga.  d^*  +  *^«^5-.  V 

The  diflFerential  equation  satisfied  by  the  direction  cosine  \.  is 
found  by  expressing  the  fact  that  the  point  at  unit  distance  on 
the  axis  OX^  has  a  velocity  zero  along  the  moving  axes. 
Hence 

(18)  'S'+i:v«=o. 

From  (18) 
Whence 


(20)  .*..5'-|;*''s...,+|:^/.,t-*»+|;v. 

Hence 

-^V„  +  ±V^p,^       (T=l,2..,n). 


d 
di 

Lehioh  University. 
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INFINITESIMAL   DEFORMATION  OF  THE 
SKEW  HELICOID. 

BY  DR.    L.    P.    EISEKHABT. 

(Read  before  the  American  Mathematical  Society,  September  3,  1902.) 
Consider  the  skew  helicoid  S,  defined  by  the  equations 
(1)  X  =  u  cos  V,     y  =  u  sin  v,     »  =  av. 

We  shall  show  that  the  problem  of  the  infinitesimal  defor- 
mation of  this  surface  can  be  completely  solved. 
By  direct  calculation  we  find 


(2) 


and 


(3)  a«n^-_acosj^u 

where  Y,  X,  Z  denote  the  direction  cosines  of  the  normal. 
Again  we  find 

D^Y^  X^'  =  0,      D'-  V  Xp^  =  --!.- , 
^     a«'        '  ^     dudv      v'lt'  +  a' 

The  characteristic  equation   of  the  deformation  reduces  in 
this  case  to 

dudv      u^  +  d^  dv         ' 
of  which  the  general  integral  is 

(5)  ^=T+J^ 
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where  f7  is  a  function  of  u  alone  and  F  is  a  function  of  v 
alone. 

The  cartesian  coordinates  of  the  surface  8^,  corresponding  to 
S  with  orthogonality  of  linear  elements,  have  the  following 
expressions :  * 

x^^{U+  F)  sin  r  -  2  /sin  y .  V'dv, 
(6)  y^^^(U  +  V)  cos  V  +  2/cos  r .  F'dt?, 

2j=-l[(?7+  V)u^2fu'U'du], 

where  the  accent  denotes  differentiation.  From  (6)  we  have 
that,  when  F  is  a  constant,  S^  is  a  surface  of  revolution. 
Moreover,  since  these  formulae  involve  an  arbitrary  function  of 
n,  it  follows  that  any  surface  of  revolution  can  be  defined  by 
them. 

(Conversely,  given  a  surface  of  revolution  defined  by 

X  =iti  cos  r,     y  ^=  u  sin  v,     2  =  U-, 

Uie  helicoid  with  plane  director ^  ichose  equaiions  are 

X  =  f/j  sin  V,     y  =  —  TJ^  cos  r,     z  =  ar, 

has  the  same  axis  and  corresponds  with  oiihogonality  of  linear 
elements,  if 

c  ir 

where  the  accent  denotes  differentiation  with  respect  to  u. 
By  direct  calculation  we  find  from  (6), 

From  (4)  we  see  that  the  lines  u  =  const.,  v  =  const,  on  S  are 
asymptotic,  and  consequently  the  corresponding  lines  on  S^ 
form  a  conjugate  system.  Hence  it  follows  from  (7)  that  the 
necessary  and  siifficieyU  condition  that  asymptotic  lines  on  S  cor- 

*  Bianchi,  Lezioni,  p.  276. 
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respond  to  lilies  of  curvuture  on  S^is  that  V  =  0,  that  is,  S^  miist 
be  a  surface  of  revolution. 

From  (5)  we  see  that  in  the  latter  case  ^  is  a  function  of  u 
alone.  This,  however,  is  a  general  property  of  the  infinitesi- 
mal deformation  of  minimal  surfaces.  For,  from  the  following 
formula,  which  we  have  established  elsewhere,* 

it  is  seen  that  when  S  is  a  minimal  surface  referred   to  its 
asymptotic  lines,  the  necessary  and  sufficient  condition  that  the 
parametric  lines  on  S^  be  the  lines  of  curvature  is  that  <^  shall 
be  a  function  of  u  alone  or  a  function  of  v  alone. 
When  in  particular  we  take 

(8)  f7=  V  u^  +  a\      F=  0, 
we  get 

ajj  =  i/  u^  +  o^ .  sin  f,     y^  =  ■—  >/  u'^  -f  a^ .  cos  f , 

a:^  =  —  a  log  (i^  +  l/  u^  -f  o?), 

which  define  the  catenoid.  From  (5)  we  get  ^=1,  which  is 
the  case  whenever,  in  the  deformation  of  a  minimal  surface,  the 
adjoint  of  the  latter  is  taken  for  the  surface  Sy'\ 

Genty  %  has  shown  that  the  cartesian  coordinates,  ;r^,,  y^,  2^,, 
of  the  associate  surface  §  8^  in  an  infinitesimal  deformation  are 
given  by  the  equations 

da\  =  z^dy  -  y^dz, 

dz^  =  y^dc  ~  x^dy. 

Substituting  the  expressions  for  .r,  y,  •  •  • ,  z^y  from  (1)  and  (6), 
and  solving  we  find 

^0="^  [(r/+r-wf7')sinv+F'.costj], 
a 

(9)  y„=^  l-{U+V-uU')cosv  +  V'-smv'\, 
z.  =  U'. 


*  Amei\  Jour,  of  Math,  j  vol.  24,  p.  177. 

ti6w/.,  p.  192. 

i  Toulouse  AmialeSj  vol.  9. 

i  Bianchi,  L  c,  p.  279. 
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The  linear  element  of  6^  is  readily  found  to  be 

(10)     ds,'^-^{u^  +  d')dw'  +  -\{V"  +  V^uU'  +  U)'dv\ 

It  is  well  known  that  the  lines  upon  any  associate  surface 
corresponding  to  the  asymptotic  lines  on  S  form  a  conjugate  sys- 
tem. From  (10)  we  see  that  the  conjugate  system  on  S^  corre- 
sponding to  asymptotic  lines  on  S  are  the  lines  of  curvature. 
Furthermore,  the  lines  of  curvature  v  =  const,  are  geodesies  and 
consequently  S^  is  a  surface  of  Monge.*  From  the  form  of  the 
coefficient  ofdv^  in  (10)  we  have  that  the  generating  develop- 
able is  a  cylinder. t     Hence 

In  any  infinitesimal  deformation  of  a  skew  hdicoid  the  associate 
surface  is  a  moulure  surface. 

Conversely,  given  any  moulure  surface;  its  equations  can  be 
put  in  the  form  (9)  and  then  can  be  taken  for  the  associate  sur- 
face in  the  deformation  of  the  helicoid  (1),  corresponding  to  the 
value  ( C7-f  F)  (u^  +  a^)  ~^  of  the  characteristic  function. 

From  (6)  ana  (9)  we  get  the 

Theorem  :  When  the  sarfojce  8^  in  an  infinitesimal  deforma- 
tion  of  a  skew  hdicoid  is  a  surface  of  revolution y  the  associate  sur- 
face S^  also  is  a  surface  of  revolution ,  and  their  lines  of  curvature 
correspond. 

And  conversely. 

When  the  associate  surfax'e  S^is  a  surface  of  revolution,  the  char- 
acteristic surface  S^  is  a  surfa^ce  of  revolution. 

When  in  particular  S^  is  the  catenoid,  >S„  is  the  sphere  of 
radius  unity  and  center  at  the  origin. 

If  we  put 

r=  a  Vu^  :\-a^^au  log  (w  +  y'u''  +  a""),      F=  0, 

the  formulae  (9)  define  the  catenoid.  We  have  shownj  that  the 
necessary  and  sufiicient  condition  that  the  lines  of  curvature  be 
unaltered  in  the  deformation  of  aS  is  that  8^  be  the  adjoint 
minimal  surface  of  S.     Hence,  when 


*  Monge,  AppUc.  de  P  Analyse  a  la  G^onK^trie  5  ed.,  chap.  25. 
t  Darboux,  Leyons,  vol.  1,  p.  105. 
X  L.  c,  p.  199. 
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the  corresponding  deformation  of  S  leaves  the  lines  of  curva- 
ture unaltered  and  only  in  this  case. 

Princeton, 

June,  1902. 


ON    INTEGRABILITY  BY  QUADRATURES. 

BY   DB.   SAUL  SPSTEBN. 

(Read  before  the  American  Mathematical  Society,  September  3,  1902.) 

The  object  of  this  note  is  to  show  that  Vessiot's  noted  theorem 
that :  ^^  the  necessary  and  sufficient  condition  that  a  linear  dif- 
ferential equation  shall  be  integrable  by  quadratures  is  that  its 
group  of  rationality  shall  be  integrable,"  *  is  a  special  case  of 
the  Jordan-Beke  f  theorem  on  reducibility  of  differential  equa- 
tions. 

The  Jordan-Beke  theorem  is  to  the  effect  that  "  if  a  linear 
differential  equation  is  reducible  in  the  sense  of  FrobeniusJ 
then  its  group  of  rationality  will  transform  a  certain  linear 
manifoldness  of  the  solutions  (which  does  not  include  the  total 
n-dimensional  manifoldness)  into  itself." 

Analytically  interpreted  §  this  says  that  the  group 

2/i    =«iiyi    ■4----+«i*yA^ 
(1) 

y»    =  ««i  yi    +  •  •  •  +  «n*  y*    +  ^n,  a-m  y*+i  +  — \- ««» .v«, 

is  isomorphic  with  the  group  of  rationality.  For  convenience 
it  is  well  to  adopt  Loewy's  notation,  writing  for  (1)  simply  the 
coefficients 

*  Vemiot  :  Ann,  de  VEc.  nor,  imp.,  1892. 

t  C.  Jordan .  BuU.  de  la  Soc.  Math ,  de  France,  vol.  2 ;  Beke  :  Alath,  Annalni, 
vol.  45,  p.  279. 

X  Frol»enio8  :  Crelfe,  vol.  76. 

'i  A.  Loewy  :  *•  Ueber  die  irreduciblen  Factoren,"  etc.,  Ben'chte  der  mafh.- 
phy.  CifiHse  der  Konigl,  Sdehs,  GeseHachaft  der  Wissenschnfien  zu  Leipzig,  vol. 
54  (1902),  pp.  1-13. 
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•••«i* 
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(2) 


...0 


a« 


•a, 


tiJb 


*n,  *+l 


•o« 


When  a  linear  differential  equation 
(3) 


d^y  d^~^y 


is  given,  we  fix  a  domain  of  rationality  and  now  if  equation  (3) 
reduces  within  this  domain  to 

W  rfJ^  +  ?^rfx>-^  +  '--  +  ^*2/  =  0         {k<n) 

the  group  (2)  will  be  isomorphic  with  the  group  of  rationality  of 
the  equation  (3). 

If  i  =  n  —  1,  then  by  effecting  a  quadrature  equation  (3) 
will  reduce  to 


(5) 


and  the  group  (2)  will  become 
(6) 


«l.n-l  0 


««_1,  1 


If  now  (5)  reduces  within  the  same  domain  of  rationality  to 


y 


d'^-'y 


the  group  (6)  becomes 


+  «n-2y  =  o 
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(8) 


«»-2,l    • 

••an-2,n-2 

0             0 

«n-l.l    • 

••   «n-l,n-2 

«n-l,n-l    0 

«n,l          • 

•  '   «n.  »-2 

«H,  n-1      a««- 

When  equation  (8)  is  integrable  by  quadratures  this  pro- 
cess can  be  continued  n  times ;  the  group  we  are  considering 
(which  is  isomorphic  with  the  group  of  rationality)  takes  the 
form 


(9) 


^"2 1  ^2  2 

O3  I  6^3  2 


But  (Lie-Engel,  Transformationsgruppen  I,  chapter  27)  the 
group  (9)  is  an  integrable  group. 

The  Jordan-Beke  condition  for  redueibility,  employed  above, 
is  both  necessary  and  sufficient.  We  have  thus  deduced  as  a 
special  case  of  the  Jordan-Beke  theorem  the  theorem  of  Vessiot, 
namely,  "  the  necessary  and  sufficient  condition  that  a  linear 
homogeneous  differential  equation  shall  be  integrable  by  quad- 
ratures  is  that  its  group  0/ rationality  be  integrable,^^ 

Philadelphia,  Pa. 
August,  1902. 


THE   CENTENARY   OP   THE   BIRTH   OF   ABEL. 

At  the  close  of  the  first  week  in  September  last,  the  Royal 
Frederick  University  at  Christiania,  Norway,  celebrated  the 
one  hundredth  anniversary  of  the  birth  of  Niels  Henrik  Abel. 
The  occasion  was  noteworthy  as  the  first  international  academic 
celebration  in  Norway  and  was  in  every  way  instructive  and 
enjoyable  for  the  delegates  and  guests  of  the  university.  On 
their  arrival  at  the  station  they  were  met  by  representatives  of 
the  university  who  had  been  previously  instructed  as  to  which 
language  each  of  them  spoke  and  who  conducted  them  to  the 
rooms  to  which  they  had  been  assigned  in  the  various  hotels, 
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acting  the  while  as  interpreters  or  informants  and  talking  with 
apparent  indifference  French,  German,  English,  or  Norwegian. 
Each  delegate  was  presented  with  two  large  volumes  of  which 
one  was :  Norway,  the  official  publication  of  the  country  at  the 
time  of  the  Exposition  at  Paris  in  1900,  and  the  other :  Niels 
Henrik  Abel,  Memorial  public  h  I'occasion  du  centenaire  de  sa 
naissanee,  containing  an  ode  to  Abel  by  Bjoernson,  a  historical  ac- 
count of  his  life  and  correspondence  by  Hoist,  the  letters  written 
or  received  by  Abel  translated  into  French  with  notes  and  with 
facsimile  reproductions,  letters  and  documents  relative  to  him 
likewise  with  notes,  the  original  text  of  such  letters  as  Abel 
wrote  in  Norwegian,  and  an  essay  by  Sylow  on  AbeFs  studies 
and  discoveries  with  further  facsimiles.  It  is  this  volume  which 
for  most  of  us  will  probably  be  the  most  cherished  and  per- 
manent monument  of  the  celebration.  There  are  three  other 
volumes  now  publishing  which  may  be  mentioned  here  as 
memorials  of  the  occasion  and  which  will  doubtless  be  of  a 
greater  value  from  a  purely  scientific  point  of  view  than  those 
presented  to  us  by  the  university.  These  are  volumes  XXVI, 
XXVI  bis,  XXVI  ter,  of  the  Acta  Matheinaiicay  which  will 
contain  recently  discovered  and  hitherto  unpublished  memoirs 
by  Abel  and  original  memoirs  by  a  great  number  of  mathe- 
maticians upon  those  branches  of  mathematics  in  which  Abel 
was  especially  interested. 

Although  there  was  an  informal  reception  for  the  delegates 
on  Thursday  evening,  September  4,  in  St.  Hanshaugen  Park 
with  an  introductory  address  of  welcome  by  Professor  Nansen, 
chairman  of  the  Abel  committee,  the  official  opening  of  the  cele- 
bration took  place  Friday  at  noon  under  the  presidence  of  the 
rector  of  the  university  and  the  president  of  the  academy  of 
sciences.  The  programme  consisted  of  a  beautiful  cantata  com- 
posed especially  for  the  occasion  by  Bjoernson  and  Sinding,  of 
addresses  by  the  minister  of  state  and  the  rector  of  the  university 
with  responses  by  Professors  Heinrich  Weber  and  Vol  term  on 
behalf  of  the  delegates,  and  of  an  address  or  essay  by  Professor 
Sylow  on  the  work  of  Abel.  Professor  Sylow  alone  spoke  in 
Norwegian  and  copies  of  his  address  translated  into  French 
were  distributed  among  the  delegates. 

In  the  evening  his  majesty.  King  Oscar  II,  who  in  person 
attended  the  official  meetings  of  the  celebration,  tendered  a 
supper  to  the  delegates  and  other  invited  guests.  The  long  in- 
formal receptions  before  and  after  the  supper  afforded  the  first 
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and  probably  the  best  opportunity  which  we  had  to  become 
acquainted  with  one  another. 

On  Saturday  at  noon  the  second  official  meeting  was  held 
under  the  auspices  of  the  university.  This  was  more  of  an 
academic,  less  of  a  state  affair,  than  that  on  the  preceding  day. 
The  president  of  the  academy  of  sciences  delivered  an  ad- 
dress. Forsyth,  Grav4,  Picard,  Schwarz,  Zeuthen  responded  on 
behalf  of  the  delegates,  Hensel  for  Creli^a  Joamcdy  M ittag- 
Leffler  for  the  Acta  Mathematica.  The  delegates  then  filed 
by  and  presented  the  inscribed  congratulatory  addresses  or  the 
words  of  felicitation  sent  by  the  various  societies  or  universities 
represented. 

It  is  difficult  to  obtain  an  exact  list  of  the  delegates,  for 
some,  Peano,  Pincherle  and  Pad^,  for  example,  who  were 
expected  atod  who  would  have  added  to  the  already  bril- 
liant assemblage,  did  not  arrive  ;  and  others,  as  Selivanov  and 
Knott,  that  one  could  notice  came  unofficially  or  too  late  to  be 
included  in  the  lists.  The  correspondents  of  the  press  give 
the  following  list  taken  down  as  the  delegates  filed  by. 

From  Germany  and  Austria:  Schwarz,  H.  Weber,  Prings- 
heim,  Hensel,  Hilbert,  Seeck,  Kiepert,  Fr.  Meyer,  Krause, 
Engel,  Gutzmer,  Lerch,  Czuber.  From  Belgium  :  Mansion, 
Paige.  From  Holland  :  Cardinaal,  Kristensen.  From  Den- 
mark :  Thiele,  Zeuthen.  From  France :  Picard  and  E. 
Sauvage.  From  America  :  Canfield,  Olsen,  Spangler,  Watson 
(not  mathematicians  representing  various  universities),  and 
Fields,  Newcomb,  Van  Vleck,  Wilson  (the  last  two  represent- 
ing the  American  Mathematical  Society).  From  Switzer- 
land :  Graf,  Fehr.  From  Greece :  Stephanos.  From  Russia 
and  Finland  :  Lindelof  (senior),  Donner,  Tallqvist,  Biicklund, 
Zdanov,  Grav6,  Zantshevsky.  From  Sweden  and  Norway  :  A. 
B.  Biicklund,  Wijkander,  Mobius,  Th6el,  Bendixson,  von  Koch, 
Duner,  Mittag-Leffler,  Dahle,  Hansen,  Lugaard,  Spaare.  From 
Italy :  Orland,  Volterra,  Del  Pezzo.  From  Great  Britain : 
Lamb,  Love,  Forsyth,  Joly,  Sampson,  Greenhill,  Hobson,  Jack. 

The  rector  of  the  university  then  delivered  an  address  pre- 
liminary to  conferring  the  honorary  degrees.  By  the  original 
charter  of  the  university  the  power  of  bestowing  such  degrees 
had  been  withheld.  For  this  celebration,  however,  special  per- 
mission had  been  granted  and  to  signalize  the  occasion  further  a 
new  degree,  Doctor  Mathematicse,  was  introduced.  This  dis- 
tinctive degree  was  bestowed  upon  the  following  twenty-nine 
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persons  of  whom  the  ten  who  were  present  went  forward  as  their 
names  were  read  and  received  their  diplomas  amid  great 
applause : 

Appell,  Backlundj  Boltzmann,  G.  Cantor,  Cremona,  Dar- 
boux,  G.  Darwin,  Dedekind,  Dini,  Forsyth,  J.  W.  Gibbs,  Hil- 
bert,  Jordan,  Lord  Kelvin,  Klein,  Koenigsberger,  Markov, 
Mittag-Leffler,  Newcomb,  Picard,  Poincar^,  Lord  Rayleigh, 
Salmon,  Schwarz,  Stokes,  Volterra,  Weber,  Wirtinger,  Zeuthen. 

Professor  Newcomb  made  a  short  speech  thanking  the  uni- 
versity on  behalf  of  the  recipients  of  the  degree.  The  rector 
of  the  university  delivered  a  peroration  and  declared  the  cele- 
bration officially  at  an  end. 

But  for  the  delegates  much  was  yet  in  store  —  perhaps  the 
pleasantest  part  of  all.  Professor  Bjerknes  and  his  son  took  some 
of  us  who  were  especially  interested  in  mechani(s,  among  whom 
could  be  seen  Volterra,  Love,  and  Lamb,  to  his  laboratory 
and  showed  us  his  apparatus  specially  devised  for  exhibiting 
his  hydrodynamic  action  at  a  distance.  In  the  evening  the 
city  of  Christiania  gave  us  a  dinner,  during  and  after  which  we 
had  another  excellent  opportunity  to  renew  or  further  our  ac- 
quaintance with  one  another.  This  occasion  was  the  climax 
of  the  celebration.  A  magnificent  collation  was  served.  The 
King  and  the  various  nationalities  were  toasted.  Enthusiasm 
waxed  to  fever  heat.  Finally  the  students  came  in  a  torch- 
light procession  under  the  windows  of  the  banquet  hall,  greet- 
ing the  delegates  with  prolonged  and  uproarious  applause.  On 
Sunday  various  excursion  parties  into  the  environs  of  Christi- 
ania were  formed  for  our  interest.  Sunday  evening  there  was 
a  special  representation  of  Ibsen's  Peer  Gynt  at  the  national 
theater  to  which  we  had  invitations.  For  the  following 
Wednesday  Professor  Mittag-Leffler  extended  an  invitation  to 
lunch  to  such  of  us  as  might  be  in  Stockholm. 

By  Monday  evening  most  of  us  had  left  Christiania  feeling 
that  the  celebration  had  been  uncommonly  successful  :  for  the 
committee  had  accomplished  the  difficult  task  of  making  each 
succeeding  event  better  than  the  previous  one. 

E.  B.  Wilson. 

Paris,  September  25. 
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THE  ENGLISH  AND  FRENCH  TRANSLATIONS  OF 
HILBERTS  GRUNDLAGEN  DER  GEOMETRIE. 

1.  IjCS  Pnncipes  fondamenkmx  de  la  G^omUrie.  Par  D.  HiL- 
BERT.  Traduit  par  L.  Laugel.  Paris,  Gauthier-Villars, 
1900.     4to.     Ill  pp. 

2.  The  Foundatiom  of  Geometry,  By  David  Hilbert. 
Translated  by  E.  J.  Townsend.  Chicago,  The  Open  Court 
Publishing  Company,  1902.     8vo.     132  pp. 

It  is  indeed  a  matter  for  congratulation  that  Professor  Hil- 
bert^s  masterly  discussion  of  the  foundations  of  geometry  has 
become  so  well  known  and  so  widely  circulated.  This  circum- 
stance is  undoubtedly  due  to  its  clearness  and  force ;  for,  while 
some  of  the  previous  studies  along  similar  lines  are  difficult 
even  for  the  advanced  student  to  understand,  Hilbert's  style  is 
so  deceivingly  clear  as  to  lead  certain  minds  to  predict  the  use 
of  this  book  in  elementary  instruction. 

An  excellent  review  of  the  original,*  rendered  into  English  by 
Professor  Ziwet,  was  given  in  the  Bulletin  (volume  6,  1900, 
pages  287-299)  by  Dr.  Sommer,  of  Gottingen ;  the  present 
review  will  therefore  not  deal  with  the  German  edition,  except 
for  purposes  of  comparison. 

If  a  minute  criticism  of  the  language  of  the  French  trans- 
lation were  the  main  purpose,  the  reviewer  would  certainly 
feel  great  hesitation  in  undertaking  the  task.  But  there  are 
certain  additions  to  the  French  translation  which  are  most  note- 
worthy, and  with  these  we  shall  occupy  ourselves  chiefly. 

On  page  291  of  his  review,  mentioned  above.  Dr.  Sommer 
explains  that  Hilbert's  axiom  V  is  not  sufficient  to  furnish  a 
satisfactory  foundation  for  the  complete  discussion  of  "  the  con- 
tinuity of  the  straight  line  in  the  ordinary  sense."  This  lack  is 
supplied  in  the  French  edition  by  an  additional  axiom  (by  Hil- 
bert) entitled  "Axiome  d'int6grit6"  (Vollstiindigkeitsaxiom), 
which  practically  requires  that  the  system  already  set  up  shall 

*In  thia  connection,  a  review  of  Hilbert' s  Grundlagen  der  Geometrie  by 
H.  Poincai^,  BuU,  des  Scien^^es  McUh.  (2),  vol.  26  (Sept.,  1902),  p.  249,  should 
be  mentioned.  This  review  is,  as  would  be  expected,  of  the  greatest  impor- 
tance.  The  present  writer  regrets  that  his  review  was  in  type  before  that  of 
Poincar^  was  seen.  Footnotes  liave  been  added  occasionally  at  points  where 
this  review  would  have  been  most  influenced  by  Poincar^'s. 
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be  considered  as  closed,  i.  €.,  incapable  of  extension  by  the  ad- 
junction of  additional  elements.  This  axiom  corresponds  to  the 
one  introduced  by  Hilbert  (Jahresbericht  der  Deutschen  Mathe- 
matiker  Vereinigung^  1900)  for  arithmetic;  and  is  certainly 
radically  different,  in  the  character  of  the  assumption  made, 
from  the  other  axioms  proposed  by  Hilbert.  Its  introduction 
enables  us  to  prove  the  fundamental  theorem  of  Bolzano,  but 
the  reviewer  feels  that  its  form  is  scarcely  final,  and  that  jt  i& 
not  wholly  satisfactory  to  Hilbert  himself.* 

Another  addition  to  the  French  edition  merits  more  attention 
than  it  seems  to  have  received ;  the  original  conclusion  of  the 
German  edition  is  replaced  by  a  new  appendix  (pages  106-1 1 1), 
written  by  Hilbert,  which  shows  clearly  the  importance  of  his 
work  for  non-euclidean  geometry  in  its  broadest  sense,  a  point 
upon  which  Hilbert  dwelt  to  a  considerable  extent  in  his  lec- 
tures preceding  the  publication  of  the  original  Festschrift,  but 
which  is  scarcely  mentioned  in  the  Festschrift  itself.  The  appa- 
rent reason  for  the  tendency  of  non-euclidean  geometers  in  the 
past  to  cast  out  the  axiom  of  parallels  alone,  is  that  this  was 
thought  to  be  the  only  axiom  explmtly  assumed  by  Euclid  which 
could  not  be  directly  tested  by  physical  experiment.!  Another 
axiom,  or  set  of  axioms,  namely  those  regarding  continuity,  as- 
sumed implicitly  by  Euclid,  is,  however,  equally  open  to  philo- 
sophical exception. I  The  effect  of  the  omission  of  the  axiom  of 
Archimedes  (Hilbert,  V)  was  therefore  of  peculiar  interest  to 
Hilbert,  and  the  subject  was  discussed  considerably  in  his  lec- 
tures. A  student.  Dr.  Dehn,  completed  these  inquiries,  and  a 
review  (by  Hilbert)  of  Dr.  Dehn's  thesis  forms  the  major  por- 
tion of  this  addition  to  the  French  translation.  The  one  strik- 
ing fact  that  a  geometry  is  posnibh  in  which  the  sum  of  the  angles 
of  any  triangle  is  two  right  angles  and  in  which  similar  non-con- 
gruent triangles  exist,  while  an  infinity  of  parallels  to  any  straight 
line  may  be  draum  through  any  point,  will  sufficiently  indicate 
the  remarkable  nature  of  Dr.  Dehn's  results. 

This  geometry  is  called  '^semi-euclidean,*'  and  is  evidently 
non-arch imedean,  the  axioms  III  and  V  being  omitted ;  but 
in  the  whole  discussion  the  axioms  I,  IV  and  II  (in  modified 
form)  are  assumed  to  hold.  To  the  reviewer  it  would  seem, 
from  the  theorem  just  mentioned,  that  the  assumption  that  the 

*S€e  also  Poincar^,  I.  c,  pp.  256,  271,  272. 

t  The  reviewer  disclaims  any  intention  of  saying  that  this  is  a  logically 
valid  reason  ;  it  is  merely  the  actmd  reason. 
tSee  Poincar^,  1.  c,  pp.  250,  258. 
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sum  of  the  angles  of  a  triangle  is  two  right  angles  would  be 
more  advisable  than  the  form  of  the  parallel  axiom  given  by 
Euclid  (Hilbert  III),  since  it  is  demonstrated  that  it  is  a 
"weaker^'  axiom,  in  the  sense  of  Professor  Moore.  For  while 
it  can  be  proved  from  the  axiom  III,  without  the  use  of  axiom 
V,  we  must  include  V  in  order  to  prove  III  from  it.  At  any 
rate,  as  Dr.  Dehn  remarks,  this  substitute  for  the  axiom  of 
parallels  is  conclusively  shown  not  to  be  equivalent  to  Euclid^s 
form ;  and,  while  Euclid  probably  deserves  no  praise  in  the 
matter,  his  was  certainly  a  happy  choice  in  that  he  possessed 
Archimedes's  axiom  only  by  implicit  assumption.  While  this 
subject  merits  considerable  discussion,  we  cannot  enter  into 
further  details  without  passing  from  the  book  in  hand.  Still, 
Dr.  Dehn's  thesis  {Mathematische  Annalen,  wolume  53  (1900)), 
as  also  his  subsequent  papers  in  the  Annaleiiy  form  a  direct  and 
important  addition  to  Hilbert's  memoir. 

Aside  from  these  additions,  the  French  edition  is  simply  a 
remarkably  good  translation.  The  translator  has  happily  given 
himself  just  enough  liberty  to  render  the  spirit  of  the  German 
into  idiomatic  French ;  but  the  reviewer  feels  confident  that  the 
sense  has  always  been  perfectly  preserved.  It  is  especially 
noteworthy  that  M .  Laugel  had  the  direct  and  enthusiastic  as- 
sistance of  Hilbert  himself  in  the  preparation  of  the  French 
edition. 

In  spite  of  the  hesitation  expressed  above,  the  reviewer  feels 
moved  to  enquire  whether  better  translations  for  "  Axiome  der 
Verkniipfung "  (axiomes  d'association),  and  for  "  Axiome  der 
Anordnung''  (axiomes  de  distribution),  could  not  have  been 
found,  especially  in  view  of  the  necessity  of  using  these  same 
terms  in  describing  the  corresponding  sets  of  axioms  of  arith- 
metic in  Chapter  III,  where  the  associative,  distributive,  and 
commutative  laws  of  arithmetic  are  all  placed  under  the  head 
of  "associative"  axioms,  whereas  the  "distributive''  axioms 
are  of  an  entirely  different  nature.*  Finally  the  translations  of 
"  flachengleich  "  (6gaux  par  addition),  and  of  "  inhaltsgleich  " 
(^ux  par  soustraction),  are  certainly  widely  divergent  from 
the  original,  and  might  possibly  have  been  improved  upon ;  but 
it  may  be  contended  that  they  are  justifiable  as  a  closer  descrip- 
tion of  the  ideas  represented. 

Of  the  typography  nothing  need  be  said,  further  than  that 
the  book  is  printed  by  the  firm  of  Gauthier-Villars. 

*Poincar6,  J.  c,  uses  "axiomes  projeclifs"  and  ** axiomes  de  I'ordre." 
He  expressly  discards  "  axiomes  de  connection  "as  a  transJation  of  '*  Axiome 
der  Verkniipfung." 
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On  the  whole,  on  account  of  the  additions  mentioned  above, 
and  in  view  of  the  faithful  reproduction  of  the  spirit  of  the 
original,  the  French  edition  compares  very  favorably  with  the 
German,  for  those  who  understand  both  languages  equally  well. 
The  reviewer  had  excellent  success  in  the  use  of  the  French 
edition  by  a  portion  of  his  class  last  winter,  the  students  hav- 
ing been  advised  to  procure  either  the  French  or  the  German 
editions  at  their  discretion. 

The  English  translation  is  the  work  of  one  who  had  the  ad- 
vantage of  hearing  Hilbert's  preparatory  lectures.  It  contains 
the  additions  to  the  French  translation,  but  there  are  no  new 
additions.  Some  unimportant  omissions  are  made,  including 
the  original  conclusion  (also  omitted  in  the  French  edition).  In 
a  short  preface  Professor  Townsend  expresses  his  own  views 
upon  the  important  features  of  the  work.  It  is  unfortunate 
that  he  does  not  emphasize  the  radical  departures  of  Hilbert's 
method  of  presentation  —  especially  the  power  obtained  by  con- 
sidering the  axioms  as  fundamental,  the  conceptions  of  point, 
line,  and  plane  as  trivial.*  Notice  is  taken  in  footnotes  of  some 
recent  memoirs  commenting  on  Hilbert's  work. 

Some  features  of  the  translation  are  particularly  happy. 
Especially  does  the  rendering  of  "  Widerspruchslosigkeit "  by 
"  compatibility  "  appeal  to  the  reviewer.  The  translations  of 
"  flachengleich  "  (of  equal  area),  and  of  '^  inhaltsgleich  "  (of 
equal  content),  §18,  etc.,  are  certainly  nearer  the  original  than 
the  expressions  used  by  the  French  translator.  Where  custom 
has  established  a  translation  of  a  standard  technical  word,  Pro- 
fessor Townsend  generally  appears  to  have  used  it,  as,  for  ex- 
ample, "  set "  for  "  Menge,"  "  enumerable  "  for  "  abzahlbar," 
'*  (number)  fieW  for  "(Zahl)  korper,"  to  all  of  which  excel- 
lent alternate  expressions  are,  however,  in  common  use.  The 
expression  "numerical  multiplicity,'?  translated  on  page  126 
from  the  French  '*  multiplicity  num^rique,"  suffers  on  the 
other  hand  by  comparison  with  Ziwet's  f  "  manifold  of  numbers'' 
as  an  equivalent  for  the  German  word  "  Zahlenmannigfaltig- 
keit." 


*To  iJlustrate:  Hilbert,  in  his  lectures,  used  effectively  a  geometry  in 
which  "points"  are  the  ordinary  positive  integers,  and  "lines"  are  the 
ordinary  negative  rational  numbers.  The  principle  involved  was,  of  course, 
used  before  Hilbert  by  others,  but  it  has  taken  a  far  more  tangible  form  in 
Hilbert's  hands.     See 'Poincar^,  1.  c,  i^p.  250,  252,  etc 

tin  his  translation  of  Sommer's  review  above  mentioned. 
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Professor  Halsted  *  informs  us  that  the  translation  of  "  An- 
ordnung  "  mvst  be  "  arrangement,"  but  the  reviewer  feels  that 
several  other  words  are  also  suitable  translations  of  "  Anord- 
nung,"  in  its  technical  sense,  just  as  "  ausgezeichnet,"  when 
used  technically,  need  not  necessarily  be  rendered  "  remark- 
able/'t  The  translations  "order,"  "arrangement,"  and 
"  order  of  sequence  "  are  to  be  found  in  Professor  Townsend's 
edition,  and  any  one  of  them,  used  consistently,  would  have 
been  acceptable.  Professor  Ziwet,  in  the  review  mentioned 
above,  uses  "order."  Perhaps  even  a  still  better  word  might 
be  found,  but  Professor  Townsend  is  to  be  congratulated  in  not 
having  followed  the  French  translator  in  his  unhappy  choice. 
The  omission  of  the  heading  "  Erklarung "  can  be  defended, 
although  the  reviewer  personally  inclines  to  its  retention. 

The  work  is  unfortunately  somewhat  marred  by  several 
errors,  some  of  which,  occurring  at  critical  points,  are  apt  to  be 
misleading.  On  page  24,  line  11,  the  word  "all"  is  wholly 
wrong,  as  the  translator  might  have  known  from  Hilbert's  lec- 
tures or  at  least  from  Dr.  Sommer's  review.  It  may  be  ad- 
mitted that  the  original  is  not  entirely  clear  on  this  point,  but 
no  such  word  as  "all"  occurs  in  the  German  edition.  The 
translation  of  "  einzig  "  by  "  definite  "  in  line  8,  page  53,  may 
possibly  be  confusing ;  any  single  point  is  to  determine  a  seg- 
ment 0.  The  word  "  only  "  must  be  inserted  between  "  which  " 
and  "such  "  on  line  11  from  ^he  bottom  of  page  98.  On  page 
107,  line  1,  we  are  not  to  understand  that  Pascal's  theorem  is 
identical  with  the  commutative  law,  but  merely  that  the  truth 
of  the  commutative  law  insures  that  Pascal's  theorem  holds, 
under  the  given  conditions.^  On  page  124,  line  11,  we  under- 
stand that  the  extraction  of  the  square  root  of  /,  is  the  third  in 
order,  not  that  it  is  now  to  be  performed  "  a  third  time."  The 
statement  on  page  125,  that  "every  regular  polygon  can  be 

*  In  a  brief  review  of  Professor  Townsend's  edition,  Science^  August  22, 
1902.  The  review  is  not  especiallv  appreciative  and  dwells  on  several  mis- 
takes and  misprints.  Some  of  tlie  rather  harsh  criticisms  are  quite  un- 
founded, as,  for  instance,  those  regarding  axiom  IV,  1,  p.  12 ;  theorem  16, 
p.  22  ;  and  a  sentence  on  page  25,  lines  26-28  ;  while  others  seem  trivial,  for 
example,  that  of  *' emanating,"  p.  13,  etc.  The  errors  on  pp.  24  and  125, 
noticed  by  Professor  Halsted,  and  the  omission  of  the  heading  "  Erklarung," 
are  considered  later  in  the  present  review.  The  remainder  of  Professor  Hal- 
sted's  criticisms  seem  unimportant,  in  the  sense  that  the  oassages  in  question 
are  at  least  never  misleading  as  thcj  stand,  and  certainly  do  not  call  for  sepa- 
rate reconsideration  here« 

t  An  accepted  translation  for  "ausgezeichnete  Untergruppe "  is  "seH-con- 
jugate  subgroup." 

X  See  Poincftr^,  1.  c,  p.  267. 
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constructed  by  the  drawing  of  straight  lines  and  the  laying  oiF 
of  segments"  will  scarcely  mislead  any  one.  It  is  conceivable 
that  this  curious  mistranslation  was  caused  by  some  oversight, 
but  it  seems  that  "jene"  has  been  mistaken  for  "jede(s)": 
"  Every  regular  polygon  "  should,  of  course,  be  replaced  by  "  the 
above-mentioned  regular  polygons." 

But  the  most  dangerous  errors  occur  in  the  translation  of  the 
important  new  appendix  of  the  French  edition.  On  page  127, 
lines  17,  19,  20,  21,  "par"  is  translated  "from"  instead  of 
"by,"  and  on  page  130,  line  11,  "vis-a-vis  de"  is  also  ren- 
dered "  from  "  instead  of  "  with  respect  to,"  while  on  page  128, 
line  9,  "  impost  "  is  changed  into  "  confined."  A  reading  of 
the  paragraphs  in  question  will  disclose  the  fact  that  at  least  the 
first  two  of  these  mistakes  totally  destroy  all  meaning  at  critical 
points.  These  errors,  and  some  minor  ones,  make  this  con- 
clusion the  poorest  part  of  the  English  edition. 

The  translator's  English  sometimes  lacks  the  true  idiomatic 
ring,  the  Worst  instances  being,  perhaps,  the  footnote  on  page 
85,  and  the  sentence  which  begins  on  line  7,  page  124.  There 
are  also  several  minor  faults  of  translation,  which  will  fortu- 
nately not  mislead  the  student.  Among  these  are  changes  from 
singular  to  plural  nouns  and  vice  versa,  for  instance,  "  square 
root(8),"  line  23,  page  1 21 ;  the  insertion  and  omission  of  words, 
as  "consequently"  line  21,  page  127  ;  and  mistranslations  of 
words.  Of  such  minor  errors  the  reviewer  has  noticed,  not 
counting  duplicates,  nineteen. 

Among  the  misprints  found  only  two  are  serious :  the  ref- 
erence to  "  §  30  "  on  page  98,  line  24,  should  be  "  §  27  " ;  and 
"and"  three  lines  from  the  bottom  of  page  123,  should  be 
"any."  The  misprint  ^or  error)  in  the  original  in  formula 
(1),  §  33,  corrected  in  tne  Errata  (page  111)  of  the  French 
edition,  is  corrected  properly  on  page  104  of  Professor  Town- 
send's  translation. 

The  word  "all"  on  page  74,  line  22,  while  not  strictly  a 
mistranslation  of  language,  gives  rise  to  an  impression  which  is 
faulty,  and  which  is  not  intended  in  the  original.  .For  it  is 
nowhere  proved  that  the  assumption  of  each  of  the  axioms  IV, 
1—5,  is  necessary  for  the  proof  of  Desargues's  theorem.  The 
proper  impression  would  possibly  be  conveyed  by  substituting 
the  phrase  "  or  the  entire  set  of  axioms  of  congruence  "  for  the 
corresponding  phrase  in  the  text ;  the  idea  being  that,  whereas 
we  have  assumed  axioms  IV,  1-5,  it  is  necessary  to  add  to 
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these  axiom  IV,  6,  but  it  is  Dot  shown  that  we  need  retain  each 
of  the  axioms  IV,  1-5. 

The  notation  for  a  segment  joining  two  points,  e.  g.,  0  and  }, 
has  been  changed  in  §  17,  perhaps  for  the  better,  from  OJ  to 
(0,  }).  There  are  also  other  slight  changes  of  notation,  which 
are  generally  commendable.  But  a  great  deal  is  lost  by  not 
following  Hilbert^s  italicization  of  words  and  of  some  of  the 
theorems,  which  enabled  him  to  emphasize  what  he  considered 
most  important.  In  particular  the  words  "  non  pas  "  of  the 
principal  theorem  of  the  new  conclusion  to  the  French  edition, 
which  Hilbert  and  Laugel  emphasized  not  only  by  extraordi- 
nary type,  but  also  by  extraordinary  position  in  the  sentence, 
are  rendered  on  the  last  line  of  page  128,  by  an  ordinary  "  not," 
in  ordinary  type. 

The  Open  Court  Publishing  Company  deserves  praise  for 
continuing  to  publish  translations  of  foreign  scientific  classics 
into  English.  The  book  is  well  printed,  except  for  a  few  bad 
figures,  of  which  the  worst  are  figures  18  (page  41)  and  38 
(page  76),  the  tatter  being  actually  misleading.  The  type  is 
good,  excepting  the  identity  sign.  With  regret  we  are  com- 
pelled to  notice,  however,  that  the  edition  is  not  wholly  satis- 
factory on  account  of  the  errors  mentioned  above.  In  its 
present  form  it  can  scarcely  be  recommended  to  students  unless 
they  can  read  neither  German  nor  French  ;  and  then  it  should 
be  used  only  under  competent  guidance.  But  most  of  the 
serious  errors  could  be  corrected  by  changing  a  few  words,  and 
if  a  page  of  such  corrections  were  inserted  in  the  volume  it 
could  be  used  by  students  with  greater  safety. 

To  other  than  university  graduate  students  no  edition  of  the 
book  appeals.  For  the^  statement*  that  it  has  pedagogical 
value,  or  that  it  is  to  be  of  influence  on  elementary  instruction, 
only  means  that  students  of  very  advanced  mathematics,  by 
their  knowledge  of  it,  may  reflect  into  elementary  books  or  teach- 
ing which  they  may  influence,  something  of  its  general  spirit, 
almost  nothing  of  its  actual  contents.  To  insert  the  system  of 
axioms  proposed  by  Hilbert  in  an  elementary  (high  school) 
book  or,  for  instance,  to  try  to  introduce  into  such  a  text-book 
the  theory  of  motion  as  based  upon  congruence,  or  even  the  proof 
that  all  right  angles  are  equal,  would  be  as  ill  considered  as  to 
expect  the  average  high  school  teacher  to  grasp  the  meaning  of 
the  original  in  its  entirety. 

*Sommer,  ].  c,  p.  299  ;  Townsend,  preface  to  English  edition. 
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We  must  rejoice,  however,  in  proof  of  the  wide  circulation 
of  Hilbert's  ideas,  that  both  a  French  and  an  English  trans- 
lation have  actually  been  published.  A  widely  diffused  knowl- 
edge of  the  principles  involved  will  do  much  for  the  logical 
treatment  of  all  science  and  for  clear  thinking  and  clear 
writing  in  general.  E.  R.  Hedrigk. 

Yale  University, 
SepUmber,  1902. 


DICKSON^S  LINEAR  GROUPS. 

Linear  Groups  with  an  Exposition  of  the  Galois  Field  Theory. 
By  L.  E.  Dickson,  Assistant  Professor  of  Mathematics  in  the 
University  of  Chicago.  Teubner's  Sammlung  von  Lehr- 
biichern  auf  dem  Gebiete  der  mathematischen  Wissenschaften 
rait  Einschluss  ihrer  Anwendungen,  Volume  VI.  Leipzig, 
B.  G.  Teubner,  1901.     8vo,  x  +  312  pp. 

Shortly  after  the  appearance  of  the  first  few  numbers  of  the 
Encyclopadie  der  Mathematischen  Wissenschaften  the  pub- 
lishers announced  a  series  of  text-books  on  advanced  mathe- 
matics to  be  issued  in  connection  with  the  Encyclopadie.  While 
the  authors  of  articles  in  the  Encyclopadie  were  especially  re- 
quested to  take  advantage  of  this  series  to  develop  their  sub- 
jects more  fully  and  thus  make  them  more  accessible  to  the 
student,  other  writers  were  asked  to  assist  to  raake  the  series  as 
complete  as  possible.  More  than  fifty  different  volumes  of  this 
series  have  already  been  announced,  by  almost  as  many  differ- 
ent writers  of  various  countries. 

Never  before  has  there  been  such  extensive  collaboration  to 
bring  the  developments  in  the  various  parts  of  our  subject 
within  the  reach  of  the  student.  It  is  hoped  that  this  series 
will  do  much  towards  increasing  the  number  of  well-equipped 
investigators  and  thus  exert  a  strong  influence  towards  more 
substantial  progress  in  various  directions.  The  fact  that  the 
authors  belong  to  so  many  different  countries  emphasizes  the 
cosmopolitan  element  in  mathematical  work  and  the  absence  of 
national  prejudices  among  its  devotees. 

The  present  work  is  the  sixth  volume  of  the  series  and  is 
devoted  to  a  subject  which  has  been  developed  principally  on 
French  and  American  soil.  The  fundamental  ideas  are  due  to 
Galois  and  were  published  by  him  at  the  early  age  of  eighteen 
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in  a  memoir  entitled  "  Sur  la  th^orie  des  nombres."  *  In  this 
brief  memoir  Gralois  introduced  a  new  kind  of  imaginanes  and 
studied  their  classification  and  reduction  to  the  least  possible 
number. 

Let  F{x)  represent  an  integral  function  with  integral  coefiB- 
cients.  If  it  is  possible  to  find  three  other  integral  function? 
with  integral  coefficients  F^(x)y  FJ^^:)y  F^{x)  such  that  the  de- 
grees of  i\(x)  and  F^{x)  are  less  than  the  degree  of  F(x)  and 
that 

F{x)  =  F,{x)F,{x)-^pF,{x) 

then  F(x)  is  said  to  be  reducible  modulo  p.  Otherwise  it  is 
said  to  be  irreducible.  In  the  latter  case  Galois  represents  a 
root  of  the  congruence  F(x)  =  0  mod  p  by  /  and  considers  the 
general  expression 

a  +  n^i  -f  a/  + h  a„_ii"-*, 

where  a,  a,,  a^,  .  •  •,  a^_^  represent  integers  and  ?i  is  the  degree 
of  F{x).  He  observes  that  the  /;"  —  1  values  of  this  general 
expression,  when  the  coefficients  assume  separately  all  the  least 
positive  residues  modulo  p  such  that  not  all  are  simultaneously 
equal  to  zero,  are  powers  of  a  single  one  of  them.  Hence  all 
the  algebraic  quantities  which  enter  into  the  theory  of  these 
imaginaries  are  roots  of  the  equations  of  the  form  a*''"  =  x  and 
are  therefore  independent  of  the  form  of  the  special  irreducible 
congruence  of  degree  n.f 

From  these  results  it  is  evident  that  the />"  values  of  the  gen- 
eral expression  of  the  preceding  paragraph  constitute  a  finite 
domain  of  rationality,  endlicher  Korper,  or  finite  field.  The 
interest  in  this  theory  has  been  greatly  enhanced  by  Moore's 
proof  of  the  fact  that  the  elements  of  every  finite  field  may  be 
put  in  a  (1,  1)  correspondence  with  those  of  such  a  Galois 
field.  J  The  great  simplicity  of  this  field  api>ears  perhaps 
more  remarkable  when  compared  with  the  difficulties  which  are 
met  in  the  study  of  other  finite  systems,  such  as  Kronecker's 
modular  systems  and  the  theory  of  groups  of  finite  order. 

The  first  part  (pages  3-71)  of  the  present  work  is  devoted  to 
an  exposition  of  the  Galois  field  theory,  chiefly  in  its  abstract 

•  Bulletin  des  Scimces  de  M.  F^russac,  vol.  13  (1830),  p.  428.  Reprinted 
in  Liituville  vol.  11  (1846),  p.  398. 

t  Oeuvresde  Galois,  Liouville,  vol.  11  (1846),  p.  400. 

j  This  terra  seems  to  have  been  first  used  hy  Moore,  Bulletin,  vol  3 
(1893),  p.  73. 
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form.  Beginning  with  the  simplest  example,  classes  of  residues 
with  respect  to  a  prime  modulus,  the  author  points  out  the 
characteristic  properties  of  a  Galois  field.  The  greater  part  of 
the  first  chapter  is  devoted  to  the  proof  that  no  other  finite  field 
can  exist  and  that  there  is  only  one  such  field  of  a  given  order 
p".  The  notation  and  general  method  of  proof  are  practically 
the  same  as  those  employed  by  Moore  in  his  paper  entitled  "  A 
doubly  infinite  system  of  simple  groups.^'  * 

The  second  chapter  is  devoted  to  a  proof  of  the  existence 
of  a  Gralois  field  of  o/der  p"*,  GF[p^'\ ,  for  every  prime  p  and  . 
every  integer  m.  This  existence  follows  directly  from  the  fact 
that  there  is  at  least  one  congruence  of  degree  m  which  is 
irreducible  modulo  p.  Instead  of  proving  the  latter  fact 
directly  as  Serret  has  done,t  the  author  assumes  the  existence 
of  a  CtF\^p"'\  and  proves  that  there  are  irreducible  functions  of 
every  degree  in  this  field.  Since  the  field  of  integers  modulo  p 
is  known  to  exist,  this  not  only  proves  the  point  in  question  but 
also  exhibits  some  important  properties  of  the  GF^p'^''']  with 
respect  to  the  included  GF\_p'''\ .  A  somewhat  different  method 
of  proof  is  indicated  in  the  "  exercises  "  which  close  the  chapter. 

The  determination  and  classification  of  irreducible  quantics 
forms  the  subject  matter  of  the  third  chapter.  Just  as  in  the 
study  of  least  residues  with  respect  to  a  prime  modulus,  it  is 
convenient  to  make  prominent  use  of  the  law  of  exponents  in 
the  study  of  the  irreducible  quantics.  A  quantic  F[x']  of 
degree  m  and  irreducible  in  the  field  of  order  p"  is  denoted  by 
/(^[m,  />"].  It  is  said  to  belong  to  the  exponent  e  provided  e 
is  the  least  positive  integer  for  which  t\x)  divides  x*  —  1  in  the 
(j  F[p"] .  When  e  =  />"""  —  1  then  F{x)  is  said  to  be  a  primi- 
tive irreducible  quantic  of  degree  m  in  GF[p'''\.  The  deter- 
mination of  such  quantics  forms  one  of  the  most  difficult  prob- 
lems in  the  Galois  field  theory.  The  latter  part  of  the  chapter 
is  devoted  to  special  methods  of  solving  this  problem. 

Chapter  IV  is  devoted  to  miscellaneous  properties  of  Galois 
fields  and  begins  with  the  study  of  squares,  not-squares,  and 
mth  powers  in  a  Galois  field.  To  some  readers  this  part  would 
doubtless  have  been  clearer  if  they  were  told  explicitly  that  they 
were  concerned  with  operators  of  a  cyclic  group  C.  The  state- 
ment that  "  every  mark  has  one  and  only  one  square  root  in  the 
GF[2^y  would  thus  appear  as  a  special  case  of  the  theorem 

*  Moore,  Pnbliahed  Papers  of  the  Am.  Matb.  Soo.,  vol.  1  (1896),  p.  208. 
t  Serret,  Algebre  sap^rieure,  vol.  2  (1885),  p.  137. 
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that  in  an  abelian  group  of  odd  order  every  operator  is  the 
square  of  one  and  only  one  operator.  It  is  true  the  zero  ele- 
ment of  (?i^[2"]  is  not  contained  in  C  but  the  theorem  evi- 
dently applies  to  it.  Moreover,  it  may  be  observed  that  0  and 
1  are  the  only  two  marks  of  (?F[2"]  which  coincide  with  their 
square  roots. 

Similarly,  Section  62  is  equivalent  to  saying  that  all  the  opera- 
tors of  a  subgroup  of  even  index  are  squares  of  operators  of  C 
The  theorem  of  Section  63  is  clearly  true  for  any  abelian  group 
and  is  a  direct  consequence  of  the  facts  that  in  an  abelian  group 
there  is  a  subgroup  whose  order  is  any  arbitrary  divisor 
[(p**  —  l)/d]  of  the  order  of  the  group  and  if  each  operator  of 
an  abelian  group  is  raised  to  a  power  prime  to  the  order  of  the 
group  the  resulting  operators  may  be  put  in  a  (1,  1)  correspon- 
dence with  the  original  operators.  In  other  words,  every 
operator  of  an  abelian  group  is  the  mth  power  of  just  one  of 
its  operators,  where  m  is  any  number  prime  to  the  order  of  the 
group. 

In  such  developments  it  is  always  a  question  what  an  author 
should  presuppose.  If  a  knowledge  of  the  fundamental  ab- 
stract properties  of  abelian  groups  had  been  assumed  on  the 
part  of  the  reader  it  would  have  been  possible  at  various  places 
to  indicate  more  clearly  the  contact  with  abstract  group  theory 
and  also  to  bring  out  additional  facts  in  the  same  amount  of 
space  notwithstanding  the  fact  that  the  zero  element  in  the 
Galois  field  requires  separate  treatment  from  this  standpoint. 

Sections  64-67  are  devoted  to  generalizations  of  Jordan's  re- 
sults in  regard  to  the  solutions  of  certain  quadratic  equations 
in  a  Galois  field.  This  is  followed  by  a  study  of  the  additive 
groups  and  their  multiplier  Galois  fields  as  employed  by 
Moore.  A  set  of  m  marks  X„  \y  •  •  •,  X^  belonging  to  the 
(Tt\p''\  and  linearly  independent  with  respect  to  the  Ot\p] 
give  rise  to  p"^  distinct  marks 

<^i\  +  <^2\  +  -"  +  ^.nK  («.  =  o,  1,  ••-,;> -1) 

with  respect  to  the  larger  field.  These  are  said  to  form  an  ad- 
ditive group  of  rank  m  with  respect  to  the  (^ii'^p]-  In  par- 
ticular, the  GF\^p^']  may  be  regarded  as  an  additive  group  of 
rank  n.  These  conceptions  are  generalized  and  a  condition  for 
the  linear  independence  of  marks  with  respect  to  an  included 
field  is  developed.     The  chapter  closes  with  a  consideration  of 
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Newton's  identities  for  sums  of  powers  of  the  roots  of  an  equa- 
tion belonging  to  a  Galois  field. 

In  this  chapter  the  term  group  is  used  for  the  first  time  but 
no  definition  is  given.  The  statement  "  since  the  sum  of  any 
two  of  these  p"*  marks  may  be  expressed  as  one  of  the  set,  they 
are  said  to  form  an  additive  group  "  cannot  be  regarded  as  a 
definition.  Moreover,  it  is  apt  to  mislead  the  reader  since 
such  incomplete  definitions  of  group  are  not  uncommon  in  the 
mathematical  literature.  On  the  other  hand,  if  the  reader  is 
supposed  to  be  familiar  with  the  definition  of  the  term  it  would 
have  been  of  interest  to  contrast  this  additive  group  with  the 
multiplicative  group  formed  by  the  marks  of  a  field,  which 
differ  from  zero. 

The  fifth  and  last  chapter  of  Part  I  is  devoted  to  the  ana- 
lytic representation  of  substitutions  on  marks  of  a  Galois  field. 
This  subject  is  treated  quite  fully  in  Part  I  of  the  author's 
dissertation  *  where  extensive  references  are  given.  Beginning 
with  the  definition  of  a  substitution  quantic  the  author  develops 
the  analytic  conditions  which  characterize  such  functions  and 
gives  a  table  of  all  such  reduced  quantics  whose  degree  is  less 
than  6.  A  study  of  the  Betti-Mathieu  group  and  six  suggestive 
exercises  furnish  the  close  of  these  interesting  and  important 
developments  of  modem  algebra. 

The  second  part  of  the  present  volume  (pages  75-310)  is  de- 
voted to  a  study  of  the  most  important  properties  of  linear 
groups  in  a  Galois  field.  Some  of  these  groups  were  investigated 
in  the  field  of  integers  modulo  p  by  Galois,  Serret  and  Jordan. 
These  results  are  here  generalized  for  the  larger  field  and  new 
systems  are  investigated  ab  initio  in  this  field.  The  work  of 
Moore  first  emphasized  the  importance  of  employing  the  gen- 
eral Galois  field  in  linear  group  problems  as  the  investigations 
are  generally  not  much  more  complicated  and  the  results  are 
more  general.  Jordan  frequently  indicated  these  generaliza- 
tions without  entering  upon  their  complete  development. 

A  great  part  of  the  text  is  taken  directly  from  the  author's 
numerous  memoirs,  but  in  other  parts  the  method  of  presenta- 
tion differs  widely  from  that  employed  in  the  original  papers. 
More  stress  seems  to  have  been  laid  upon  clearness  in  presen- 
tation and  some  of  the  longer  calculations  have  been  avoided. 
The  work  has  thus  gained  considerable  in  attractiveness  and 

*Diokaon,  Annals  of  MathemaiieSy  yol.  11  (1897),  p.  86. 
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has  become  more  suitable  to  serve  its  purpose  as  an  introduction 
to  the  extensive  subject  of  linear  groups  in  a  finite  field. 

The  first  chapter  begins  with  two  definitions  of  the  general 
linear  homogeneous  group  on  m  indices  with  coefiicients  in  the 
G^-F[p"].  The  group  is  denoted  by  GLH(m,  p")  while  the 
symbol  GLH[m,  p*]  is  used  to  represent  its  order.  The  latter 
is  proved  to  be 

For  n  =  1  the  factors  of  composition  were  determined  by  Jor- 
dan in  his  Traits  des  Substitutions.  For  the  general  value  of  n 
they  were  determined  independently  by  the  author  and  by 
Burnside.  The  general  case  is  considered  here,  and  from  these 
factors  it  follows  directly  that  the  group  of  all  linear  fractional 
substitutions  LF{in,p*)  in  the  Gri^[p"]  on  m  —  1  variables  and 
having  the  determinant  either  unity  or  some  mih  power  in  the 
field,  is  simple  except  in  the  two  special  cases  (m,  j3")  =  (2,  2) 
or  (2,  3). 

The  abelian  linear  group  and  a  generalization  of  this  group 
form  the  subjects  of  Chapters  II  and  III.  The  former  has  been 
investigated  by  Jordan  in  the  field  of  integers,  while  the  latter 
is  mentioned  by  him  but  he  did  not  investigate  its  properties. 
Both  have  been  studied  by  Dickson  in  the  general  Galois  field 
and  are  here  presented  in  this  general  way.  The  term  abelian 
was  first  applied  to  these  groups  by  Jordan,  although  they  are 
not,  in  general,  commutative.  To  distinguish  them  from  com- 
mutative groups  they  are  called  abelian  linear  groups. 

The  hyperabelian  group  consists  of  the  totality  of  linear 
homogeneous  substitutions  in  the  GF[p^']  which  leave  abso- 
lutely invariant  the  function 

S2/-1        fjM    I 


V'^L 


It  was  first  studied  by  the  author  in  the  Proceedings  of  the 
London  Mathematicul  Society,  volume  31,  and  forms  the  subject 
of  Chapter  IV  of  the  present  volume.  It  is  distinct  from  the 
hypoabelian  groups  studied  by  Jordan  in  his  Traits  and  by 
Dickson  in  the  Bulletin  and  elsewhere.  Moreover,  it  must 
be  distinguished  from  Picard's  hyperabelian  group  of  infinite 
order.  The  totality  of  its  substitutions  whose  coefficients  be- 
long to  the  included    GF\^iy'\   constitute  the  special  abelian 


Digitized  by  VjOOQIC 


1902.]  DICKSON^S   LINEAB  GROUPS.  171 

linear  group  8A(2my  p^).     The  latter  is  transformed  into  itself 
by  a  subgroup  of  the  hyperabelian  group  whose  order  is  p*  +  1 
times  the  order  of  8A{2my  p^). 

The  greater  part  of  Chapter  V  is  taken  directly  from  the 
author's  article  entitled  "  The  structure  of  the  linear  homo-* 
geneous  groups  defined  by  the  invariant  \i\  +  \il  +  •  •  • 
+  ^«f w'"  *  Chapter  VI  is  devoted  to  a  new  exposition  of  the 
theory  of  compounds  of  a  linear  homogeneous  group.  This 
theory  is  entirely  due  to  the  author,  having  been  introduced  by 
him  in  several  papers  published  in  1898.t  He  also  employed 
it  in  his  new  definition  of  the  general  abelian  linear  group, 
which  was  published  in  the  first  volume  of  the  Transactiona  of 
the  American  Mathematical  Society. 

In  Chapters  VII  and  VIII  the  linear  homogeneous  group 
in  the  f?i^[p"]  defined  by  a  quadratic  invariant  is  investigated. 
The  case  wnen  p  >  2  is  considered  in  the  former  and  that  when 
|>  9  2  in  the  latter  of  these  chapters.  By  employing  the  theory 
of  compounds,  developed  in  the  preceding  chapter,  the  investi* 
gations,  especially  when  />  >  2,  have  been  presented  in  a  much 
simpler  manner  than  in  the  original  papers.  Chapter  VIII 
is  followed  by  twelve  exercises  with  a  number  of  suggestions^ 
covering  the  text  of  the  first  eight  chapters  of  this  part. 

The  next  three  Chapters  (IX-XI)  are  devoted  respectively 
to  linear  groups  with  certain  invariants  whose  degree  exceeds 
2,  canonical  form  and  classification  of  linear  substitutions,  and 
operators  and  cyclic  subgroups  of  the  simple  linear  fractional 
group  LF(Sf  j:>").  In  Chapter  XII  the  subgroups  of  the 
linear  fractional  group  LF(2,  p")  are  studied.  The  first  state- 
ment of  the  last  paragraph  of  this  chapter  is  evidently  incorrect. 
For  instance,  the  icosahedral  group  may  be  represented  as  a 
transitive  substitution  group  of  degree  12,  but  it  does  not  con- 
tain a  complete  system  of  12  conjugate  subgroups.  If  a  simple 
group  is  represented  on  the  smallest  possible  number  of  letters 
it  must  be  primitive,  and  a  primitive  group  of  degree  X  must 
always  contain  a  complete  system  of  N  conjugate  subgroups; 
but  this  is  not  necessarily  true  of  impriraitive  groups  of  degree 
JVeven  if  they  are  simple. 

The  developments  of  Chapters  XIII  and  XIV  are  quite 
different  from  those  which  precede.     In  the  former  a  number 

*  DiokaoD,  Math.  Annnlen,  vol.  52  ( 1899  ,  p.  561. 

tDiokaon,  Bulletin,  vol.  5  (1898),  p.  120;  Proc,  Lond.  Mfith.  S*tc, 
vol.  30(1898),  p.  70. 
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of  theorems  in  regard  to  abstract  groups  are  developed.  Begin- 
ning with  the  well  known  theorems  of  Moore  with  respect  to 
the  abstract  definitions  of  the  alternating  and  the  symmetric 
groups  and  the  classic  theorem  due  to  Hamilton  and  Dyck  in 
regard  to  the  abstract  definition  of  the  icosahedral  group,  the 
author  develops  a  number  of  other  theorems  with  respect  to 
the  generational  relations  of  known  groups.  Some  of  these 
are  employed  in  the  study  of  the  group  of  the  equation  for 
the  27  straight  lines  on  a  general  surface  of  the  third  order, 
which  is  the  subject  of  Chapter  XIV.  The  treatment  of  this 
subject  seems  to  be  especially  commendable. 

The  study  of  linear  groups  has  thus  far  been  the  most  fruit- 
ful in  increasing  our  knowledge  of  simple  groups.  As  in 
Jordan's  Traits  des  Substitutions,  so  in  the  present  work  a 
great  deal  of  attention  is  given  to  the  factors  of  composition  of 
the  groups  under  consideration.  In  this  way  a  number  of 
systems  of  simple  groups  are  established  and  the  closing  chap- 
ter is  fittingly  devoted  to  a  summary  of  the  known  simple 
groups.  With  a  few  exceptions  all  of  these  groups  are  included 
in  one  or  more  known  infinite  systems.  It  may  be  observed 
that  the  simple  group  of  order  7920  cannot  be  represented  on 
less  than  11  letters  so  that  9  should  be  replaced  by  11  in  the 
list  on  page  309. 

The  present  work  seems  to  be  the  first  separate  volume  on 
the  subject  to  which  it  is  devoted.  The  treatment  of  the  first 
part  has  much  in  common  with  Chapters  III  and  IV  of 
Serret's  Alg^bre  sup6rieure,  volume  2  (1885),  while  the  second 
part  seems  to  have  been  mostly  influenced  by  Jordan's  Traits 
des  Substitutions  (1870).  The  author's  thorough  acquaintance 
with  his  subject,  and  his  experience  as  a  writer,  have  enabled 
him  to  present  a  somewhat  abstract  subject  in  an  unusually 
attractive  manner.  It  may  be  hoped  that  the  book  will  do 
much  to  create  a  wider  interest  in  these  fields  of  higher  algebra. 
While  the  generality  of  treatment  calls  for  considerable  ma- 
turity on  the  part  of  the  reader,  yet  not  much  special  knowledge 
is  presupposed.  G.  A.  Miller. 

Stanford  University. 
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BUCKINGHAM'S  THERMODYNAMICS. 

Theory  of  Thermodynamics,  By  Edgar  Buckingham,  Ph.D. 
New  York,  The  Macmillan  Company,  1900.  xi  -I-  205  pp. 
Price,  $1.90. 

Oldpashioned,  or,  rather,  elementary,  thermodynamics 
deals  mainly  with  the  relations  of  heat  and  mechanical  energy. 
It  considers  purely  physical  changes,  including  changes  from 
any  one  to  any  other  of  the  three  states,  solid,  liquid  and  gas- 
eous, but  does  not  undertake  to  discuss  chemical  changes  or 
suchchemico-physical  changes  as  occur  in  solution.  Accordingly, 
from  the  purely  mathematical  point  of  view,  elementary  thermo- 
dynamics is  shamefully  simple.  What  possibilities  of  interest 
for  the  mathematician  can  be  found  in  a  beggarly  array  of  only 
five  variables,  p,  Vy  T,  e  and  tj,  subject  to  one  characteristic 
equation  and  two  general  laws,  so  that  only  two  of  them  at  a 
time  are  capable  of  arbitrary  variation  ?  But  from  the  stand- 
point of  physical  interpretation  and  application  the  study  of 
thermodynamics,  even  in  its  elements,  presents  respectable  dif- 
ficulties, and  is  likely  to  be  regarded  by  the  beginner,  however 
mathematical  he  may  be,  as  something  of  a  mystery. 

On  the  other  hand,  when  we  undertake  to  deal  with  chemi- 
cal changes,  and  find  ourselves  confronted  by  "  i  phases "  of 
matter,  each  phase  containing  '*  a  mixture  of  K  substances,*' 
the  variables,  '^normal"  and  "inverse,"  "internal"  and 
**  external,"  independent  and  dependent,  begin  to  manoeuver  in 
regiments  at  the  will  of  the  commander,  and  the  born  mathema- 
tician finds  himself  in  his  proper  element. 

The  book  before  us  is  intended  for  the  help  of  those  not  very 
rare  individuals  who  have  some  difficulty  with  both  the  physics 
of  elementary  thermodynamics  and  the  mathematics  of  its 
broader  generalizations.  It  is  not  for  the  beginner,  although  it 
deals  with  the  very  elements  and  discusses  the  two  general  laws 
at  length.  It  is  too  circumspect,  too  precise,  too  thorough- 
going, in  its  examination  for  the  student  who  is  taking  his  first 
look  at  the  field  with  which  it  has  to  do.  It  is  rather  for  him 
who,  after  some  months  of  growing  acquaintance  witli  the  ele- 
mentary facts  and  laws  of  thermodynamics,  finds  himself  in 
doubt  as  to  whether  he  fully  understands,  for  example,  the 
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nature  of  a  reversible  cycle  or  the  theory  of  the  "  porous  plug  " 
experiments  by  means  of  which  the  "  absolute  thermodynamic 
scale  of  temperature  '*  was  brought  to  concrete  existence.  The 
very  great  care  which  the  author  uses  in  examining  the  premises 
of  his  science  is  shown  by  the  following  quotations.  ^*  It  is 
usual  to  speak  of  this  temperature  [the  temperature  indicated 
by  a  thermometer  in  a  mixture  of  liquids  or  gases]  of  the  mix- 
ture as  being  also  the  temperature  of  the  separate  components, 
and  this  mode  of  expression  does  not  lead  us  into  any  practical 
difficulties,  although  it  has  evidently  no  justification  a  priori  '^ 
(page  2) ;  "  Our  first  idea  of  heat  is  that  of  something  which 
increases  the  temperature  of  a  body  when  added  to  it  and 
decreases  the  temperature  when  taken  away  [a  footnote  here 
excludes  melting,  evaporation,  etc.,  from  immediate  considera- 
tion]. The  first  addition  which  we  make  to  this  conception  is 
the  assumption,  that  when  a  g^iven  body  cook  through  a  definite 
interval y  the  quantity  of  heat  it  gives  out  is  always  the  same, 
regardless  of  what  becomes  of  the  heat  after  it  leaves  the  body 
in  question''  (page  9).  Such  care  is  admirable  and  in  the 
main  reassuring,  even  when  it  results  in  stamping  as  an 
assumption  what  most  readers  would  be  likely  to  take  as  an 
axiom.  In  at  least  one  case,  however,  the  author's  caution 
seems  to  the  reviewer  too  great ;  namely,  on  pages  9  and  10, 
where  he  raises  the  question,  "  Are  two  quantities  of  heat, 
which  are  equal  to  a  third,  equal  to  each  other  ?  "  and  disposes 
of  it  by  the  "  definition,"  "  that  quantities  of  heat  which  are 
eqiiKil  to  the  sam£  quantity  are  equal  to  07ie  another  J'  It  is  true 
that  the  author  has  been  feeling  his  way  to  the  conception  that 
heat  is  "  a  quantity  in  the  ordinary  sense,"  but  after  he  has  got 
so  far  as  to  say  that  two  quantities  of  heat  are  each  equal  to  a 
third,  it  is  too  late  for  the  need  of  any  argument  or  defini- 
tion to  the  eiFect  that  these  two  quantities  are  equal  to  each 
other. 

The  following  definition,  "  Any  process,  of  which  the  direc-  ' 
tion  may  be  reversed  by  infinitely  small  modifications  of  the 
outside  actions,  is  called  a  Reversible  Process,"  and,  in  gen- 
eral, everything  that  the  author  has  to  say  about  reversible  or 
non-reversible  processes  is  luminous,  precise,  and  much  to  be 
commended. 

In  a  word,  even  the  reader  who  does  not  care  for  the  chem- 
ical applications  of  thermodynamics,  and  who  has  no  stomach 
for  generalized  coordinates,  will  find  much  in  this  book  that  he 
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can  profit  by,  though  it  is  not  written  for  him  alone  or  for 
him  primarily. 

But  what  of  him  whose  ambition  is  to  go  further?  For  him 
there  is  an  excellent  brief  chapter  on  The.  Conditions  of  Ther- 
modynamic Equilibrium,  and  another  on  Thermodynamic  Po- 
tentials and  Free  Energy.  These  are  preceded  by  the  neces- 
sary disquisition  on  the  relations  and  functions  of  the  indefi- 
nitely large  number  of  variables  which  may  be  involved,  and 
they  are  followed  by  a  chapter  of  applications  in  which  are  dis- 
cussed the  electromotive  force  of  a  reversible  galvanic  cell, 
the  equilibrium  of  phases  of  a  single  substance  (triple  point, 
etc.),  and  the  phase  rule  of  Gibbs.  The  discussion  of  the  last 
subject  disclaims  the  intention  of  being  "  either  complete  or 
rigorous  "  ;  but  as  an  introduction  "  'tis  enough,  'twill  serve." 
There  is,  probably,  no  other  book  so  well  suited  as  this  to  the 
needs  of  him  who  is  making  preparation  for  an  attempt  to  ex- 
plore those  tremendous  abysses  of  thought,  where  reigns  that 
condition  of  supernal  calm  known  as  the  Equilibrium  of  Hetero- 
geneous Substances. 

But,  alas !  like  the  fellow  who  had  never  learned  to  read, 
and  who  found  that  no  spectacles,  however  well  contrived, 
would  enable  him  to  read,  the  reviewer  gazes  in  vain  through 
the  medium  of  Dr.  Buckingham's  book  at  many  a  passage  like 
the  following  in  the  famous  third  volume  of  the  Transactions  of 
the  Connecticut  Academy,  "  the  stability  of  any  phase  in  regard  to 
continuous  changes  depends  upon  the  same  conditions  in  regard  to 
the  second  and  higher  differential  coefficients  of  the  density  of 
energy  regarded  as  a  function  of  the  density  of  entropy  and  the 
densities  of  the  several  components^  which  would  make  tiie  density 
of  energy  a  minimum,  if  the  necessary  conditions  in  regard  to  the 
first  differential  coefficients  were  fulfilled, ^^ 

Through  Nature  to  Gibbs  should  be  the  watchword  of  every 
devout  thermodynamician,  and  if  Dr.  Buckingham  has  not  suc- 
ceeded in  making  the  way  easy,  the  failure  is  not  his  fault. 

Edwin  H.  Hall. 

Cambbidgs,  Mass., 
July  23,  1902. 
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NOTES. 

Certain  numbers  of  the  Bulletin  of  the  New  Vo7'k  Mathema- 
tical Society  are  now  nearly  out  of  print.  The  committee 
of  publication  is  especially  desirous  of  procuring  copies  of 
volume  2,  nos.  6  and  7,  and  volume  3,  nos.  3  and  9,  and  is  willing 
to  pay  one  dollar  per  copy  for  these  numbers.  The  committee 
respectfully  requests  the  members  of  the  Society  to  look  over 
their  files  and  to  notify  the  committee  of  any  duplicates  of  the 
numbers  mentioned  with  which  they  arc  willing  to  part.  The 
Society  receives  a  considerable  revenue  from  the  sales  of  sets  of 
the  Bulletin  and  is  often  able  to  secure  desirable  exchanges 
of  back  volumes  of  other  mathematical  journals  in  return  for 
its  own.  These  two  interests  wdll  be  seriously  affected  as  soon 
as  the  present  small  supply  of  the  numbers  in  question  is 
exhausted,  unless  the  committee  of  publication  is  able  to  re- 
place them. 

The  twelfth  regular  meeting  of  the  Chicago  Section  of  the 
American  Mathematical  Society  will  be  held  in  the 
Ryerson  Physical  Laboratory  of  the  University  of  Chicago,  on 
Friday  and  Saturday,  January  2  and  3,  1903.  Titles  and  ab- 
stracts of  papers  should  be  in  the  hands  of  the  secretary  of 
the  section,  Professor  T.  F.  Holgate,  617  Hamline  St.,  Evans- 
ton,  111.,  at  least  two  weeks  before  the  meeting. 

The  second  regular  meeting  of  the  San  Francisco  Section  of 
the  American  Mathematical  Society  will  be  held  in  room 
21,  North  Hall,  of  the  University  of  California,  on  Saturday,  De- 
cember 20,  1902.  Titles  and  abstracts  of  papers  should  be  in 
the  handsof  the  secretary  of  the  section,  Professor  G.  A.  Miller, 
Stanford  University,  at  least  two  weeks  before  the  meeting. 

A  NEW  edition  of  the  Annual  Register  of  the  American 
Mathematical  Society  is  now  in  preparation  and  will  be 
issued  in  January  next.  Forms  for  furnishing  necessary  in- 
formation have  been  sent  to  each  member.  Those  who  have 
not  already  responded  to  the  circular  are  requested  to  do  so  at 
once. 

The  October  number  (volume  4,  number  1,  second  series) 
of  the  Annals  of  Mathematica  contains :  "  The  geodesic  lines 
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on  the  anchor  ring,"  by  G.  A.  Buss ;  "  Proof  of  a  theorem 
concerning  isosceles  triangles,"  by  H.  F.  Blichfeldt  ;  "  An 
elementary  exposition  of  Frobenius's  theory  of  group  characters 
and  group  determinants,"  by  L.  E.  Dickson  ;  "  Communica- 
tion a)ncerning  Mr.  Ransom's  mechanical  construction  of 
conies,"  by  E.  V.  Huntington. 

Cambridge  University. — Advanced  mathematical  courses 
for  the  current  academic  year  are  announced  as  follows  : — 

Michaehms  tetin,  1902. — By  Professor  Sir  G.  G.  Stokes: 
Hydrodynamics,  including  viscosity,  three  hours. — By  Profes- 
sor A.  R.  Forsyth  :  Differential  geometry  ;  general  theory  of 
curves  and  surfaces,  three  hours;  Fourier's  and  other  expan- 
sion theorems,  two  hours. — By  Professor  G.  H.  Darwin  :  Or- 
bits of  planets;  Figures  of  equilibrium  of  rotating  fluid,  three 
hours. — By  Professor  Sir  R.  S.  Ball  :  Planetary  theory,  three 
hours. — ^By  Dr.  E.  W.  Hobson  :  Spherical  and  cylindrical 
harmonics,  three  hours. — By  Mr.  J.  Larmor  :  Electrodynam- 
ics, three  hours. — By  Mr.  H.  F.  Baker  :  Elementary  theory 
of  functions,  three  hours. — ^By  Mr.  H.  M.  Macdonald  :  Waves 
(especially  waves  of  light),  three  hours. — By  Mr.  H.  W.  Rich- 
mond :  Analytic  geometry  of  curves,  three  hours. — By  Mr.  G. 
T.  Walker  :  The  electromagnetic  field,  three  hours. — By  Mr. 
G.  B.  Mathews  :  Algebraic  functions  (elementary). — ^By  Mr. 
A.  N.  Whitehead  :  Application  of  symbolic  logic  to  Cantoris 
theory  of  aggregates,  three  hours. — By  Mr.  J.  H.  Grace  :  In- 
variants and  geometric  applications,  three  hours. 

Leyit  term,  1903. — By  Professor  Sir  G.  G.  Stokes  :  Physical 
optics,  three  hours. — By  Professor  A.  R.  Forsyth  :  Differen- 
tial geometry  ;  general  theory  of  curves  and  surfaces  (continued), 
three  hours. — ^By  Professor  G.  H.  Darwin  :  Outlines  of  dy- 
namical astronomy,  three  hours. — By  Dr.  E.  W.  Hobson  : 
Sound  and  vibrations,  three  hours. — By  Mr.  J.  Larmor  :  Elec- 
trodynamics, with  optical  and  thermodynamic  applications,  three 
hours. — By  Mr.  H.  W.  Richmond  :  Analytic  geometry  of  three 
dimensions,  projective  properties,  three  hours. — By  Mr.  H.  F. 
Baker  :  Theory  of  functions. — By  Mr.  H.  M.  Macdonald  : 
Hydrodynamics,  three  hours. — By  Mr.  G.  B.  Mathews  : 
Theory  of  algebraic  numbers,  three  hours. — By  Mr.  R.  A. 
Herman  :  Hydrodynamics. — By  Mr.  A.  Berry  :  Elliptic 
functions. — By  Mr.  G.  T.  Walker  :  The  electromagnetic 
theory  of  light,  three  hours. — By  Mr.  G.  T.  Bennett:  Linear 
and  quadratic  complexes,  three  hours. — By  Mr.  E.  T.  Whit- 
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TAKER :  The  theory  of  definite  integrals,  two  hours.  By  Mr. 
J.  H.  Grace  :  Invariants  and  geometric  applications  (contin- 
ued), three  hours. — ^By  Mr.  Hudson  :  Geometric  theory  of  ordi- 
nary differential  equations. 

Easter  term,  1903. — By  Professor  Sir  R.  S.  Ball  :  Pertur- 
bation of  cometary  orbits,  three  hours. — By  Mr.  W.  L.  MoL- 
LISON  :  Theory  of  potential  and  electrostatics,  three  hours. — 
By  Mr.  A.  N.  Whitehead  :  Non-euclidean  geometry. 

Long  vacaMon,  1908. — By  Professor  Sir  R.  S.  Ball  :  Appli- 
cations of  modern  geometry  to  dynamics,  three  hours  (short 
course). — By  Mr.  E.  T.  Whittaker  :  General  dynamics,  with 
applications  to  astronomy  and  thermodynamics,  three  hours. 

The  Belgian  Academy  at  Brussels,  announces  as  its  prize 
subject  for  1903,  the  following  : 

^^  An  important  contribution  to  the  study  of  mixed  forms  in 
any  number  of  variables,  with  the  application  of  the  results  to 
the  geometry  of  any  spaces.'^ 

The  London  Mathematical  Society  has  awarded  its  De  Mor- 
gan Medal  for  1902  'to  Professor  A.  G.  Greenhill,  of  the 
Ordnance  College,  Woolwich. 

On  December  15,  the  University  of  Klausenberg  will  cele- 
brate the  hundredth  anniversary  of  the  birth  of  Johann  Bol- 

YAI. 

Professor  K.  Hensel,  of  the  University  of  Berlin,  has 
been  called  to  a  professorship  of  mathematics  at  the  University 
of  Marburg. 

Mr.  Alfred  T.  De  Lury,  M.A.,  formerly  lecturer  in 
mathematics  in  the  University  of  Toronto,  has  been  appointed 
associate  professor  in  the  same  department.  Dr.  J.  C.  Fields 
has  been  appointed  special  lecturer  in  mathematics  in  the  Uni- 
versity of  Toronto. 

Professor  L.  E.  Dickson,  of  the  University  of  Chicago,  is 
now  associated  with  Professor  B.  F.  Finkel,  of  Drury  Col- 
lege, as  editor  of  the  American  Mathematical  Monthly,  Mr.  J. 
M.  CoLAW,  formerly  associate  editor  of  the  Monthly ,  has  retired 
from  the  editorial  staff. 

Dr.  J.  W.  Miller  has  been  appointed  instructor  in  mathe- 
matics and  astronomy  at  Lehigh  University. 
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Db.  C.  N.  Haskins  has  been  appointed  instructor  in  mathe- 
matics at  the  Massachusetts  Institute  of  Technology. 

Pbofessob  Xavieb  Antomari,  editor  of  the  NouveUes 
annates  de  maih^nuitiques,  died  at  Paris,  on  June  9,  1902. 

Professor  Ernst  Schroder,  of  the  department  of  mathe- 
matics in  the  Polytechnic  school  in  Carlsruhe,  died  on  June 
17,  1902. 


NEW  PUBLICATIONS. 
I.   higher  mathematics. 

Betti  (E.).  Opere  matematiche,  pubblicate  per  cura  della  R.  Accade- 
mia  dei  Lincei.  (In  2  volumes.)  Vol.  I.  Milano,  Hoepli,  1902. 
4to.  Fr.  26.00 

CoMPTE  RENDU  du  deuxi^me  congr^s  international  des  math^maticiens, 
tenu  k  Paris,  du  6  au  12  aoUt  1900.  Proofs- verbaux  et  communica- 
tions, publics  par  E.  Duporcq,  secretaire  g^n^ral  du  congrfes.  Paris, 
Gauthier-Villars,  1902.     8vo.     456  pp.  Fr.  16.00 

Duporcq  (E.).     See  Compte  rendu. 

IteiwiNSKi  (P.).  Wyklady  matematyki,  Kurs  I.  Zasady  geometrji 
analityczn^j  i  analizy  wyzsz^j,  tom  I.  Wstep  do  geometrji  i 
teorja  wyznacznik6w.  Poczatki  analizy  wyzszdj  i  zasady  rachunku 
r6zniczkowego.     Lw6w,  1902.     4**.      19  -f-  928  pp.  M.  30.00 

GoDEFROY  (M.).  Th^rie  ^l^mentaire  des  series  (limites;  series  &  termes 
constants;  series  k  termes  variables;  fonction  exponentielle;  fonc- 
tions  circulaires;  fonction  gamma).  Avec  une  preface  de  L. 
Sauvage.      Paris,  Gauthier-Villars,  1903.      Svo.      8  -f-  266  pp. 

Fr.  8.00 

Hedrigk  (E.  R.).  On  the  sufficient  conditions  in  the  calculus  of  varia- 
tions. Svo.  {Bulletin  of  the  American  Mathematical  Society  (2) 
9,  pp.  11-24.) 

Igurbide  (J.  F.).  Nature  harmonique  de  Tespace;  traduit  de  Tespagnol. 
Barcelone,  Giro,  1902.     8vo.     246  pp. 

MoNTCHEUiL  (M.  DE).  Sur  une  dasse  de  surfaces.  (Thfese.)  Paris, 
Gauthier-Villars,  1902.     4to.     83  pp. 

R#:pertoire  bibliographique  des  sciences  math^matiques.  2e  s^rie. 
Fiches   1001   a  1100.      Paris,  Gauthier-Villiars,   1901.      18mo. 

Fr.  2.00 

Sapolsky  (L.).  Uebfer  die  Theorie  der  relativ-Abelschen  cubischen 
Zahlkerper.  (Diss.)  Leipzig,  Teubner,  1902.  8vo.  7  +  481+6 
pp.,  35  plates.  M.  6.00 

Sauvage  (L.).     See  Godefroy  (M.). 

SiMOX  Y  Mayoroa  (J.).  Caracteres  de  irracionalidad  de  los  nUmeros 
enteros.  Trabajo  de  investigaci6n.  Salamanca,  Galon,  1902.  8vo. 
20  pp.  Fr.  2.00 
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Stuyvaert.  Etude  de  quelques  surfaces  alg^briques  engendr^s  par  des 
courbes  du  second  et  du  troisi^me  ordre.  (Thfese.)  Gand,  Hoste, 
1902.     8vo.     74  pp. 

Weinnoldt  (E.).  Lcitfaden  der  analytischen  Geometrie.  Leipzig, 
Teubner,  1902.      8vo.      6  +  80  pp.    *  Cloth.  M.  1.60 

Whittakeb  (E.  T.).  a  course  of  modern  analysis.  An  introduction 
to  the  general  theory  of  infinite  series  and  of  analytic  functions, 
with  an  account  of  the  transcendental  functions.  Cambridge,  Mac- 
millan  &  Bowes,  1902.      8vo.      Cloth.  12s.  6d. 

II.     ELEMENTARY   MATHEMATICS. 

Arriaga  (M.).  Geometrla  elemental  y  superior,  con  ejercicios  de  cftlculo 
y  de  dibujo  lineal.      Barcelona,  Araluce  [1902].      8vo.      241  pp. 

Bergmeister  (H.).  Geometrische  Forraenlehre  fUr  MUdchen-Lyzeen. 
Teil  1 :  ftir  die  I.  und  II.  Klasse.  Wien,  Deuticke,  1902.  '  8vo. 
4  +  88  pp.      Cloth.  M.  1.50 

Bettazzi  (R.).  Aritmetica  razionale  ad  uso  dei  ginnast.  Torino, 
Tipografia  Salesiana,  1902.      8vo.      180  pp.  Fr.  2.00 

Briot  (C).  Tratado  de  algebra  elemental  y  superior.  Traducci6n  de  C. 
Sebastifin  y  B.  Portuondo,  corregida,  revisada  y  ampliada  por  B. 
Portuondo.      Madrid,  Hernando,  1901.      8vo.      732  pp.       Fr.  14.00 

Brunn  (J.)'  Vierstellige  Logarithmen,  flir  den  Schulgebrauch  zusam- 
mengestellt.     Milnster,  Aschendorff,  1902.      8vo.      18  pp.      M.  0.26 

Cercignani  (E.).  Riassunto  d'algebra;  appunti  ad  uso  degli  alunni 
della  scuola  professionale  Leonardo  da  Vinci,  anno  scolastico 
1901-02.     Firenze,  Ramella,  1902.     8vo.     54  pp. 

Deakin  (R.)-  Matriculation  algebra;  being  the  tutorial  algebra,  ele- 
mentary course.  2d  edition.  London,  Clive,  1902.  12mo.  464 
pp.      Cloth.       (University  tutorial  series.)  Ss.  6d. 

DuPORT  (J.  B.).  Lehrbuch  der  Arithmetik  fllr  die  erste  Klasse  der 
Miidchen-Lyzeen.     Wien,  Deuticke,  1902.     8vo.     3  +  82  pp.     Cloth. 

M.  1.20 

Elliott  (J.).  Elementary  geometry.  London,  Sonnenschein,  1902. 
12mo.      280  pp.      Cloth.  4s. 

Frankland  (W.  B.).  The  story  of  Euclid.  New  York,  Wessels,  1902. 
[Imported.]       16mo.       170 'pp.       Portrait.      Cloth.  $0.75 

Gambioli  (D.).  Breve  sommario  della  storia  delle  matematiche,  colle 
due  appendici  sui  matematici  italiani  e  sui  tre  celebri  problem! 
geometrici  dell'antichitft,  ad  uso  delle  scuole  secondarie.  Bologna, 
Zanichelli,  1902.      16mo.      241   pp.  Fr.  3.00 

Gerrish  (C.)  and  Wells  (W.).  Tlie  beginner's  algebra.  Boston, 
Heath,   1902.       12mo.       10  +  151    pp.      Cloth.  $0.50 

Hot'EL  (J.).  Recueil  de  formules  et  de  tables  num^iques.  3e  edition. 
Paris,  Gauthier-Villars,  1901.      8vo.      71  +  64  pp.  Fr.  4.50 

HuPE  (A.).     See  MuLLER  (H.). 

J.  (F.).  Elements  de  g^m^trie,  comprenant  des  notions  sur  les  courbes 
usuelles,  un  complement  sur  le  d^lacement  des  figures  et  de 
nombreux  exercices.  Paris,  Poussielgue  [1902].  16mo.  12  +  525 
pp.      (Cours  de  math^matiques  ^l^mentaires. ) 
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Jones  (A.C.).  Beginnings  of  trigonometry.  London,  Longmans,  1902. 
12mo.      152  pp.     Cloth.  *'  2s. 

MiJLLiiB  (H.).  Die  Mathematik  auf  den  Gymnasien  und  Realschulen, 
filr  den  Unterricht  dargestellt.  Ausgabe  B:  Fttr  reale  Anstalten 
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THE    OCTOBER    MEETING    0>'ffiie    AMERICAN 
MATHEMATICAL  SOCIETY. 

A  REGULAR  meeting  of  the  American  Mathematical 
Society  was  held  in  New  York  City  on  Saturday,  October  25, 
1902.  About  forty-five  persons  attended  the  morning  and 
afternoon  sessions,  including  the  following  thirty-five  members 
of  the  Society  : 

Professor  Maxime  B6cher,  Professor  Joseph  Bowden,  Dr.  J. 
E.  Clarke,  Professor  F.  N.  Cole,  Dr.  W.  S.  Dennett,  Professor 
A.  M.  Ely,  Dr.  William  Findlay,  Professor  T.  S.  Fiske,  Miss 
Ida  Griffiths,  Dr.  E.  R.  Hedrick,  Dr.  G.  W,  Hill,  Dr.  A.  A. 
Himowich,  Dr.  E.  V.  Huntington,  Dr.  S.  A.  Joffe,  Dr.  Edward 
Kasner,  Dr.  G.  H.  Ling,  Mr.  H.  B.  Mitchell,  Dr.  I.  E. 
Rabinovitch,  Professor  J.  K.  Rees,  Mr.  C.  H.  Rockwell,  Dr. 
P.  L.  Saurel,  Miss  I.  M.  Schottenfels,  Professor  C.  A.  Scott, 
Professor  D.  E.  Smith,  Dr.  Virgil  Snyder,  Dr.  H.  F.  Stecker, 
Miss  Mary  Underbill,  Professor  E.  B.  Van  Vleck,  Professor 
L.  A.  Wait,  Mr.  H.  E.  Webb,  Professor  J.  B.  Webb,  Professor 
A.  G.  Webster,  Miss  E.  C.  Williams,  Dr.  R.  G.  Wood,  Pro- 
fessor R.  S.  Woodward. 

Vice-President  Professor  Maxime  Bdcher  presided  at  the 
morning  session,  Ex-President  Professor  R.  S.  Woodward  at 
the  afternoon  session.  The  Council  announced  the  election  of 
the  following  persons  to  membership  in  the  Society  :  Professor 
Sir  R.  S.  Ball,  Cambridge  University,  England  ;  Dr.  Otto 
Dunkel,  Wesleyan  University,  Middletown,  Conn. ;  Mr.  W. 
H.  Osborne,  Purdue  University,  Lafayette,  Ind.;  Professor  H. 
L.  Rietz,  Butler  College,  Indianapolis,  Ind. ;  Professor  G.  H. 
Scott,  Yankton  College,  Yankton,  So.  Dak, ;  Professor  J.  N. 
Van  der  Vries,  University  of  Kansas,  Lawrence,  Kan. ; 
Professor  B.  F.  Yanney,  Mount  Union  College,  Alliance, 
Ohio ;  Mr.  W.  H.  Young,  Cambridge  University,  England. 
Seven  applications  for  membership  in  the  Society  were  re- 
ceived. 

A  list  of  nominations  to  be  placed  on  the  official  ballot  for 
the  annual  election  of  officers  and  other  members  of  the  Coun- 
cil was  reported.  A  committee  consisting  of  the  Secretary  and 
Professors  W.  F.  Osgood,  Oskar  Bolza,  James  Pierpont,  and 
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6.  A.  Miller  was  appointed  to  make  arrangements  for  the  next 
summer  meeting  and  colloquium  of  the  Society. 

The  following  papers  were  presented  at  this  meeting : 

(1 )  Dr.  E.  R.  Hedrick  :  "  On  the  foundations  of  mechanics  " 
(preliminary  communication). 

(2)  Dr.  E.  V.  Huntington  :  "Definitions  of  a  commuta- 
tive group  by  independent  postulates." 

(3^  Professor  Peter  Field  :  "  On  the  infinite  branches 
of  plane  curves  which  have  no  point  singularities." 

(4)  Dr.  Edward  Kasner:  "The  apolarity  of  double 
binary  forms." 

(5)  Professor  Maxime  Bocher  :  "  An  application  of  the 
Kicmann-Darboux  generalization  of  Green's  theorem." 

(6)  Professor  Maxime  Bocher:  "Note  on  Laplace's 
ecjuation." 

(7)  Dr.  Virgil  Snyder  :  "  On  the  quintic  scrolls  having 
three  double  conies." 

(8)  Miss  I.  M.  Schottenfels :  "Note  on  the  types  of 
groups  of  order  p"  every  element  of  which,  except  identity,  is 
of  order  p  "  (preliminary  communication). 

(9)  Dr.  L.  p.  Eisenhart  :  "  Surfaces  referred  to  their 
lines  of  length  zero." 

(10)  Professor  L.  E.  Dickson:  "Three  sets  of  genera- 
tional relations  defining  the  abstract  simple  group  of  order  504." 

(11)  Professor  L.  E.  Dickson:  " Grenerational  relations 
defining  the  abstract  simple  group  of  order  660." 

(12)  Dr.  G.  H.  Ling  :  "  The  approximate  representation  of 
functions  by  means  of  functions  defined  by  quadratic  equations." 

(13)  Dr.  C.  N.  Haskins:  "On  the  invariants  of  diflTeren- 
tial  forms  of  degree  higher  than  two." 

Dr.  Haskins's  paper  was  presented  to  the  Society  through 
Professor  B6cher.  In  the  absence  of  the  authors,  Professor 
Field's  paper  was  read  by  Dr.  Snyder,  that  of  Dr.  Haskins 
by  Professor  B6cher,  and  the  papers  of  Dr.  Eisenhart  and  Pro- 
fessor Dickson  were  read  by  title. 

The  papers  of  Dr.  Snyder,  Dr.  Eisenhart  and  Professor 
Dickson  will  appear  in  the  BuLiiETiN.  Abstracts  of  the 
other  papers  follow  below.  The  abstracts  are  numbered  to 
correspond  to  the  titles  in  the  list  above. 

1.  In  Dr.  Hedrick's  preliminary  report,  an  attempt  is  made 
to  establish  a  logical  system  of  axioms,  sufficient  for  the  deriva- 
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tion  of  the  elementary  theorems  in  the  mechanics  of  a  system 
of  particles.  The  ideas  of  space  and  time  are  made  fundamen- 
tal, space  being  taken  as  that  configuration  of  points,  lines  and 
planes  defined  by  Hilbert's  set  of  axioms  in  his  Gnindlagen  der 
Geometric,  while  time  is  defined  as  a  parameter,  in  terms  of 
which  the  equations  of  any  curve  in  space  may  so  be  expressed 
that  these  equations  represent  the  motion  of  the  particle  in  the 
ordinary  sense.  Axioms  are  then  laid  down  which  fix  (or 
define)  the  ideas  "  before,"  "  after,"  etc. 

Mass  is  now  defined  in  terms  of  time  and  space,  on  the  basis 
of  Xewton's  law  of  universal  gravitation,  previous  axioms  hav- 
ing required  a  certain  form  of  motion  in  the  case  when  two 
particles  are  isolated  in  space.  Force  is  then  defined  as  usual^ 
and  the  remaining  axioms  necessary  to  the  development  of  the 
elementary  theorems  are  laid  down.  This  preliminary  report 
is  intended  to  be  a  forerunner  of  a  more  complete  discussion^ 
and  the  purpose  of  presenting  it  at  this  time  is  to  invite  sugges- 
tion and  criticism. 

2.  The  definitions  of  an  abelian  (commutative)  group  given 
in  Dr.  Huntington's  paper  are  simple  modifications  of  the 
author's  definitions  of  a  general  group  published  in  the  last 
volume  of  the  Bulletin.*  According  to  the  first  definition,  a 
set  of  elements,  with  a  rule  of  combination  o,  will  be  an  abe- 
lian group  when  the  following  three  postulates  are  satisfied  : 
1°  ao6  =  6oa,  whenever  a,  h  and  boa  belong  to  the  set.  2° 
(a o 6) o c  =  a o (6 o c),  whenever  «,  6,  aob,  hoc  and  a o (6 o c) 
belong  to  the  set.  3°  For  every  two  elements  a  and  b  there  is 
an  element  x  in  the  set,  such  that  aoaj  =  6.  The  second  defi- 
nition involves  four  postulates.  The  independence  of  the  pos- 
tulates of  each  set  is  established  both  for  finite  and  for  infinite 
groups.     The  paper  will  appear  in  the  Transddionjn, 

3.  Professor  Field's  paper  considers  the  form  of  sextic  curves 
which  have  no  point  singularities  and  which  have  two  essential 
infinite  branches.  It  is  shown  that  such  curves  may  be  uni- 
partite  or  multipartite.  The  form  and  equation  of  a  multi- 
partite curve  of  degree  3n  with  no  point  singularities  and  with 
n  infinite  branches  is  thus  obtained,  and  also  the  form  and 
equation  of  a  non-singular  unipartite  curve  of  degree  12n  with 

*Cf.,  on  this  subject  an  article  bv  Professor  E.  H.  Moore  in  the  IVtwii- 
nH'mm  for  October,  1902. 
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4n  essential  infinite  branches.  The  question  as  to  the  maxi- 
mum number  of  essential  infinite  branches  which  a  curve  with- 
out point  singularities  may  possess  is  then  considered,  it  being 
shown  that  such  a  curve  may  have  7i  —  4  essential  infinite 
branches  and  that  this  is  the  maximum  number. 

4.  In  a  paper  published  in  the  first  volume  of  the  Traiisdc- 
iioiis  Dr.  Kasner  established  a  connection  between  the  theories 
of  double  binary  and  quaternary  forms.  In  the  present  paper 
the  author  applies  this  connection  to  certain  questions  as  to 
apolarity.  A  double  binary  form  f^^  =yi^i>  ^2 »  Vv  ^2)  ^^  ^^® 
nth  degree  in  a?, :  x^  and  the  with  degree  in  ^j :  y^,  may  be  inter- 
preted as  the  general  algebraic  curve  of  species  (n,  m)  upon  a 
quadric  surface  Q.  When  the  two  degrees  are  equal  the  curve 
is  a  complete  intersection  curve,  and  there  corresponds  to  the 
form  /^^^  a  unique  surface  of  «th  order  F^  and  also  a  unique 
surface  of  ?ith  class  ^^.  If  two  forms  /^„  and  f^,^,y  where 
n  =  n',are  apolar,  then  every  surface  of  the  n'th  order  through 
the  curve /\^/  =  0  is  apolar  to  the  surface  <\>^  which  corresponds 
to  /^^ ;  conversely,  if  ^,,  is  apolar  to  any  surface  of  n'th  order 
through  f'^,^,  =  0,  then  the  double  binary  forms  are  apolar. 
This  theorem,  applied  to  the  case  where  one  of  the  forms  is 
bilinear,  reduces  the  problem  of  constructing  all  the  curves  on 
a  quadric  surface  which  are  apolar  to  a  conic  to  the  correspond- 
ing problem  of  plane  geometry.  The  discussion  of  apolar  re- 
lations with  respect  to  forms /,^  where  m  ^  n  occupies  the  final 
part  of  the  paper.  The  method  is  based  on  the  introduction  of 
certain  systems  of  polar  forms  and  the  related  systems  of  surfaces. 

5.  The  form  of  Green's  theorem  here  used  will  be  found  in 
the  Encyclopadie,  II,  Alc^  pages  513,  514.  Using  the  notation 
and  terminology  there  explained,  it  is  here  proved  that  if 
throughout  a  certain  region  *S'  of  the  (.r,  y)-plane  the  partial 
differential  equation  i  (w)  =  0  belongs  to  the  elliptic  type,  and 
if  T^  is  a  solution  of  this  equation  analytic  throughout  Sy  and  if 
a  function  v  exists  continuous  and  having  continuous  first  and 
second  partial  derivatives  throughout  S  and  satisfying  the  in- 
equality J.Jf(t?)  =  0,  then  w  cannot  vanish  at  all  points  of  a 
closed  curve  in  >S',  unless  it  vanishes  identically. 

6.  It  is  well  known  that  if /^(y)  and/,(y)  are  two  functions 
which  can  be  developed  in  |)ower  series  about  the  point  y  =  0, 
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there  exists  one  and  only  one  solution  u(aj,  y)  of  Laplace's 
equation  in  two  dimensions  which,  when  a:  =  0,  reduces  to 
/o(y)  while  its  partial  derivative  with  regard  to  x  reduces  to 
/j(y),  and  that  this  function  w(a*,  y)  can  itself  be  developed  in  a 
power  series  about  the  point  a?  =  0,  y  =  0.  The  chief  theorem 
proved  in  the  present  paper  is  that  if  the  series /^^  and/j  both 
converge  when  |y|  <  r,  the  double  power  series  for  u{xy  y)  con- 
vei-ges  within  the  square  whose  vertices  are  the  points  (dz  r,  0), 
(0,dbr). 

8.  Miss  Schottenfels's  note  on  types  of  groups  of  order  p% 
all  of  whose  elements  (/excluded)  are  of  order  p^  contains  a 
proof  of  the  existence  of  a  group  of  indices  (modulo  p)  where  p 
is  a  prime,  and  the  generational  definition  of  the  abelian  group 
G^H  every  element  of  which  is  of  prime  order  p. 

12.  Dr.  Ling's  paper  contains  a  treatment  of  a  problem  of  a 
type  suggested  by  Hermite,  viz.,  that  of  the  approximate  repre- 
sentation of  a  function  by  means  of  algebraic  functions.  Pad6, 
after  showing  the  relation  of  the  representation  of  functions  by 
means  of  power  series  to  the  general  problem,  treated  the  case 
of  functions  defined  by  linear  equations.  In  the  present  paper 
is  considered  the  case  of  functions  defined  by  quadratic  equa- 
tions of  the  type  y^  +  Qy  +  P  =  0,  where  Q  and  P  are  poly- 
nomials. After  a  definition  of  reduced  function  has  been  given,, 
the  paper  treats  of  the  determination  of  such  functions  in  the 
general  case  and  of  the  order  of  approximation  to  a  specified 
function  which  is  obtained  in  each  case.  The  results  obtained 
are  generalizations  of  the  two  theorems  proved  by  Pad6. 

13.  Dr.  Haskins's  paper  is  an  extension  of  the  work  in  the 
author's  paper  on  the  invariants  of  quadratic  differential  forms 
to  forms  of  higher  degree.  The  methods  used  are  the  same,  but 
the  difficulties  of  the  problem  are  much  less.  The  result  is  as 
follows  :  The  number  of  invariants  of  order  /a  for  the  general 
homogeneous  differential  form  of  degree  m  in  n  variables  is 

(n,,.)j(n,m)--^--^-j,     (n,  m)  =  ^-— j-^-j^^ 

The  case  of  simultaneous  invariants  of  several  forms  is  also 
considered.  F  jj  q^^e. 

Columbia  Universitt. 
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SERIES  WHOSE  PRODUCT  IS  ABSOLUTELY 
CONVERGENT. 

BY  PROFESSOR  FLORIAN  CAJORI. 

(Read  before  Section  A  of  the  Amerioan  AaeocUtioD  for  the  Advancement 
of  Science,  Pittsbarg,  July  1,  1902.) 

§  1.  That  two  absolutely  convergent  series  yield  an  abso- 
lutely convergent  product  was  first  shown  by  Cauchy.*  About 
three  quarters  of  a  century  later  Alfred  Pringsheim  pointed 
out  that  an  absolutely  convergent  product  may  result  also  from 
the  multiplication  of  a  conditionally  convergent  or  even  a  di- 
vergent series  by  an  absolutely  convergent  series-f  That  the 
product  of  two  conditionally  convergent  series,  or  of  a  condition- 
ally convergent  series  and  a  divergent  series,  or  of  two  diver- 
gent series,  may  be  absolutely  convergent  was  first  made  public 
by  the  present  writer.  J  Thereupon  Alfred  Pringsheim  treated 
the  subject  from  a  more  general  point  of  view  and,  by  very 
simple  methods,  showed  that  the  property  in  question  is  typical 
of  certain  classes  of  series.  §  The  present  writer  developed  a 
new  class  of  series  possessing  this  property,  demonstrated  the 
validity  of  the  fundamental  laws  of  algebra  in  the  multiplication 
of  infinite  series,  and  generalized  a  theorem  of  Abel  on  the 
multiplication  of  series.  ||  In  the  present  article  we  aim  to 
generalize  some  of  the  results  previously  obtained  relating  to 
absolutely  convergent  products  of  two  or  more  series. 

§2.  In  this  investigation  we  shall  start  with  an  absolutely 
convergent  series  and  determine  pairs  of  series  which  are  factors 
of  the  assumed  series.     Given  the  absolutely  convergent  series 


naw 


in  which 


c^^Z«.>  (1) 


*  Analyse  Al|c4briqae,  1821,  page  147. 

^ MfiiJi.  AnnaUn,  vul.  21  (1883).  pp  357-359. 

t  T'-ansavtions  of  the  American  Mathematit-al  Society,  vol.  2,  pp  25-36,  Jan- 
oarr  1901;  Science,  new  series,  vol.  14,  p.  395,  September  13,  1901. 

i  TrauMctions  of  the  American  Mathematical  Society^  vol.  2,  pp.  404-412, 
October,  1901. 

II  Bulletin,  2d  series,  vol.  8,  pages  231-236,  March,  1902. 
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e^  is  the  general  term  of  any  absolutely  convergent  series,  say 

1 

''''{z  +  r)[log{z  +  r)Y' 

X  >  1,  and  c^,  c^  are  constants  either  real  or  complex.  That 
series  (1)  is  absolutely  convergent  becomes  evident,  if  we  ob- 
serve tnat  it  is  the  product  formed  according  to  Cauchy's  multi- 
plication rule,  of  the  two  absolutely  convergent  series 

Z^A    and    J^cX. 
Let  us  assume 

«,-.  -  a,  =  CA.  (2) 

A,(6,_.-6,)  =  c:c„ 

where  8  and  t  are  positive  integers,  a  and  b  are  real  or  complex 
numbers  and  h^  is  an  odd  or  an  even  power  of  —  1.  Let  it  be 
agreed  that  a  and  b  cannot  have  negative  subscripts ;  in  other 
words,  that  a_^  =  b_^  =  0.     We  have 

r=n  r=gw 

ii«^y^c6'c'    €      ==y^A      (a       — a') (6        ,  —  b     ). 


If  we  perform  the  indicated  multiplications  and  collect  the  co- 
efficients of  a^,  we  obtain 

(3) 

-  A,_,_  A-r-.)- 

If  we  assume  h^=  —  h^„  we  have 

It  will  be  noticed  that  if,  in  the  two  terms  in  (3)  which  involve 
the  factors  a^  and  a^«<,  respectively,  we  remove  Uie  parentheses, 
we  obtain  eight  terms  which  are  distributed  among  three  terms 
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of  the  series  in  (4),  namely  the  three  terms  which  involve,  re- 
spectively, the  parentheses 

From  the  inspection  of  series  (4)  we  readily  see  that  the 
series  (1)  may  be  considered  to  be  the  product  of  the  following 
two  series  : 


J2  K-i  +  aj  s  a^  +  ttj  +  . . .  +  a,_i  +  {%  +  a,) 

+  K  +  0|+l)  + 

and 

2  (Mr  —  K^J>r-^   =  hK  +  *1*1  +    •  •  •  +  K-A-l 

r=0 


(5) 


(6) 


According  to  the  condition  A^  =  —  A^^^,  we  are  permitted  to 
choose  any  sign  we  please  for  any  t  consecutive  factors  A^. 
After  such  a  choice  has  been  made,  the  signs  represented  by  any 
of  the  other  factors  h^  are  determined. 

Since  relations  (2)  are  the  only  conditions  imposed  upon  the 
values  of  a  and  6,  it  is  possible  to  choose  these  values  so  that 
«ach  of  the  series  (5)  and  (6)  is  absolutely  convergent,  con- 
ditionally convergent,  or  divergent.  Thus,  if  |a^|  is  of  the 
order  of  magnitude  e^,  series  (5)  is  absolutely  convergent ;  if 

,  1^  _    _  __\ 

K.,  +  a^l-^^^2)log(r-h2y 

but  approaches  the  limit  zero  as  r  increases  indefinitely  and  if 
{a^_t  +  a^)  is  opposite  in  sign  to  and  has  greater  numerical  value 
than  (a^^,^.,  +  ^r+i),  then  (5)  is  conditionally  convergent ;  if 
|a^_(  +  a^l  does  not  approach  the  limit  zero  for  all  values  of 
r,  as  r  increases  indefinitely,  the  series  (5)  is  divergent.  Simi- 
larly for  (6).  Yet  in  every  case,  the  product  of  (5)  and  (6)  is 
absolutely  convergent. 

Since,  so  far  as  we  know,  no  two  divergent  series  with  com- 
plex terms  have  before  been  given,  whose  product  is  absolutely 
convergent,  it  may  be  well  to  construct  a  special  example.   Let 
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a^  =  6^  ==  ^  +  JB^e^,  where  A  and  B^  are  complex  constants. 
Moreover,  let  «  =  1  and  <  =  2,  A^  =  —  Aj  ==  -f  1  -  It  will  be 
seen  that  values  which  are  not  infinite  can  be  assigned  to  the 
coefficients  c^  and  c^  so  that  equations  (2)  are  satisfied.  By 
substitution  in  the  two  series  (5)  and  (6)  we  obtain  the  following 
two  series : 


8,  ^(A  +  B,e,)  +  (A  +  B,e,)  +  {2A  +  B,e,  +  B,e,) 

+  (2^  +  B,e,  +  B,e,)  +  • 

«,  =  ( J  +  B,e,)  -  {2 A  +  B,e,  +  B,e,)  -  {B,e,  -  B,e,) 
+  {2A  +  B,e,  +  B,e,)  +  (B^e,  -  B^e^)  -  • 


(7) 


It  will  be  seen  that  both  series  in  (7)  are  divergent  and  com- 
plex, and  that  their  product  is  absolutely  convergent.  Another 
pair  of  complex  series  possessing  this  propei*ty  is  given  at  the 
close  of  this  article. 

Since  all  the  terms  in  the  series  8^  are  preceded  by  the  posi- 
tive sign,  it  is  readily  seen  that  any  positive  integral  power  of 
iSj  is  a  divergent  series  whose  terms  increase  numerically  with- 
out limit  as  r  increases  without  limit.  The  same  conclusion 
holds  for  the  series  8^,  Since  8^*  --  8^-  --  8^^-  "  8^"  -\U)  p  pairs 
of  factors]  =  {8^8^  (4^2)  * ' '  \.^  P  parentheses]  =  /8f  •  •  -/Sf,  and 
since  8^"*  8^  is  an  absolutely  convergent  complex  product,  it 
follows  that  the  product  of  the  two  complex  series  8\  and  /Sf , 
the  terms  of  both  of  which  increase  numerically  without  limit 
as  r  increases  without  limit,  is  absolutely  convergent,  no  matter 
how  large  a  value  the  integer  jo  may  have.* 

If  we  let  a^  and  b^  be  positive  and  decreasing  monotonously 
toward  zero  in  such  a  way  that  2a^  and  26^  are  both  divergent, 
if  moreover,  <  =  2,  «  =  1,  A^  =  +  1,  Aj  =  —  1,  then  (5)  and  (6) 
reduce  to  the  two  following  series,  one  divergent,  the  other 
conditionally  convergent,  given  by  Pringsheim  tf 


ZV,  +  «.)  and^f  (-  l)'^r»']  (6^.  +  (-  1)  '-'  K). 


*.See  Bulletin,  2d  sefies,  vol.  8  (1902),  pp.  233-236. 
tSee  Tranaacti(m9  of  ike  American  Mathematical  Society ^  vol.  2,  p.  408,  equa- 
tion (R).     The  notation  I     9-  I  signifies  here  the  largest  integer  contained 


r  — 1 
m-2-- 
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In  order  to  deduce  from  (5)  and  (6)  die  pair  of  conditionally 
convergent  series,  whose  product  is  absolutely  convergent, 
which  we  gave  in  the  Bulletin,  volume  8  (J 902),  page  231, 
let «  =  e  =  4  ;  A^  =  Aj  =  Aj  =  /13  =  +  1 ;  r  =  4t?,  4t?  +  1,  4v  +  2, 
or  4t7  +  3  ;  r'  =  4v.  Let  moreover  the  parenthesis  (a^_^  +  a^), 
which  we  represent  for  convenience  by  a^,  be  a  real  number 
which  is  positive  when  r  =  4v  or  4r  +  1  and  negative  when 
r  =s  4t?  +  2  or  4t?  +  3,  and  such  that  \K\^ ^'^  where 
J<tt=l,  and  2|a^|  is  divergent.  Without  violating  con- 
ditions (2)  we  may  assume  further 

where  w^  is  a  quantity  numerically  not  greater  than 

1    • 

(2  +  r)«-[log(2  +  r)]^- 

Similarly  we  may  assume,  without  violating  conditions  (2), 

KK-h^,b^,^b:,     |6:|^r-,    'f  1 6:1  divergent, 

bl  a  real  number  which  is  positive  when  r=s  4v  and  4t;  +  2, 
and  negative  when  r  =  4t;  +  1  and  4v  +  3  ;  also 

There  result  from  these  assumptions  the  two  conditionally  con- 
vergent  series  ^  a^  and  ^  6^,  whose  product  is  an  absolutely 

rssO  rs=0 

convergent  series,  which  were  previously  given  by  us  in  the  last 
mentioned  article. 

§7.  If  we  are  given  a  series 

Z  («r-.  +  "r). 
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8iich  that  a^^  —  a^  =  c/^,  it  is  quite  evident  that  we  can 
always  find  a  mate  for  it,  such  that  the  product  of  the  two 
shall  be  absolutely  convergent. 

Again  it  is  possible  to  find  two  series,  every  term  in  the 
product  of  which,  afler  the  {t  +  l)th  term,  vanishes  identically. 
Moreover,  the  two  series  may  be  so  chosen  that  the  product 
possesses  the  additional  property  of  having  for  its  sum  any 
desired  finite  number  N,  To  bring  this  about  modify  condi- 
tions (2)  thus, 

where  d  is  any  number,  and,  for  r  ^  <, 

rsao 

Then  5^  u^  is  still  absolutely  convergent.     Let  t  be  even  and 

A^  =  —  A,  =  A,  =  —  A,  =  . . .  =x  —  A^  =  1. 
Then  we  have,  for  r  =  <, 

u^^b^cdr-^b^d.cdr-'  +  bjp.cdr-^ b^d'-' .  cdr-*^''  s  o. 

Under  the  above  conditions  the  two  series  (5)  and  (6)  have  a 
product,  every  term  of  which,  after  the  (t  +  l)th  term,  vanishes 
identically. 

To  make  the  sum  of  the  product  of  the  two  series  (5)  and 
(6)  equal  to  N,  place  the  sum  of  the  first  ^  +  1  terms  in  the 
product  equal  to  iVand  then  determine  the  values  of  d  which 
satisfy  this  condition. 

Thus,  let  ^  =  2,  «  =  1,  c  =  +  1,  then  from  a^j  —  a^  =s  cP, 
for  r  =  1,  we  get  the  series  (5)  (the  first  term  of  which  is  as- 
sumed to  be  aj 

a,  +  (a,  -  d)  +  (2a,  -  d  -  cP)  +  (2a,  -  2d-<P  -  d») 

+  (2a,  -  2d  -  2cP  -  (P  -  d*)  +  . . .. 

Assuming  &,  ss  1,  the  series  (6)  becomes 

l-(d+l)  +  (d-l)  +  (d+l)-(d-l)-(d+l) 

+  (d-l)+--. 
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All  the  terms  in  the  product  of  these  two  series,  after  the  second 
term,  vanish.  Putting  the  sum  of  the  first  two  terms  =  iV=  0, 
we  have  a^  —  d  (a„  +  1)  =  0.  If  we  assume  a^  =  —  ^^  then 
(2=10,  and  the  two  factor  series  become 

Z7'  =  1  -  11  +  9  +  11  -  9  -  11  +  9  +  11 

Since  U-  W  =  0,  we  have  U^  •  U'^  =  0.  As  all  the  terms  in 
U  are  of  the  same  sign,  it  is  easily  seen  that  U^  is  divergent 
for  all  positive  int^ral  values  of  p.  ir  and  U'^  are  also 
divergent. 

§  8.  If  we  assume  <=2,  «=1,  c=  —  1,  a^ssl,  ft^^^? 
iV=s  0,  then  the  condition  that  the  sum  of  the  product  of  (5)  and 
(6)  shall  vanish  becomes  cP  +  1  =  0  and  (letting  i  =  i/  —  1) 
the  factor  series  thus  obtained  are  the  two  complex  divergent 
series 

1  +  (1  +  0  +  f  +  0  + 1  +  (i  + 1)  + ;  +  0  +  ■ . . 

l-(l  +  i)  +  (i~l)  +  (i+l)-(i-l)-(i+l)  +  ... 

Colorado  College,  Colorado  Sprinos, 
April  12,  1902. 


THREE    SETS    OF    GENERATIONAL    RELATIONS 

DEFINING  THE  ABSTRACT  SIMPLE  GROUP 

OF  ORDER   504. 

BY  PROFESSOR  L.    £.    DICKSON. 

(Read  before  the  American  Mathematical  Society,  October  25,  1902. ) 

1.  Considerable  interest  attaches  to  the  simple  group  of 
order  504.  The  existence  of  this  simple  group  was  discovered 
by  Professor  Cole.*  This  was  one  of  the  facts  that  lead  Pro- 
fessor Moore  t  to  his  investigation  of  the  linear  fractional  group 
in  the  general  Galois  field,  resulting  in  the  discovery  of  a  new 
doubly  infinite  system  of  simple  groups. 

*  **0n  a  certain  simple  group,"  Mathematical  Papers,  Chicago  Congress  of 
1893. 

t  BuUiETiN,  December,  1893 ;  Mathematical  Papers,  Congress  of  1893. 
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The  first  set  of  generational  relations  follows  readily  from  a 
general  theorem  quoted^  with  references,  in  §  2.  From  it  is 
derived,  in  §  §  5-9,  the  seoond  set  of  generational  relations 

A'^Iy     E^^I,     {ABf  =  7,     {A^BA'BA^Bf  =  /. 

The  same  method  was  followed  by  the  writer  *  to  determine  the 
well-known  generational  relations  for  the  simple  linear  frac- 
tional groups  in  the  OF\b']  and  (ri^[2'],  each  of  order  60; 
and  for  that  in  the  GF[1\,  of  order  168.  In  a  "  Note  on  the 
simple  group  of  order  504,"  Burnside  f  established  the  above 
second  set  by  a  direct  analysis.  Other  derivations  of  this  sec- 
ond set  are  due  to  R.  Fricke  %  and  to  De  Siguier.  § 
The  simplest  of  the  three  is  the  (new)  third  set 

First  tSd  of  Generatiaiial  Relationny  §  §  2—4. 

2.  Theorem.  II  The  group  of  all  linear  fractional  substitu- 
tions of  detei^nant  unity  in  the  GF  [p"]  is  simply  isomorphic 
mih  the  abstract  group  generated  by  the  operaiors  T  and  S^ 
(X  running  through  the  series  of  p*^  marks  of  the  fiM)^  subject  to 
the  generational  relations 

(1)  7'^=/,     S,=  I,     S,8^  =  S,^^         (X,  ^^  any  marks), 

(2)  SJSJS,.^TS_,,^_,,T8j^_,T=I 

(X  and  fi  any  marks  such  that  Xfi  ^  1). 

3.  For  />"  =  2^,  the  group  is  a  simple  group  of  order  504. 
liCt  the  GF  [2^]  be  defined  by  the  irreducible  congruence 

i^  =  i+l  (mod  2), 

so  that  the  marks  of  the  field  are 

0,     1,     i,     i+l,     t^,     i*+l,     i'  +  i,     t^  +  i+1. 

*  Linear  Groups,  pp.  302-303. 
t  AfotA.  Annalen,  vol.  52  (1899),  pp.  174-176. 
tJ6irf.,  p.  335. 

%  Journal  de  Math.,  seriee  5,  vol.  8  (1902),  p.  267. 

II  Found,  but  not  yet  published,  by  Professor  Moore.  A  different  proof  for 
linite  fields  is  due  to  the  writer :  Linear  Groups,  pp.  300-302. 
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The  relations  S^^S^  ==  S^^^  all  follow  from 

(3)  8l:^S]  =  8U.^8%^8%^,^S^.,,=^H].:,,^,  =  T, 

(4)  S^8^  =  8.^  1,  8^8^^  =  8.,  ^  1,  aSVS,^  ^  .  =  %%  ^  .  ^  j,  /S>V.  =  ^S;^  ^  .. 

Taking  the  inverse  of  every  member  of  (4)  and  applying  (3), 
we  get 

To  show  that  S.S^  =  /S'.^^  for  every  mark  fi,  we  note  that 

Then  S^^^S^  =  >Si+i+^  follows  at  once,  since 

That  /S;,/S^  =  S^^^  (X  =  i*,  i*  +  1,  i"  +  f,  or  ?  +  *  +  1)  follow 
quite  similarly. 

4.  For  X  =  0  or  1  or  for  /Lt  =  0  or  1,  relation  (2)  reduces  to  * 

(5)  {T8,f  =  L 

Among  the  remaining  relations  (2)  occur  the  following  six  : 

(6)  S,T8,T8,^,T8,^,T8,^,T:^l 

(7)  S,T8^.T8,T8,^,^J8,T=I, 

(8)  8.^^  T8i+1^8^^+l  ^8^^  ^*'i«+l  ^  =  ^J 

(10)  S^.^,T8^^^,T8,T8,^,TS^.T:^  J, 

(11)  ^'^Wi+i^'^.'^+.+i^^»+i^^<^'^'.+i^==  -^• 

From  these  follow  all  the  relations  (2)  in  which  neither  X  nor  fi 
is  0  or  1.  For,  in  (6)-(ll),  each  subscript  /,  ?•  +  1,  i^  i^  +  1, 
i*  +  f,  'P  +  i  +  1  is  followed  immediately  by  all  of  the  others, 
excepting  its  reciprocal,  provided  the  first  subscript  be  regarded 

*Thu8,  for  A  =  0,  (2)  becomes  TSf^TS\TSiTS-f,+iT=L     Transforming 
both  members  by  TS^.  we  get  TS^TS^TSi  =  J. 
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as  following  the  last ;  while  from  (2)  results  an  equivalent  re- 
lation by  using  for  the  initial  X,  fi  any  two  consecutive  sub- 
scripts.    We  have  therefore  the  following 

Theorem.*  The  ahstraxst  simple  group  of  order  504  is  gene- 
rated by  th£  operators  T,  aS„  8.,  /S.^j,  S^^,  /S,^^,,  8^^^.,  >S,^,.+,  *m6- 
jeet  to  the  generational  relations  T^  =a  J  and  (3),  (4),  (5),  (6),  (7), 
(8),  (9),  (10),  (11). 

Second  8etof  Generational  Relations,  §§  5-9. 

5.  Transforming  both  members  of  (8)  by  TS^+p  we  get 

(12)  S,^,TS,^,T.%^,T8,^,  -  ^,,.TS,T8,^, 

Denoting  each  product  by  P,  we  form  PTP  and  get 

Si^i{T8.^J  =  8^^.T8^^TS^^^.T8^,^.TS^^T8^^^,, 
In  view  of  (10),  the  second  member  equals 

Hence 

(13)  (7'^.+.y=/. 

Set  A  s  TS,^„  B  s  8,,     By  (3),  (4),  (5),  (13), 
(14)  ^^  =  /,  B»  =  J,  {ABf  =  /. 

6.  From  (10)  and  (7),  we  obtain  respectively 

8^T8^^8,^J8,^,T8T8,^J8,^,  =  A-'BA\ 
^^+i+i~  TS.T8^T8^T8.T. 

*Note  added  November  10.  The  rehtioris  (8),  (9),  (10)  maybe  mnitted. 
Indeed,  we  may  write  (6)  thas  : 

Si  TSi  TSr-^  i+iSi  TSi'i^ ,  TSi*+ ,  T=.  I. 

Replacing  TSiTSi'^+t+i  by  SiiTSiiTSiT,  a8  may  be  done  by  (7),  and  then 
TS\T  by  SiTSit  as  may  be  done  by  (5),  we  obtain  (10),  with  its  subscripts 
permuted  cyclically.     Again,  we  may  write  (6)  thus  : 

SiTSi+iS,  TSi^+iTSi2+,TSi,+  iT=  I. 
Replacing  iSiTOi+i  by  TSi+iTSii^i+iTSii+i+iTy  in  virtue  of  (11),  and  then 
roiTby  SiTSi,  in  virtue  of  (5),  we  obtain  a  relation  immediately  equiva- 
lent to  (9).     Finally,  we  may  write  (7)  thus  : 

SitTSiiTSi    Si+iTSii+i^iTSiT     I. 

Replacing  Si+iTSi2^i+iT  hy  TSiTSi+iTISit+i+xy  in  virtue  of  (11),  ami 
then  TOiTby  SiTS^  we  obtain  (8). 
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But  ABA-'  x=  TS.T.     Hence 

(15)  ;gj.+,+,  =  ABA-»BA'BA-\ 

(16)  Sf^^  =  B  ■  ABA-*BA»BA-'  =  A-'BA'BA^BA-', 
since  BAB=A~^BA~'  by  (14).     Since  8^^^  is  of  period  2, 

(17)  {A^BA'BA^Bf  =  /. 

7.  We  next  express  all  the  generators  of  the  group  in  terras 
of  A  and  B.     Transforming  (8)  by  jHSj,^,,  we  get 

Sf^.A^TSA^TS^T^L 

Replacing  /S,*^,  and  S^TSg,  by  their  values  and  7»S',  by  AB, 

(18')  r  =  A-'BA'BA^BA^BA'^BA^ 

Since  BA*B  =  A-'BA-^BA-'  by  (14),  we  get 

=  A-'BA^BA-^BA-'BA*BA\ 

Replacing  BA~^BA*BA^,  of  period  2  by  (17),  by  its  inverse, 
we  get 

(18)  r=  A-^BA^BA^'BA'^BA'^B. 

8.  The  (S^  are  given  by  (15),  (16)  and  the  relations 

S,  =  TAB,  «,+,  =  T-'A,  S^^,  =  TABS^^,^,,  S^  =  S..^,Z?. 
Some  of  these  relations  may  be  simplified.     Thus, 
8f^.  =  A-'BA*BA'BA'BA^B  ■  AB  ■  ABA-'BA*BA-' 

=  A-^'BA^BA'BA^BA-'BA'BA-'  [by  (14)] 

=  A-'BA^BA*BA*BA*BA-'        [BA-'B=ABA] 

=  A-*BA-^BA^BA*BA*BA-' 

[BA*B^A-'BA-*BA-'] 

=  A-*BA-^B  ■  BA^BA^BA"  ■  A-'  [by  (17)] 

=  A-^BABA^BA* 

=  A-'BA'BA-'  lBAB=A-'BA-''\. 


Digitized  by  CjOOQIC 


1903.]  THE   SIMPLE   GROUP    OF   ORDER   504.  199 

Taking  the  inverse  for  5^4+^,  we  have  the  relations 
f    S,  =  B,  S,=^  TAB,     S^^^,  =  A^BA'BA\ 
^^^^      j  S,^,  =  T-'A,  S^.  =  A'BA'BA'B. 

9.  Theorem.  The  simple  group  of  order  504  is  generaied 
fry  two  operators  A  and  B  subject  to  the  generational  relations 
(14)  and  (17). 

It  reknains  to  show  that  the  operators  defined  by  (15),  (16), 
(18)  and  (19)  satisfy  the  relations  T'=  /,  (3)-(ll),  in  view 
of  relations  (14)  and  (17j  alone.  We  derive  at  once  the  re- 
lations 

S]  =  7,  S*^,^,  =  7,  S%,,  =  7,  S],  =  7,  S^S,  =  S,^,„ 

S^.^.  =  A'BA'  BA-'B  A'BA* 

=  A^BA-'BA-'BA^  ^  A' =  I. 

Since  BA^B  =  A-'BA-'BA-'  by  (14),  we  get 

T^  =  (A'BA'BA'BA^BA^Bf 

[by  (17)] 
=  A-'BA'  BA'BA*BA*B  A*BA^BA*B 

=  A^BA"-  ■  A'BA^BA'  A*BA*BA»B  [by  (17)] 

:=  {A*BA^BA^By  =  I  [by  (1 7)] . 

That  Sf^^  ss  T~^A  has  period  2  is  shown  as  follows : 

ATAT^  BA*BA^BA^BA'BA»BA^BA*B 

[by  (18)] 

=  BA*  A'BA*BA*  A^BA^BA'B  =  7 

[by  (17)]. 

We  may  show  that  /SJ  =  /by  indicating  the  square  of 

(20)  T^'AB  =  BA'BA^BA'BA'BA^B 

and  replacing  BA''^B  by  ABA  six  times  in  succession.     We 
have  therefore  derived  all  the  relations  (3)  and  T^  =  /.    Next, 

8,8,  =  TAB .  B  =  T-'A  =  8,^, ; 

8^  =  TAB  ^A-'BA^BA^BA^BA'BA'B  =  S.^^^S^, 
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upon  employing  for  T  formula  (18')  which  follows  from  (18), 
(17),  (14).     Hence  8,8^^  =  8^^^,.     Again, 

Hence  relations  (4)  have  all  been  derived. 

It  remains  to  derive  relations  (5)-(11).  From  what  pre- 
cedes, we  may  make  use  of  relations  (1).  Since  T8^'=s  AB, 
(5)  follows  from  (14).     We  next  verify  that 

(21)  8^^T8^^^A-^BA\ 

Employing  8^^  =  8^^"^  «  BA^BA^BA"^  and  the  value  of  T  from 
(18),  we  obtain  as  the  condition  for  (21), 

A^BA^BA^BA^BA^BA^BA'BA^B^L 

Replacing  the  first  two  products  BA^B  by  A~^BA^^  BA~\  we 
get 

A^BA^BA-^BABA-^BA^BA'BA^B  =  J. 

Replacing  BAB  by  A'^BA-'  and  then  BA'BA^BA^  by  its 
inverse,  in  view  of  (17),  we  get 

A^BABA'BABA^B  =  I, 

a  relation  following  readily  from  (14).     As  in    §6,  (10)  and 
(7)  follow  from  (21),  (15),  (16),  and 

(22)  ABA-'  =  A8,^,8.S,^,A''  =  T8.T. 

From  (18')  and  ^21)  follows  (8)  as  in   §7.     Note  that  (10) 
also  follows  from  (8),  and  ^^  =  J,  as  in  §5. 
Employing  (22),  relation  (6)  may  be  written 

B  ■  ABA-'  8^^^,  T8,  •  aS^TI^  .S; T  =  7. 

Applying  (14),  (19)  and  (21),  the  relation  becomes 

A-'BA-^  A^'BA'BA^  AB  •  A-^BA^  BT^L 

By  (14)  we  may  replace  BA'^B  and  BA-^B  by  ABA^BA  : 

A-'BA .  ABA^BA  •  A'  ABA'BA  A^BT^  I. 

Replacing  BA^B  by  ABA,  we  get,  by  (18), 

A-'BA^BA^BA'BA^BT  =  T^  =  /. 
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Transforming  (11)  by  T,  we  get 

T8.^^ '  S^TS^^ '  S.^^T'  8._^_/T'  8.  •  T8.^^  =  J. 

Setting  T8.^^  =  A  and  8^  =  B,  and  applying  (21),  it  becomes 
an  identity. 

To  verify  (9),  we  write  it  in  the  form 

^«-»+i  •  T8^ '  8^T8^  •  8.^^T-  8^  •  8^^T8^  ■  8.^^T=  L 

Applying    (16),    (21),   T8,  =  AB,  S,^,T^A-\  S,  =  B,  it 
becomes 

A-'BA'BABABA-^BA  =  J, 

which  is  an  identity  since  BABAB  =  A~^  by  (14). 

Thi7'd  8€t  of  Generational  RelaiionSy  §§10-12. 

10.  Consider  the  two  operators 

C=8,T,     2>  =  «,+!. 
From  (6)  and  (8)  we  obtain  respectively 

{8.Ty  =  S^^T8^^^^T8^^T,     T8^^^^T8.iT^  ^i+i^^%+i^^^v 
Hence,  applying  also  (11),  we  derive 

{8,Ty  ^  (8,,,^,T8,^J8,^,y8,T^  I. 
Also,  DC=  8^T  18  of  period  3  by  (5).     Hence 
(23)  iy^I,C^^I,  {DCf  =  I. 

11.  Noting  that  C-^DC=  TS.^^T,  we  may  write  (11)  thus : 

8,.^^J8^^^,DC'DC-''C-'DC^I, 

Multiplying  the  latter  on  the  left  by  8.^^  and  on  the  right  by 
S.T,  we  ge<^ 

&7»-r=  DG^'DC^DC^  =  GDG'DG^. 


Applying  this  result  in  (7),  we  get 
We  now  obtain  the  formulse  * 


S,^^,^,T^  C'DC'DC. 


*  It  may  be  shown  that  JSi^+t+i  =  DCWCWC 
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(24)  S,,^,  =  S^,^,T-  TS,  =  C'DC'DC*D, 

(25)  S^^,  =  8,^,S,^,  =  C'DC^DG\ 

(26)  S,^T^  Sr,\.S,T=^DG^DC*DC\ 
Since  8^^^  is  of  period  2,  it  follows  from  (25)  that 

(27)  {DC'DC^f  =  L 
We  may  write  (6)  in  the  form 

C  ■S,^T-  TS, ■  TSf  ■  5,r  8,^^, ■  7=  7. 
Applying  (26)  twice  and  (24)  once,  this  relation  gives 

Replacing  DC~^D  by  CDC  in  view  of  (23)  and  then  CDC^D 
by  DC*DC*,  in  view  of  (27),  we  get 

(28)  r=  C*DCWC*DC'DC*D. 

From  the  definitions  of  A  and  B  at  the  end  of  §  5,  we  get 

(29)  A=TI)=  C'DC^DC^nC'DC, 

(30)  B  =  CT-'  =  CDC'DC*DC'I)C*DC\ 

12.  Theorem.  The  simple  group  of  order  504  is  generated 
by  two  operators  C  and  D,  subject  to  the  generational  relations 
(23)  and  (28). 

In  view  of  the  theorem  of  §  9,  it  suffices  to  show  that,  if  A 
and  ^are  defined  by  (29)  and  (30),  relations  (14)  and  (17) 
follow  from  relations  (23)  and  (27).     First, 

(31)  BA  =  Cr-»  •  TD  =  CD, 

so  that  BA  is  of  period  3  in  view  of  (23).  To  show  that 
B*  =  I,ve  replace  DCWC*  by  its  inverse  C'DGW  in  the 
indicated  square  of  B  and  get 

B*=  CDC''DC*DCDCWC'DC'DCWC\ 

Replacing  DCD  by  C-'DC-'  and,  in  the  result,  DCDC  by 
C*DC'D,  we  get 

m^CD  CD  CD  CD  C^D  C\ 

Making  similar  replacements,  we  get  J?*  a=  C'DG*DC  —  I. 


Digitized  by  CjOOQIC 


1903.]  THE   SIMPLE   GROUP   OF   ORDER    504.  203 

In  the  indicated  product  A  A,  we  replace  DC^DCP  bv 
CWC*Dy  then  DCB  by  C-'DC-\  then  C^DC'D  by 
DC'DC\  then  DC^'D  by  CDC  twice,  and  get 

(32)  .4*=  C'DC\ 

It  follows  at  once  that 

.!«=  (rDCWCWC\ 

It  will  equal  the  expression  for  A"^  given  by  (29)  if 

C'DO'DC'DC  =  DC'BCWC'D. 

Replacing  CWCW  by  DC^DC\  the  condition  becomes 

/=  C'DC'DCDC'DCW. 

Replacing  DCB  by  C-'BC  and  then  CWC*B  by  BC'BC\ 
the  condition  reduces  to  an  identity  in  view  of  B^  =  I^  C^  =i  L 
Finally,  to  derive  (17),  we  note  that 

BA'BA'BA^  =BA  A'  BA  A'  BA  A\ 
and  substitute  the  values  of  BA  and  A^  given  by  (31)  and  (32). 
The  result  CBC'BC'BC^  is  evidently  of  period  2  by  (23). 

(renerators  of  the  Linear  Fractiorwl  Group  of  Order  504. 
13.  For  the  first  set  of  generational  relations,  we  may  take 


Hence,  for  the  second  set,  we  may  take 

A  :     z'=  -+i+  1  ; 

z 

For  this  second  set,  Bumside  employs 


A\     ^'=-+1+1;         Bi    z'^z  +  L 

z 


z  +  t^ 


A':     z'=iz;^        B-.     z^^^y 
We  readily  obtain  the  relations 

B'^  S.+iTS.+^TS\^+i^^TS^2 .r 
For  the  third  set,  we  may  evidently  take 

C:     2'  =  l-5-(2+t);  D:     z'^^z  +  i+l. 
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Note  that  S^^+^T  is  of  period  7  ;  while 

BAr :     2;  = 

z 

is  of  period  9  ;  also,  as  a  cheek  on  (27),  that 


DC^DC^i     2'= 


The  University  of  Chicago, 
Octcber  19,  1902. 


GENERATIONAL  RELATIONS  DEFINING  THE 
ABSTRACT  SIMPLE  GROUP  OF  ORDER  660. 

BY  PROFESSOR  L.    E.    DICKSON. 

(Bead  before  the  American  Mathematical  Society,  October  25,  1902. ) 

The  abstract  group  of  order  660,  simply  isomorphic  to  the 
group  of  linear  fractional  substitutions  of  determinant  unity 
taken  modulo  11,  may  be  generated  by  two  operators  S  and  T 
;subject  to  the  following  relations  :  * 

(1)  ^»=/,     r*  =  J,     {ST^^I, 

(3333  3),  (7  777  7),  (2248  4),  (4497  9), 
(5529  2),  (6  6898),  (8853  5),  (9  9  10  8  10), 
(2396  7),  (2  7693),  (2837  10),  (2  10  73  8), 
(3645  10),  (3  10  5  4  6),  (4756  10),  (4  10  65  7), 
where  the  symbol  {ah  c  d  e)  denotes  the  relation 

These  relations  are  very  redundant.     We  proceed  to  reduce 

*  For  a  proof  of  the  general  theorem  due  to  Moore,  see  Dickson,  Linear 
Groups,  {  278,  Corollary.  When  the  field  is  of  order  a  prime  j),  we  may  set 
St=S,  St  =  SK     Bv  {  279,  we  need  retain  onl^  the  16  relations  (a,  6,  c,  d,  e) 

fiven  above,  since  tne  others  follow  by  a  cyclic  permutation  of  a,  6,  0,  rf,  e. 
t  may  be  shown  that  S'^T,  S'T,  /S*f,  S'^T,  S^l\  5'T,  S^T,  S^T  have  the 
respective  periods  12,  5,  5,  6,  6,  5,  5,  12,  results  not  used  here. 
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the  nineteen  to  five  simple  relations.     For  use  in  this  reduction 
we  note  that  from  (1)  follows 

(2)  TST^  S-^TS-',     TS-'T^  STS, 

(3)  TS'T^  S-'TS-^TS-\    TS-^T^  STS^TS. 
Applying  to  (2  2  4  8  4)  relation  (3j),  we  get 

in  view  of  (22).     Hence  (22484)  may  be  replaced  by 

(4)  (S'TS'Tf^I. 
By  (2  2  4  8  4)  we  have 

Substituting  this  value  in  (4  4  9  7  9),  we  get 

(5)  (S'TS'Ty^I. 

To  (5529  2)  we  apply  (3j)  twice  in  succession.     Trans- 
forming the  result  by  S,  we  obtain  (4497  9). 
i  In  (6  6  8  9  8)  we  replace  S'TS'T  by  TS^TS'TS^  given 
by  (5  5  2  9  2).     The  resulting  relation   becomes  an   identity 
upon  applying  (2^)  twice. 

Transforming  (8  8  5  3  5)  by  S'^  and  twice  replacing  TS'^TS'' 
by  its  inverse  S*TS^T,  in  view  of  (5),  we  obtain  (STf  =  /. 
I'  In  (9  9  10  8  10)  we  apply  (2^)  three  times  in  succession  and 
obtain  an  identity. 

Transforming  (2  3  9  6  7)  by  S^  and  replacing  S^TS^Temd 
TS'^TS^  by  their  inverses,  given  by  (4)  and  (5),  we  get 

TS'TSTSTS'T^  TS'(STyS'T=^  I. 

Transforming  (2769  3).  by  S^  and  replacing  /S'T/S'^and 
TS^TS^  by  their  inverses,  we  get 

TS*TSTSTS^T^  TS\STYS'T=  I. 

To  (2  8  3  7  10)  we  apply  (2^)  and  transform  the  result  by 
S"^.     There  results  relation  (4). 
Applying  (2,)  to  (2  10  7  3  8),  we  get  (4). 
In  (3  6  4  5  10)  we  replace  TS^TS*  by  its  inverse  and  get 
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Similarly,  (3  10  5  4  6),  (4756  10),  and  (41065  7)  follow 
by  applying  first  (5)  and  then  (1). 

Transforming  (3  3  3  3  3)  by  S^  and  replacing  S^TS^T  by 
its  inverse  TS^TS^,  given  by  (4),  we  get 

a  relation  following  by  taking  the  inverse  of  (8  8  5  3  5). 

Transforming  (7  7  7  7  7)  by  8^  and  replacing  S'TS^T  by 
its  inverse  T8*TS^,  given  by  (5),  we  get 

a  relation  following  by  taking  the  inverse  of  (4  4  9  7  9). 

Hence  the  simple  group  of  order  660  is  generated  by  two  opera- 
tors S  and  T  subject  to  relations  (1),  (4),  and  (5). 

The  Univebsity  of  Chicago, 
October  22,  1902. 


THE  CARLSBAD   MEETING   OF   THE   DEUTSCHE 

MATHEMATIKER-VEREINIGUNG, 

SEPTEMBER,  1902. 

The  annual  meeting  of  the  Deutsche  Mathematiker-Vereini- 
gung  was  held  at  Carlsbad,  September  21-26,  forming  as  usual 
a  part  of  the  Versammlung  Deutscher  Naturforscher  und 
Aertze.  At  the  business  meeting  of  the  Society,  committees 
were  appointed  to  make  arrangements  for  the  international 
mathematical  congress  which  will  be  held  at  Heidelberg  in 
August,  1904.  A  committee  was  also  appointed  to  consider 
the  feasibility  of  forming  at  some  point  in  Germany  a  very 
complete  collection  of  mathematical  literature.  Professor 
Gutzmer  resigned  from  the  position  of  secretary  of  the  society, 
and  Professor  Krazer  was  elected  his  successor.  The  meeting 
of  the  Society  will  be  held  next  year  at  Cassel. 

The  following  papers  were  read  at  the  meeting : 

Professor  Czuber,  Vienna:  ^'A  theorem  in  the  theory  of 
errors,  and  its  application." 

Professor  GrDnwald,  Prague  :  "Derivatives  with  variable 
index  as  analytic  functions  of  the  latter,  and  a  related  func- 
tional operation." 
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Professor  HXskell,  California  :  "  The  representation  of  cer- 
tain resultants  as  determinants." 

Dr.  Jahnke,  Berlin  :  "  An  elementary  theory  of  the  theta 
functions  of  one  and  two  arguments." 

Dr.  Jahnke,  Berlin  :  '^  The  relation  of  Steiner  to  Jacobi." 

Professors  Klein,  Gottingen,  and  Meyer,  Konigsberg: 
"  The  progress  on  the  Encyklopadie  der  mathematischen  Wis- 
senschaften." 

Professor  Kohn,  Vienna  :  "  On  a  certain  sextuple  of  rays." 

Professor  Kowalewski,  Greifswald :  *'  A  report  on  Lie's 
theory  of  transformation  groups." 

Professor  Kowalewski,  Greifswald :  "  On  a  criterion  of 
du  Bois-Reymond  for  the  development  in  Fourier  series." 

Professor  Kowalewski,  Greifswald  :  "  A  new  character- 
istic of  the  projective  group  of  a  norm  curve." 

Dr.  LiEBMANN,  Leipsic  :  "  On  the  conformal  representation 
of  convex  surfaces  upon  the  sphere." 

Professor  Meyer,  Konigsberg :  "  On  the  spheres  inscribed  in 
a  tetrahedron." 

Professor  E.  MDller,  Vienna :  "  On  the  theory  of  linear 
systems  of  curves  and  surfaces  of  the  second  order." 

Professor  F.  MtJLLER,  Steglitz :  "  The  abbreviations  of  the 
titles  of  mathematical  publications." 

Professor  Schubert,  Hamburg :  "  Enumerative  relations  for 
incidence  and  coincidence  in  linear  space  of  higher  dimensions." 

Dr.  Steinitz,  Berlin  ;  "  A  report  on  polyhedra." 

Dr.  VON  Sterneck,  Vienna  :  "  On  an  analogy  to  the  addi- 
tive number  theory." 

Professor  Walsch,  Brunn  :  **On  binary  analysis." 

Professor  Czuber  developed  the  relations  which  hold  for 
a  linear  form  of  n  independent  errors  of  observation,  when  the 
errors  follow  singly  the  exponential  law,  and  applied  the  results 
to  direct  observations  of  equal  exactness. 

Professor  Griinwald  spoke  on  his  researches  in  the  theory  of 
the  derivatives  with  variable  index,  and  their  development  in 
powers  of  the  latter.  The  coefficients  in  the  development  are 
found  by  linear  functional  operations,  and  are  represented  by 
definite  integrals.  The  application  to  the  solution  of  certain 
linear  differential  equations  was  mentioned. 
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Sylvester's  dialytic  method,  applied  to  finding  the  resultant 
of  forms  of  more  than  two  variables,  gives  a  determinant  of 
too  high  an  order  —  the  resultant  with  a  foreign  factor.  Cay  ley 
has  found  the  resultant  in  the  form  of  a  determinant  without 
foreign  factor  for  the  case  of  three  ternary  quadratic  forms,  and 
Hesse  for  the  case  of  three  ternary  forms  of  which  two  are 
quadratic  and  one  linear,  and  of  four  quaternary  forms  of 
which  three  are  quadratic  and  one  linear.  These  results  fol- 
low (those  of  Hesse  less  directly)  from  the  theorem,  that  if  v 
homogeneous  forms  in  n  variables  vanish  simultaneously,  then 
the  Jacobian  vanishes,  and  if  the  forms  are  of  the  same  degree, 
the  first  derivatives  of  the  Jacobian  vanish  also.  Professor 
Haskell  adds  to  this  theorem  that,  if  the  forms  are  of  the  same 
degree,  the  second  derivatives  of  the  Jacobian  are  proportional 
to  certain  linear  functions  of  the  second  derivatives  of  the 
forms,  and  the  application  of  this  theorem  gives  the  resultant 
of  four  or  of  five  quadratic  forms,  homogeneous  in  four  or  five 
variables  respectively,  in  the  form  of  a  determinant  without 
foreign  factor. 

Dr.  Jahnke  spoke  on  Caspary's  theory  of  the  theta  functions 
and  gave  some  further  developments.  In  Jacobi's  lectures  the 
theory  of  the  theta  functions  was  developed  from  their  defini- 
tion by  series  of  exponential  functions.  Caspary  used  this 
definition  but  gave  the  theory  a  purely  algebraic  character 
without  function-theoretical  considerations,  introducing  the 
orthogonal  system  with  Euler's  form  for  the  coeflScients  in  order 
to  express  the  many  algebraic  relations  between  the  thetas. 
For  further  development  of  the  theory  only  the  algebraic  and 
differential  identities  between  the  elements  of  an  orthogonal 
system  are  required.  The  introduction  to  the  elliptic  transcen- 
dentals,  as  given  by  Caspary,  appears  elementary  enough  for  the 
use  of  students  of  physics  and  technology. 

In  his  second  paper  Dr.  Jahnke  read  some  recently  discovered 
letters  of  Steiner  and  Jacob! . 

Professors  Klein  and  Meyer  spoke  on  the  progress  of  the 
Encyklopadie.  The  last  part  of  Volume  I  containing  the  index 
will  probably  appear  before  Easter.  The  chief  diflSculty  in 
Volume  II  has  been  overcome,  but  further  publication  will  not 
be  immediate.    Volume  III,  on  geometry,  is  divided  into  three 
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main  parts^  and  articles  from  each  part  will  appear  in  the  next 
few  months ;  in  Part  I,  Euriques,  Principles  of  Geometry ;  in 
Part  II,  Dingeldey,  Conic  Sections ;  in  Part  III  (Differential 
Geometry),  Mangold,  Space  Curves  and  Surfaces.  Volume  IV 
(Mechanics)  is  progressing  satisfactorily.  Publication  will 
.soon  begin  on  Volume  V  (Physics),  with  Bryan's  article  on 
Thermodynamics,  and  also  on  Volume  VI  (Geodesy  and 
Geophysics). 

Professor  Kohn's  paper  is  in  abstract  as  follows  :  There  is 
a  single  system  of  six  lines,  such  that  every  interchange  is  pro- 
duced by  a  coUineation  or  correlation.  These  lines  may  be 
called  an  equianharmonic  ray  sextuple  from  the  fact  that  the 
four  points  of  intersection  of  every  line  that  meets  four  of  them 
are  equianharmonic.  If  an  icosahedron  form  be  interpreted  on 
a  cubic  space  curve  the  six  chords  given  by  the  six  "  pairs  "  of 
the  icosahedron  form  are  such  a  system ;  the  six  correspond- 
ing axes  form  a  second  system  which  is  related  to  the  first  in 
many  ways.  Interesting  results  follow  from  the  fact  that  two 
surfaces  of  second  order,  one  containing  three  of  the  lines  of 
the  system,  the  other  the  remaining  three,  cut  each  other  in  the 
edges  of  a  skew  four-edge.  Corresponding  to  the  ten  casep 
where  the  six  lines  reduce  to  two  sets  of  three,  are  ten  tetra- 
hedra,  each  of  which  is  inscribed  in  and  circumscribed  about 
every  other.  The  forty  vertices  and  forty  sides  form  a  Witting 
configuration,  and  it  follows  that  the  Klein  group  of  6  !  col- 
lineations  is  a  subgroup  of  the  hyperelliptic  coUineation  group 
under  which  the  Witting  configuration  is  invariant.  The  above 
is  in  close  relation  to  results  of  Klein,  Witting,  Maschke,  and 
Burkhardt. 

Professor  Kowalewski's  first  paper  was  a  report  on  Lie's 
theory  of  transformation  groups.  Much  of  Lie's  work  has  a 
value  apart  from  his  group  theory,  6.  g,y  the  idea  of  element  and 
element  union,  important  in  the  theory  of  differential  equations ; 
that  of  contact  transformations,  which  Lie  conceived  in  its 
generality  in  the  first  years  of  his  activity ;  and,  of  greatest  im- 
portance, the  infinitesimal  transformation.  Lie  was  in  posses- 
sion of  most  of  these  ideas  in  1873  when  he  began  to  develop 
his  theory  of  transformation  groups,  above  all,  however,  that  of 
the  infinitesimal  transformation.  He  had  found  in  1872  that 
an  ordinary  differential  equation  of  fii'pt  order  with  a  known 
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infinitesimal  transformation  could  be  integrated  by  quadrature, 
and  had  proposed  to  himself  the  problem  :  Of  what  value  for 
the  integration  of  a  system  of  differential  equations  is  the 
knowledge  of  infinitesimal  transformations  which  leave  the  sys- 
tem unaltered  ?  He  considered  the  case  of  a  complete  system 
of  linear  partial  differential  equations  in  detail.  If  two  in- 
finitesimal transformations  AJand  ly  leave  such  a  system  un- 
changed, then  this  holds  also  for  the  "Klammerausdruck" 

X{Yf)-Y{Xf)  =  {XY). 

By  this  theorem  the  question  is  reduced  to  the  consideration  of 
a  complete  system,  with  r  known  infinitesimal  transformations 
X,/„  . . .,  X^^  which  satisfy  relations  of  the  form 

and  these  relations  hold  for  all  point  transformations.  This 
was  the  starting  point  for  the  theory  of  transformation  groups. 
Lie  found  by  involved  reckoning  that  r  independent  infinites- 
imal transformations  which  satisfy  relations  of  the  above  form, 
belong  to  a  continuous  group  with  /•  parameters,  and  showed 
conversely  that  every  such  group  contains  r  independent  in- 
finitesimal transformations  which  satisfy  the  above  relations. 
He  had  then,  although  without  rigorous  proofs,  the  two  funda- 
mental theorems  of  his  group  theory.  The  first  presentation 
of  Lie's  results  is  in  an  article  by  Klein  and  Lie  in  the  G'dttin- 
ger  Naehrichie7i,  December  3,  1 874.  The  differential  equations 
of  his  later  first  fundamental  theorem  occur  here,  while  the 
third,  which  relates  to  the  constants  (7.^^,  appeared  in  1876  in  the 
Norwegian  Archiv,  In  the  Gottingen  note  Lie  indicates  some 
applications  of  his  theory  to  ordinary  differential  equations, 
which  he  did  not  complete  until  1882  (Archiv  for  Mathematik, 
volumes  8  and  9).  In  1882  Lie  applied  his  theory  of  finite 
groups  to  infinite  groups  by  considering  only  such  groups  as 
can  be  defined  by  differential  equations.  He  showed  also  that 
every  such  group  determines  infinitely  many  differential  invari- 
ants (MothemaUsche  Annalen,  volume  24). 

A  norm  curve  in  Ji^,  L  e.,  a  rational  curve  of  order  a  which 
is  contained  in  no  plane  point  manifold  of  i?^,  admits  a  group 
of  00^  projective  transformations.  Professor  Kowalewski,  in 
his  second  paper,  gave  a  complete  enumeration  of  all  projective 
transformation  groups  which  contain  the  above  as  a  subgroup. 
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For  71  >  2  there  exists  in  general  (except  for  the  group  of  all 
projective  transformations)  only  one  such  group.  The  single 
exception  is  in  case  of  jRg,  where  a  fourteen  group  exists,  which 
has  the  Killing  constitution  and  plays  a  part  in  the  work  of 
Engel. 

In  his  third  paper,  Professor  Kowalewski  calls  attention  to 
a  little  known  criterion  for  the  convergence  of  a  Fourier  series 
which  was  published  by  P,  du  Bois-Reymond  in  1881  in  the 
Comptea  Rendua  and  earlier  in  Crdle.  A  simpler  proof  of  this 
criterion  was  indicated. 

Closely  related  to  the  theorem  that  a  closed  convex  surface 
can  not  in  general  be  deformed  (verbogen),  without  introduc- 
ing singularities,  is  the  following  theorem  :  A  closed  convex 
surface  can  not  in  general  be  conformally  represented,  without 
singularities,  upon  the  sphere.  Dr.  Liebmann  considered  a 
special  surface  of  revolution  which  admits  at  most  a  three  para- 
meter group  of  regular  conformal  transformations,  while  for  the 
sphere  the  six  parameter  group  of  homographic  transformations 
forms  such  a  regular  conformal  group.  The  surface  cannot, 
therefore,  be  represented  conformally  upon  the  sphere  without 
singularities,  and  the  theorem  holds  for  this  special  surface. 
Other  such  examples  can  be  found  showing  that  the  theorem  in 
general  holds. 

A  theorem  of  Schwarz  states  that  if  on  each  face  of  a  tetra- 
hedron circumscribing  a  sphere  lines  are  drawn  from  the  point 
of  tangency  to  the  vertices,  then  the  corresponding  angles  about 
the  points  of  tangency  on  the  four  faces  are  equal.  Interpret- 
ing this  theorem  by  projective  geometry.  Professor  Meyer  gave 
some  interesting  generalizations. 

Projective  geometry  is  generalized  after  Klein  by  con- 
sidering the  properties  of  geometrical  configurations  invariant 
under  a  more  general  transformation  group.  Of  special  impor- 
tance is  the  projective  geometry  of  curves  and  surfaces  of  the 
second  order.  A  simple  theorem  of  this  geometry  may  contain 
many  results  from  the  standpoint  of  the  ordinary  projective 
geometry.  Professor  E.  Miiller  showed  this  by  applying  the 
theorem,  that  in  a  web  of  conies  (Kegelschnittgewebe)  two 
families  always  have  a  common  conic,  to  two  special  webs, 


Digitized  by 


Google 


212  THE   GERMAN   MATHEMATICAL   SOCIETY.  [Jail., 

first,  one  with  a  double  point,  and  second,  one  whose  curves 
are  tangent  to  two  lines.  Three  conies  <f>^,  <f)^  (^3,  of  which 
^j  has  double  tangency  with  <^„  determine  a  web  of  the  first 
kind,  and  from  the  theorem  follows  that  in  the  family  {<f>^  <f>,^) 
there  are  three  conies  each  of  which  passes  through  a  pair 
of  opposite  vertices  of  the  tangential  complete  quadrilateral 
common  to  (f)^  and  (f)^.  The  theorem  of  Darboux  follows  when 
^3  is  a  point  pair,  and  theorems  of  Chasles  on  confocal  conies 
result  through  metric  specialization.  The  application  of  the 
above  general  theorem  to  the  second  web  also  gives  interesting 
theorems,  6.  g,,  the  point  pairs  of  two  projective  point  rows  of 
the  plane  belong  to  a  web  of  this  kind.  The  fruitfulness  of 
similar  considerations  for  higher  dimensions  was  indicated. 

Professor  F.  Muller  spoke  on  the  abbreviations  of  the  titles 
of  mathematical  journals,  and  presented  a  list  of  some  600  pro- 
posed abbreviations.  This  list  will  be  manifolded  for  the  pres- 
ent, and  eventually  published. 

In  the  enumerative  geometry  only  those  incidence  formula? 
have  been  generalized  to  linear  space  of  n  dimensions,  by 
Schubert,  Fieri  and  others,  which  relate  to  a  line  and  incident 
point.  Frofessor  Schubert  now  attacks  the  general  problem, 
and  finds  all  the  fundamental  incidence  and  coincidence  formulae 
for  two  linear  spaces  of  dimensions  n  and  n  +  m. 

Dr.  Steinitz  gave  a  report  on  the  general  theory  of  the  poly- 
hedron, starting  from  the  results  of  "Euler.  The  symbolic  table 
of  Catalan,  the  work  of  Eberhardt  on  polyhedron  "  fields  "  and 
the  general  question  of  polyhedra  of  multiple  connectivity  were 
treated  at  some  length. 

In  the  additive  number  theory  the  number  of  ways  is  sought 
in  which  a  given  number  can  be  formed  by  the  addition  of  given 
elements.  An  analogous  question  is  the  following :  If  n  and  M 
are  given  numbers,  in  how  many  ways  can  a  number  congruent 
to  n  (mod.  M)  be  formed  additively  from  the  elements  1,  2,  •  •  •, 
M—  1.  Stern  (1863)  studied  the  question  for  prime  moduli. 
In  the  paper  of  Dr.  von  Sterneck  the  general  problem  was  con- 
sidered,  with  following  results  :  If  (n)']  is  the  number  of  such 
representations  of  n  (mod.  M)  by  i  elements,  and(?i)^  the  similar 
number  when  zero  may  appear  as  an  element,  then 
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'H=Z(«-«).-.-E(»-2«),-.+ •••+(- i)T(«-»>).- 

In  the  summations  e  assumes  all  values  of  a  complete  remainder 
system  with  respect  to  M,  and  (n\  =  0  except  when  n  s  0 
(mod.  M)y  in  which  case  (w)^  =  1. 

The  difference  between  the  numbers  of  even  and  odd  repre- 
sentations of  n  is  then 

A(«)  =  2:  (-!)'(«)•. 

In  particular^  for  M  «  j9*, 

A(n)  =  0,     -p*-*,    jp* -;)*-» 

according  as  n  is  not  divisible  by  j9*~*,  is  divisible  by  j>*~*, 
or  is  divisible  by  p^. 

For  any  J!f  =  pj»p;«  -  •  -pl"  ^^^  theorem  holds  :  If  n  contains 
any  p^  to  a  power  =  a.  —  2,  then  A(n)  =0.  If  n  contains  the 
factors  />„  p^y  "'y  Pito  the  powers  a^  —  1,  aj  —  1,  •  •  •,  a^  —  1, 
and  the  factors  p.^^,  -  ")  Pk^  ^^  powers  a.^j,  •  •  •,  a^,  then 

.      ^w-<-')'(,.-i)J-1')...(.;^T)- 

If  M  contains  all  the  factors  of  M  to  the  same  degree,  then 
A(n)  =  <t>{M).     <t>{M)  is  the  Euler  function. 

Further  relations  can  be  developed  from  the  theorem  :  The 
difference  yjr^M)  between  the  number  of  odd  and  even  repre- 
sentations when  the  H.  C  F.  of  the  elements  is  relative  prime 
to  the  modulus,  satisfies  the  equation  ^"^(d)  =  <f>{M)y  where  d 
takes  on  the  values  of  all  factors  of  3/,  and  is  then  the  number 
theory  derivative  of  the  Euler  function  <f>{M). 

Professor  Walsch  spoke  on  the  application  of  the  theory  of 
binary  forms  to  geometry  and  mechanics.  By  the  introduction 
of  the  Kugelkreis,  points,  lines,  and  planes  are  represented  by 
binary  forms.  A  point  a  lies  in  a  plane  6  when  the  second 
"  Ueberschiebung "  of  the  form  a  with  b  is  unity.  A  vector 
can  also  be  represented  by  a  binary  form,  and  the  first  and 
second  "  Ueberschiebungen  "  of  two  forms  give  the  two  vector 
products.  A  rational  space  curve  of  order  n  is  given  by  the 
form  rl8l/&^.     In  applying  the  binary  form  to  mechanics,  the 
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expressions  for  the  ellipse  of  inertia,  kinetic  energy,  and  the 
equations  of  motion,  take  very  simple  forms. 

I  wish  to  thank  the  speaker  for  the  use  of  manuscripts,  and 
to  express  my  indebtedness  to  many  who  gave  me  abstracts  of 
their  papers. 

C.  M.  Mason. 

GOttinoen, 
Octo6er,  1902. 


SHORTER  NOTICES. 

Oompte  rendu  du  deuxltme  Congr^  international  des  3fath4mati- 
dens  tenu  d  Paris  du  6  au  12  aoM  1900.  Proems- verbaux  et 
Communications  publics  par  E.  Duporoq.  Paris,  Gauthier- 
Villars,  1902.     8vo.     455  pp. 

The  members  of  the  second  international  congress  of  mathe- 
maticians may  have  felt  a  little  annoyance  at  the  delay  in  the 
publication  of  the  official  report ;  but  now  that  this  is  at  last  in 
their  hands,  the  delay  no  longer  appears  unreasonable.  A  glance 
through  the  volume  makes  it  plain  that  the  editor's  task  has 
been  very  serious,  inasmuch  as  its  execution  has  depended  on 
the  good  pleasure  of  so  many  contributors,  and  these  so  widely 
dispersed,  that  it  has  been  quite  beyond  his  power  to  expedite 
matters.  Editor  and  publisher  are  to  be  congratulated  on  the 
beautiful  volume  which  has  recently  appeared ;  it  was  worth 
waiting  for. 

The  first  26  pages  contain  the  minutes  of  the  sectional  and 
general  meetings;  pages  27-153  are  occupied  by  the  four 
principal  addresses,  with  which  is  placed  also  a  French  trans- 
lation of  Hilbert's  survey  of  the  future  problems  of  mathe- 
matics; pages  154-450  are  devoted  to  the  sectional  papere. 
Of  these  thirty-two  are  given,  thus  leaving  six  or  eight  unre- 
ported for  reasons  beyond  the  editor's  control.  In  general  the 
papers  appear  in  a  French  version,  the  exceptions  being  one  in 
Italian  and  eight  in  English.  As  a  matter  of  fact,  the  majority 
of  the  communications  were  made  in  French,  but  there  were 
certainly  some  in  Grerman. 

The  most  interesting  articles  for  present  reading  are  naturally 
those  of  a  somewhat  general  character,  for  the  results  of  more 
special  interest  have  not  been  held  back  pending  this  publica- 
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tion.  The  principal  addresses  have  already  been  given  in  out- 
line in  the  Bulletin,*  with  the  exception  of  Mittag-Leffler's 
account  of  the  correspondence  between  Weierstrass  and  S. 
Kowalevski.  This  is  perhaps  as  interesting  as  anything  in 
the  book.  At  the  end  of  the  volume  there  is  given,  in  a 
French  translation,  a  paper  by  Veronese,  "Les  poi?tulats  de  la 
g^m^trie  dans  Penseignement,"  which  was  intended  for  the 
Congress,  though  it  was  not  actually  presented  then.  Among 
the  shorter  articles  the  most  satisfying  and  appropriate  are 
those  of  the  character  of  an  aper5U,  as  for  instance  d'Ocagne^ 
**  Sur  les  divers  modes  d'applieation  de  la  m6thode  graph ique 
h  Part  du  calcuP^ —  Pad6,  "Aperyu  sur  les  d6veloppenients 
r^cents  de  la  th^rie  des  fractions  continues" —  and  Amodeo, 
"Coup  d'oeil  sur  les  courbes  alg6briques  au  point  de  vue  de  la 
gonalit6."  Amodeo,  in  particular,  has  given  a  most  interesting 
r6sum6  of  results  obtained  regarding  groups  of  points,  gl,  cut 
out  on  a  curve  of  order  m  by  adjoints  of  order  7n  —  3  —  a,  ad- 
joints  whose  existence  presupposes  the  condition  p  =  ^am-^  1. 
But  different  readers  will  naturally  find  most  to  interest  them 
in  different  papers. 

Charlotte  Angas  Scott. 

Probability  et  Moyennes  G^07nHri<pi€8.  Par  Emanuel  Czuber. 
Traduit  par  Hermann  Schuermans.  Preface  de  Charles 
Lagrange.     Paris,  A.  Hermann,  1902.     xi  +  244  pp. 

The  various  problems  considered  in  the  direct  theory  of 
probability  may  be  roughly  divided,  as  regards  the  number  of 
possible  cases,  into  four  classes.  First,  the  ordinary  problems 
arising  in  connection  with  games  of  chance,  where  the  number 
of  cases  is  limited,  the  methods  employed  being  those  of  com- 
binatorial analysis.  Second,  problems  where  the  number  of 
cases  is  still  finite,  but  very  large,  so  that  recourse  must  be 
made  to  approximate  results  based  upon  Stirling's  formula. 
Here  belong,  for  example,  Bernouilli's  theorem  and  the  so- 
called  law  of  large  numbers.  The  third  class  includes  those 
problems  in  which  the  number  of  cases  is  infinite,  depending 
upon  the  values  of  a  certain  number  of  arbitrary  parameters ; 
while  in  a  fourth  class  we  may  place  the  problems  depending 
upon  arbitrary  laws  or  functions.  The  last  class  has  as  yet 
received  little  attention.     It  may  be  remarked  in  passing  that 

♦Bulletin,  vol.  7  (1900-1901),  pp.  o7-79. 
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there  is  another  type,  intermediate  between  the  second  and 
third,  in  which  the  number  of  cases  is  infinite,  but  forms 
merely  a  denumerablc  assemblage.  Such  problems  arise  nat- 
urally in  connection  with  the  ordinary  theory  of  numbers,  but 
so  far  as  the  reviewer  knows  have  never  been  considered. 

Professor  Czuber^s  well  known  monograph,  now  appearing 
in  an  attractive  French  translation,  is  devoted  to  the  third  class 
of  problems,  and  the  related  questions  of  mean  value.  The 
term  geometric  or  local  probability  is  justified,  as  is  remarked 
in  the  introduction,  in  view  of  the  fact  that  if  a  problem  depends 
upon  arbitrary  parameters,  it  is  possible  to  translate  it  into  an 
equivalent  geometric  problem  relating  to  points  or  more  com- 
plicated configurations  taken  at  random  in  certain  regions.  The 
three  chapters  on  local  probability  treat  respectively  1°  Points 
taken  at  random  on  lines  or  surfaces  or  in  space  ;  2^  Lines  taken 
at  random  in  a  plane  or  in  space;  3°  Planes  taken  at  random. 
The  discussion  of  mean  value,  forming  the  second  part  of  the 
book,  is  much  briefer,  occupying  only  a  single  chapter  of  sixty 
pages. 

The  questions  considered  in  this  youngest  branch  of  the 
theory  of  probability  have  for  their  type  the  famous  needle 
problem  of  Buffon,  proposed  and  solved  by  the  latter  in  his 
Essai  d 'arithm^tique  morale,  published  1777  in  the  fourth 
volume  of  the  Supplement  a  Phistoire  naturelle,  but  composed 
some  years  earlier.  Laplace  in  his  Th^rie,  pages  359-362, 
treated  the  same  problem,  without  however  referring  to  Buffon. 
It  may  be  remarked  that  the  latter  proposed  also  a  more  com- 
plicated problem,  where  the  plane  is  ruled  into  congruent  rec- 
tangles by  means  of  two  sets  of  parallels,  but  his  solution  is  in- 
correct. Laplace  gave  the  solution  for  the  case  where  the  needle 
or  rod  is  shorter  than  both  dimensions  of  the  rectangle.  Tod- 
hunter  in  his  History  of  the  mathematical  theory  of  probability, 
§  650,  considers  the  more  general  problem,  but  his  results, 
according  to  Czuber,  are  incomplete.  Since  Laplace  the  chief 
contributions  to  the  subject  are  due  to  Barbier,  Jordan  and 
Lalanne  of  the  French  school,  and  McColl,  Sylvester  and  Crof- 
ton  of  the  English  school. 

Of  especial  interest  are  the  accounts,  in  connection  with  some 
of  the  problems  discussed  by  Professor  Czuber,  of  experiments 
verifying  the  theoretical  results.  Thus  in  connection  with  Buf- 
fon's  problem.  Professor  Wolf  in  1850,  using  a  rod  four  fifths 
the  distance  between  the  parallels,  found  that  in  5000  trials 
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there  were  2532  cases  of  intersection.  The  theoretical  prob- 
ability in  this  case  is  8/6  tt,  so  that  the  probable  value  of  tt, 
obtained  by  comparison  with  the  experimental  probability,  is 
3.1596.  No  mention  however  is  made  of  a  similar  series  of 
experiments  reported  by  De  Morgan  in  his  Budget  of  Paradoxes, 
page  172,  leading  to  the  still  more  accurate  value  3.1412.  It 
would  be  of  interest  if  some  one  would  undertake  to  carry  out 
the  experimental  rectification  of  curves  suggested  on  page  116  of 
Czuber^s  book,  and  based  upon  Crofton's  theorem  that  the  num- 
ber of  random  lines  which  intersect  a  closed  convex  curve  is 
proportional  to  the  length  of  the  curve. 

It  is  a  commonplace  to  remark  that  in  no  branch  of  mathe- 
matics is  it  so  easy  to  make  errors  as  in  the  theory  of  prob- 
ability. The  development  of  the  theory  is  marked  by  a  con- 
tinual revision  of  the  results  of  earlier  investigators.  Especially 
is  this  true  of  geometrical  probability,  where  the  essential  diffi- 
culty lies  in  the  definition  of  what  is  to  be  regarded  as  equally 
possible,  or,  as  Venn  happily  expresses  it,  in  "  the  idealization 
of  the  randomness."  Mathematically  this  amounts  to  fixing  the 
independent  parameters  which  are  to  be  regarded  as  equicres- 
cent  in  the  problem  considered.  In  the  present  book  only  one 
error  of  any  importance  has  come  to  the  notice  of  the  reviewer. 
This  occurs  in  finding  the  probability  that  three  segments,  each 
less  than  a  given  limit,  shall  determine  an  acute  or  obtuse  tri- 
angle respectively  (pages  29,  30).  The  results  obtained, 
1  —  7r/4  =  .216  and  7r/4  =  .784,  cannot  both  be  correct  since 
there  is  a  third  case,  not  considered  in  the  text,  where  the  three 
segments  do  not  determine  any  triangle.  The  error  is  not  cor- 
rected in  the  translation,  so  it  may  be  worth  while  to  give  here 
the  correct  results,  which  are  1  —  7r,,4  =  .216,  7r/4  —  ^^  =  .285, 
|-  =  .500,  respectively,  for  the  three  cases  mentioned. 

The  English  student  finds  introductions  to  the  subject  of  local 
probability  in  the  excellent  chapters  in  Todhunter's  and  Wil- 
liamson's Integral  Calculuses  (the  latter  chapter  written  by  Pro- 
fessor Crofton) ;  but  of  course  these  cannot  compare  in  com- 
pleteness with  a  monograph.  The  present  translation  should 
therefore  prove  welcome  to  the  large  class  of  students  who  find 
it  more  economical  to  read  French  than  German. 

E.  Kasner. 
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Annuaire  des  Maiheiinaticiens,  1 901-1902  ;  public  sous  la  direc- 
tion de  MM.  C.-A.  Laisant,  Ad.  Buhl.  Paris,  C. 
Naud,  1901.     8vo.     xxiv  +  469  pp. 

The  idea  of  publishing  an  annual  list  of  those  interested  in 
mathematics  was  brought  forward  with  much  earnestness  by 
Professor  F.  Rudio  at  the  first  international  congress  of 
mathematicians  at  Zurich  in  1897.  The  matter  was  not  taken 
up,  however,  until  two  years  later,  when  M.  Laisant,  recog- 
nizing the  favorable  opportunity  afforded  by  the  international 
congress  to  be  held  at  Paris,  presented  the  proposition  to  M. 
Naud,  the  publisher.  The  plan  contemplated  an  alphabetic 
list  of  living  mathematicians,  with  their  leading  titles,  the 
mathematical  societies  to  which  they  belong,  and  their  ad- 
dresses. For  the  purposes  of  the  compilation  a  mathematician 
was  defined  as  a  person  belonging  to  one  of  the  following 
groups  :  (1)  Members  of  mathematical  societies,  or  of  mathe- 
matical sections  of  general  scientific  societies  ;  (2)  authors  of 
mathematical  works  of  an  original  nature  ;  ^3)  those  who 
teach  mathematics  as  their  special  department  ot  work.  As  a 
result  of  the  labors  of  the  compilers,  more  than  six  thousand 
names  appear  in  the  register. 

The  work  also  contains  lists  of  mathematical  societies,  of 
a^ociations  having  mathematical  sections,  and  of  the  journals 
devoted  to  this  science.  A  brief  necrology  of  mathemati- 
cians, covering  the  years  1900  and  1901,  is  made  the 
more  valuable  by  an  added  biography  of  Hermite.  Unfor- 
tunately all  dates  are  omitted  in  the  necrology,  a  fault  which 
will  probably  be  remedied  in  future  editions.  The  work 
closes  with  a  half  dozen  "  notices  scientifiques,"  mostly 
foreign  to  the  subject  in  hand  : — By  Paul  Appell  :  "  Sur 
le  principe  de  la  moindre  contraint«  de  Gauss "  : — ^By  J. 
Petersen  :  "  Les  36  officiers  "—By  A.  G.  Greenhill :  ''  Les 
fonctions  elliptiques  au  point  de  vue  de  leurs  applications." — 
By  Ch.  M^ray  :  "  La  langue  internationale  auxiliaire  Espe- 
ranto  et  la  litt^rature  scientifique." — By  P.  H.  Schoute : 
"  Le  nombre  des  points,  des  droites,  des  plans,  etc.,  contenus 
dans  un  hyperespace  lin^ire." — By  P.  H.  Schoute:  "La 
RciTue  semestridle  des  publications  viaihCnnatiqu^,^' 

The  general  plan  of  the  work  is  very  commendable.  Such 
a  publication  puts  scientific  workers  more  closely  in  touch  with 
one  another,  and  makes  the  mathematical  world  seem  more 
real.     It  places  at  the  student's  hand  a  mass  of  information 
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that  it  has  heretofore  been  exceedingly  difficult  to  reach,  infor- 
mation especially  welcome  to  those  having  editorial  duties  to 
perform. 

Unfortunately,  however,  the  list  has  been  so  hastily  com- 
piled as  to  admit  a  number  of  errors  that  are,  to  say  the  least, 
unfortunate.  Were  it  not  that  this  is  the  initial  number,  that 
new  ground  is  being  broken,  and  that  the  task  of  condensing 
several  thousand  replies  was  so  great,  reviewers  would  be  justi- 
fied in  seriously  criticising  the  whole  work.  As  it  is,  they  will 
doubtless  rest  content  with  pointing  out  certain  lines  for  im- 
provement, hoping,  as  they  are  probably  justified  in  doing,  that 
the  second  number  will  remedy  the  defects  of  the  first. 

To  justify  the  intimation  of  inaccuracy  a  few  types  of  the 
errors  contained  in  the  work  may  be  mentioned.  From  the 
list  it  appears  that  Lord  Kelwin  lives  in  Glascow,  England  ; 
that  there  is  a  Brogham  Young  College  in  Utah,  and  a  Haw- 
ard  University  at  Cambridge ;  that  Professor  Byerly's  middle 
name  is  Elvood,  and  that  the  well-known  Miinster  mathe- 
matician is  Professor  Kiliing.  Several  prominent  names  are 
omitted  entirely,  including  W.  S.  Burnside,  W.  W.  R.  Ball, 
A.  W.  Panton,  and  E,  M.  Langley,  while,  as  if  to  atone  for 
this  neglect,  the  name  of  Professor  P.  F.  Smith  appears  twice 
on  the  same  page,  and  that  of  the  late  Professor  Craig  appears 
both  in  the  list  of  living  mathematicians  and  in  the  necrology. 
The  names  of  the  American  states  are  frequently  omitted,  and 
occasionally  the  state  is  given  without  the  city.  In  the  list  of 
imperfections  should  also  be  mentioned  the  omission  of  the 
initials  of  a  large  number  of  French  mathematicians,  a  national 
habit  but  an  international  annoyance. 

It  does  not  seem  too  much  to  hope  that  the  second  volume 
will  be  critically  revised  by  a  good  linguist,  that  an  effi)rt  will 
be  made  to  enlarge  the  list  judiciously,  that  the  necrology  will 
contain  the  dates  of  birth  and  death,  that  the  list  of  periodicals 
will  be  made  more  nearly  complete,  that  the  notes  will  be  sub- 
mitted for  correction  to  the  various  persons  concerned,  and  that 
the  extraneous  matter  will  give  place  to  topics  more  germane 
to  the  subject  in  hand. 

David  Eugene  Smith. 
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NOTES. 

The  approaching  Annual  Meeting  of  the  American  Math- 
ematical Society  will  extend  through  the  two  days,  Monday 
and  Tuesday,  December  29-30.  The  Council  will  meet  on 
Monday  morning,  and  the  annual  election  of  officers  and  other 
members  of  the  Council  will  be  held  on  Tuesday  morning.  At 
the  opening  of  the  afternoon  session  on  Monday,  the  retiring 
President,  Professor  Eliakim  Hastings  Moore,  will  deliver 
the  presidential  address,  the  subject  of  which  will  be :  "  The 
Foundations  of  Mathematics." 

On  recent  academic  occasions,  the  American  Mathemat- 
ical Society  has  been  represented  by  delegates  as  follows : 
At  the  Abel  Centenary,  by  Professor  E.  B.  Van  Vleck  and 
Dr.  E.  B.  WIIJ30N ;  at  the  installation  of  President  James,  of 
Northwestern  University,  by  President  E.  H.  Moore  ;  at  the 
installation  of  President  Swain,  of  Swarthmore  College,  by  Pro- 
fessor Charlotte  Angas  Scott.  The  Society  has  recently 
received  an  invitation  to  send  delegates  to  the  coming  centenary 
of  the  University  of  Jurievi  (Dorpat). 

The  forthcoming  report  of  the  librarian  of  the  American 
Mathematical  Society  will  show  that  the  library  has  made 
satisfactory  progress  during  the  year.  There  are  now  about 
twice  as  many  periodicals  on  the  exchange  list  as  there  were  a 
year  ago,  about  three  times  as  many  bound  volumes  of  a  non- 
periodical  character,  and  over  twenty  times  as  many  bound  vol- 
umes of  journals.  The  total  number  of  bound  volumes  has  in- 
creased from  121  to  over  900.  Several  noteworthy  gifts  have 
been  made  to  the  library,  including  Bowditch's  translation  of 
Laplace's  M^canique  celeste,  and  two  volumes  by  the  late  Pro- 
fessor Benjamin  Peirce  from  his  own  collection.  An  appeal  is 
again  made  to  members  to  present  to  the  library  copies  of  their 
works,  whether  elementary  or  advanced,  to  the  end  that  the  col- 
lection may  become  an  exponent  of  the  country's  mathematical 
progress.  It  is  also  suggested  that  members  may  have 
copies  of  earlier  works,  including  volumes  of  journals,  which 
they  would  be  willing  to  donate  for  such  a  purpose.  Such 
gifts  would  be  very  welcome,  especially  if  published  in  this 
country.     Since  the  Society  has  no  funds  with  which  to  make 


Digitized  by  VjOOQIC 


1903.]  NOTE8.  221 

purchases^  it  is  forced  to  depend  solely  upon  the  generosity  of 
its  friends  and  upon  its  accessions  in  the  way  of  exchanges. 

The  National  academy  of  sciences  held  its  autumn  meeting 
at  Johns  Hopkins  University  on  November  11  and  12.  No 
mathematical  papers  were  presented. 

At  the  meeting  of  the  London  mathematical  society  held  on 
November  13,  the  following  papers  were  read  : — By  Dr.  E.  W. 
HoBSON :  "On  the  infinite  and  the  infinitesimal  in  mathematical 
analysis." — By  Professor  D.  Hilbert  :  "  On  the  proposition 
concerning  the  equality  of  the  base  angles  in  an  isosceles  tri- 
angle."— By  Professor  A.  C.  Dixon  :  "  Expansion  by  means  of 
Lamp's  functions." — By  .Mr.  W.  H.  Young  :  "  Note  on  un- 
closed sets  of  points  defined  as  the  limits  of  a  sequence  of  closed 
sets  of  points." — By  Professor  H.  Lamb:  "Wave  propagation 
in  two  dimensions." — By  Professor  M.  J.  M.  Hill:  "The 
continuation  of  certain  fundamental  power  series." — By  Mr. 
L.  Crawford  :  "  A  geodesic  on  a  spheroid  and  an  associated 
ellipse." 

An  appeal  has  been  sent  out  by  the  treasurer  of  the  Royal  so- 
ciety for  financial  support  in  completing  the  author  catalogue 
of  scientific  papers  from  1883  to  1900,  and  in  publishing  the 
subject  index  for  the  nineteenth  century.  The  list  of  papers, 
arranged  by  authors,  has  been  completed  to  1883,  at  an  expense 
of  nearly  $75,000,  and  the  work  on  the  list  arranged  by  sub- 
jects has  been  partly  done.  The  work  of  cataloguing  papers 
issued  since  the  beginning  of  the  twentieth  century  has  become 
so  burdensome  that  the  Royal  Society  has  turned  it  over  to  an 
international  committee. 

The  second  international  congress  of  mathematicians  will  be 
held  at  Heidelberg  in  1904. 

College  of  France.  —  The  following  mathematical  courses 
are  given  during  the  first  semester  of  the  present  academic 
year,  opening  December  1,  1902: — By  Professor  Camille 
Jordan  :  Differential  equations,  two  hours. — By  Professor  M. 
Brillouin  :  Electric  waves,  two  hours. — By  Professor  J. 
Hadamard  :  Calculus  of  variations,  one  hour;  Differential 
equations  of  continuous  media,  one  hour. — By  l^rofessor  Le- 
BESGUES  :  Definite  integrals  and  Fourier  series,  one  hour. 

It  is  of  interest  to  recall  that  the  chair  now  held  by  Professor 
Lebesgues  was  established  a  few  years  ago  by  M.  Peccot  under 
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the  peculiar  condition  that  the  appointee  should  be  under  thirty 
years  of  age.  The  tenure  of  office  is  three  years.  M.  Lebesgue's 
predecessor  was  M.  E.  Borel,  whose  lectures  on  Divergent 
series  (1899-1900),  Series  with  positive  terms  (1900-1901), 
and  Meroraorphic  functions  (1901-1902),  recently  published 
by  Ganthier-Villars,  present  substantial  evidence  of  the  wis- 
dom of  M.  Peccot's  foundation.  Both  M.  Borel  and  M. 
Lebesgue  are  graduates  of  the  Ecole  normale  sup6rieure. 

At  the  Ecole  normale  sup6rieure,  Professor  J.  Tannery 
lectures  on  Galois  theory  and  Professor  P.  Painlev6  on  Abelian 
functions. 

Professor  J.  W.  Gibbs,  of  Yale  University,  has  been 
elected  a  corresponding  member  of  the  Munich  academy  of 
sciences. 

Mr.  R.  Tucker  retired  from  the  position  of  honorary  secre- 
tary of  the  London  mathematical  society  on  November  13. 
He  has  held  this  office  since  1867,  having  been  elected  soon 
after  the  organization  of  the  society. 

A  PORTRAIT  of  the  late  Professor  P.  G.  Tait  was  unveiled 
at  Peterhouse,  Cambridge  University,  in  October,  by  Lord 
Kelvin.  Addresses  were  made  by  Lord  Kelvin  and  by  Sir 
George  Stokes,  master  of  Pembroke. 

Mr.  R.  W.  H.  T.  Hudson,  B.A.,  has  been  appointed  lec- 
turer in  mathematics  at  University  College,  Liverpool. 

Dr.  H.  S.  Carslaw  lecturer  in  mathematics  in  the  Uni- 
versity of  Glasgow,  and  fellow  of  Emmanuel  College,  Cam- 
bridge, has  been  appointed  professor  of  pure  and  applied 
mathematics  at  the  University  of  Sydney. 

Professor  Martin  Disteli,  of  Carlsruhe,  has  been  called 
to  the  University  of  Strassburg  as  associate  professor  of  mathe- 
matics. 

Dr.  K.  Dohlemann,  of  Munich,  has  been  advanced  to  the 
associate  professorship  in  descriptive  geometry. 

Professor  E.  MIjller,  of  Konigsberg,  Prussia,  has  been 
called  to  the  Technische  Hochschule,  at  Vienna,  as  professor 
of  mathematics. 

Dr.  M.  Radakovic,  of  Innsbruck,  has  been  advanced  to 
an  associate  professorship  of  mathematics. 
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Professor  D.  Kikuchi,  president  of  the  University  of 
Tokio,  recently  created  a  baron  by  the  emperor,  has  been  made 
minister  of  education  for  Japan.  Dr.  Sadaji  Takagi,  of 
Tokio,  has  been  advanced  to  an  associate  professorship  of 
mathematics. 

Professor  F.  Kolacek,  of  Brunn,  has  been  called  to 
Prague  as  professor  of  mathematical  physics  in  the  Bohemian 
University. 

Professor  W.  H.  Boughton,  of  Denison  University,  has 
been  appointed  professor  of  civil  engineering  in  the  University 
of  West  Virginia. 

The  death  is  announced  of  Professor  Nikolaus  Bcjdajew, 
of  St.  Petersburg,  at  the  age  of  sixty-nine  years. 

General  Annibale  Ferrero,  director  of  the  Italian  geo- 
detic survey,  died  on  August  7,  in  Rome. 

Professor  P.  H.  Philbrick  died  at  Medford,  Oregon, 
October  10,  1902.  Dr.  J.  W.  Davis  died  in  New  York,  No- 
vember 7,  1902.  Both  were  members  of  the  American 
Mathematical  Society. 

The  following  catalogues  of  second-hand  mathematical 
works  have  recently  appeared  :  R.  Friedlaender  &  Sohn,  11 
Carlstrasse,  Berlin,  N.  W.,  no.  420,  general  mathematics,  114 
pages  ;  no.  421,  calculus  of  probabilities,  16  pages.  Mayer 
and  Miiller,  2  Prinz  Louis  Ferdinandstrasse,  Berlin,  N.  W.,  no. 
189,  history  of  mathematics  and  other  sciences,  6295  numbers; 
A.  Herrman,  6  Rue  de  la  Sorbonne,  Paris,  no.  76,  part  2, 
mathematical  works  from  the  library  of  the  late  Joseph  Ber- 
trand,  88  pages. 

Professor  G.  W.  Green,  of  the  department  of  mathema- 
tics in  the  Illinois  Wesleyan  University,  died  at  Bloomington, 
111.,  on  December  10,  aged  forty-five  years. 

Professor  Henry  Mitchell,  formerly  of  the  Massachu- 
setts Institute  of  Technology  and  well  known  for  his  work  on 
the  U.  S.  Coast  and  Geodetic  Survey,  died  in  New  York  on 
December  1,  at  the  age  of  seventy-two. 
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NEW   PUBLICATIONS. 

I.     HIGHER    MATHEMATICS. 

Abel  (N.  H.).  Memorial  public  k  Toccasion  du  centenaire  de  sa 
nai8Banee.  Kristiania  [1902];  Leipzig,  Teubner.  4to.  13  +  119 
+  135-1-61  +  64  4-69-1-2   pp,   2  plates,   6   facs.  M.   21.00 

Benoist  (A.).     See  Clebsch  (A.). 

Blichfeldt    (H.  F.).      On  the  determination  of  the  distance  between 

two  points  in  space  of  n  dimensions.      4to.      1902.      {I'ransactions 

of  the  American  Mathematical  Society  3,  pp.  467-481.) 
Blum    (R.).      Cykloiden  und  Cykloidalen  als  Umhttllungskurven  und 

deren  Zusammenhang  mit  den  Fusspunktkurven  der  Kegelsehnitte. 

(Progr.)     Stuttgart,  1902.      4to.      66  pp. 

Bohlmann  (G.).     See  Serret  (J.  A.). 

Clebsch  (A.).  Legons  sur  la  g^m^trie,  recueillies  et  compl^t^s  par 
F.  Lindemann  et  traduites  par  A.  Benoist.  (En  3  volumes.)  Vol. 
I:  Traits  des  sections  coniques  et  introduction  a  la  th<k)rie  des 
formes  alg^briques.  Xouveau  tirage.  Paris,  Gauthier-Villars, 
1903.      8vo.  Fr.    12.00 

CzuBER  (E.).  Wahrscheinlichkeitsrechnung  und  ihre  Anwendung  auf 
Fehlerausgleichung,  Statistik  und  Lebensversicherung.  Iste 
Halfte.  Leipzig,  Teubner,  1902.  8vo.  Pp.  1-304.  (Teubner's 
Sammlung  von  Lehrbiichern  auf  dem  Gebiete  der  matheniatiNchen 
Wissenschaften  mit  Einschluss  ihrer  Anwendungen,  Vol.  IX,  1.) 

M.  12.00 

DuNKEL  (O.).  Regular  singular  points  of  a  system  of  homogeneous 
linear  differential  equations  of  the  first  order.  8vo.  1902. 
{Proceedings  of  the  Amei'ican  Academy  of  Arts  and  Sciences  38, 
pp.   341-370.) 

Emcii  (A.).  Algebraic  transformations  of  a  complex  variable  realized 
by  linkages.  4to.  1902.  (Transactions  of  the  American  Mathe- 
matical Society  3,  pp.  493-498.) 

Encyklopadie  der  mathematischen  Wissenschaften.  Band  III,  3. 
Heft  I:  H.  von  Mangoldt,  Anwendung  der  Differential-  und  Intcgrai- 
rechnung  auf  Kurven  und  FlHchen;  R.  von  Lilienthal,  Die  auf  einer 
FlUche  gezogenen  Kurven.  Leipzig,  Teubner,  1902.  8vo.  Pp. 
1-183. 

Enqel  (F.).     See  Grassmann  (H.). 

Estanave  (E.).  Nomenclature  des  theses  des  sciences  math^matiques, 
soutenues  en  France  dans  le  courant  du  19e  si^cle  devant  les 
Facult^s  des  sciences  de  Paris  et  des  departments.  Paris,  Gauthier- 
Villars,  1902.      8vo.  Fr.  2.00 

.      Revue  duenna  le  des  theses  pr^sent^ea  d.  la  Faculty  des  sciences 

de  Paris,  en  vue  dvi  grade  de  docteur  fes  sciences,  du  ler  Janvier  1891 
au  31  d^erabre  1900,  avec  1  indication  des  p^riodiques  contenant  la 
plupart  des  ces  m^moires  ou  leurs  analyses.  Paris,  Gauthier- 
Villars,  1901.      8vo.    .  116  pp.  Fr.  5.00 
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Fricke  (R.)-  HauptsStze  der  Differential-  und  Integralrechnung,  als 
Leitfaden  zum  Gebrauch  bei  Vorlesungen  zusammengestellt.  3te, 
umgearbeitete  Auflage.  Braunschweig,  Vieweg,  1902.  8vo.  15  + 
218  pp.  M.  5.00 

GoTTSCHALK  (A.).  Die  konforme  Abbildiing  gewisser  krummlinig 
begrenzter  Vielecke.  II.  (Progr.)  Mttnster,  1902.  Svo.  20 
pp.  M.  1.20 

Grabsmann  (H.).  Gesaminelte  mathematische  und  physikaliscbe 
Werke.  Auf  Veranlassung  der  mathematisch-pbysischen  Klasse 
der  k.  sfichsiscben  Gesellschaft  der  Wissenscbaften  herausgegeben 
von  F.  Engel.  Vol.  II.  Teil  2:  Die  Abhandlungen  zur  Meebanik 
und  zur  matbematischen  Physik,  herausgegeben  von  J.  Lilroth  und 
F.  Engel.     Leipzig,  Teubner,  1902.      Svo.     8  +  266  pp.        M.  14.00 

Grossman  (M.).  Ueber  die  metriscben  Eigenscbaften  kollinearer 
Gebilde.     Frauenfeld,  1902.     4to.     27  pp.  M.  1.50 

Hamburger  (M.).  Gedilchtnisrede  auf  Immanuel  Lazarus  Fucbs, 
geboren  am  5.  V.  1833,  gestorben  am  26.  IV.  1902.  Mit  dem 
Bildnis  des  Verstorbenen,  sowie  einem  Verzeichnis  seiner  Schriften. 
Leipzig,  Teubner,   1902.      8vo.      16  pp.  M.   1.00 

Harnack  (A.).     See  Serret  (J.  A.). 

Haussxer  (R.).     See  Schering  (E.). 

HOEFER  (F.).  Histoire  des  math^matiques,  depuis  leurs  origines 
jusqu'au  commencement  du  19e  si&cle.  5e  Mition.  Paris, 
Hachette,   1902.      16rao.      3  -f  609  pp.  Fr.  4.00 

Hutchinson   (J.  I.).     See  Snyder  (V.). 

Jahrbuch  tiber  die  Fortschritte  der  Matbematik.  begrUndet  von  C. 
Ohrtmann.  Herausgegeben  von  E.  Lampe  und  G.  Wallenberg. 
Vol.  31:  1900.  Heft  2.  Berlin,  Reimer,  1902.  8vo.  Pp. 
481-672.  M.  6.00 

Keyser  (C.  J.).  Mathematical  productivity  in  the  United  States. 
Svo.      1902.       {Educational  Review  1902,  pp.  346-357.) 

KowALEWSKi   (G.).      See  Pfaff   (J.  F.). 

Lampe    (E.).      See  Jahrbuch. 

Landfriedt  (E.).  Theorie  der  algebraischen  Funktionen  und  ihrer 
Integral e.  Leipzig,  Goschen,  1902.  12mo.  4  +  294  pp.  Cloth. 
(Sammlung  Schubert,  No.  XXXI.)  M.  8.50 

'  .  Thetafunktionen  und  hyperelliptische  Funktionen.  Leipzig, 
G<5schen,  1902.  12mo.  4+155  pp.  Cloth.  (Sammlung  Schubert, 
No.  XLVI.)  M.  4.60 

Liebmann    (H.).      See  Lobatschefskij    (N.  I.). 

Lilienthal  (R.  von).      See  Encyklopadie. 

Lindemann  (F.).     See  Clebsch  (A.). 

Lobatschefskij  (X,  I.).  Pangeometrie.  (Kasan,  1850.)  Ueber- 
setzt  und  herausgegeben  von  H.  Liebmann.  Leipzig,  Engelmann, 
1902.  12mo.  95  pp.  Cloth.  (Ostwald's  Klassiker  der  exakten 
Wissenscbaften,  No.  130.)  M.  1.70 

LOroth   (J.).     See  Grassmann   (H.). 

Mangolut  (H.  von).    See  Encyklopadie. 
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XoETHER   (H.).      See  Riemann   (B.). 

Petersen  (J.).  Analytiak  planpfeometri.  4te  udpfave.  Del  I. 
Kjobenhavn,   1902.      8vo.      Pp.   1-96.  M.  2.50 

Pfaff  (J.  F. ).  AUgemeine  Methode,  partielle  DifTerentialgleichungen 
zu  integriren.  (1815.)  Aus  dem  Lateinischen  tibersetzt  und 
herausgegeben  von  G.  Kowalewski.  Leipzig,  Engelmann,  1902. 
rZmo.  84  pp.  Cloth.  (Ostwald's  Klassiker  der  exakten  Wissen- 
schaften.  No.  129.)  M.  1.40 

PiCKLER  (A.).  Uel>er  die  Aufl5sung  der  Gleichung  0(a?)  =n,  wenn 
<p{m)  die  Anzahl  derjenigen  Zahlen  bezeichnet,  welehe  relativ  prim 
zu  m  und  kleiner  als  m  sind.     (Progr.)     Wien,  1901.     8vo.     17  pp. 

Reiseniiofer  (R.).  Die  spharischen  Kegelschnitte.  (Progr.) 
Kremsier,  1902.      8vo.      8vo.      9  pp. 

Riemann  (B.  ).  Gesammelte  mathematische  Werke.  Nachtrilge, 
herausgegeben  von  M.  Nother  und  \V.  Wirtinger.  Leipzig,  Teubner, 
1902.      8vo.      8  +  116  pp.  M.  6.00 

Sauerbeck  (P.).  Einleitung  in  die  analytische  Geometrie  der  hoheren 
algebraischen  Kurven  nach  den  Methoden  von  J.  P.  de  Gua  de 
Halves.  Ein  Beitrag  zur  Kurvendiskussion.  Leipzig,  Teubner, 
1902.  8vo.  6  +  166  pp.  ( Abhandlungen  zur  Geschichte  der 
mathematischen  Wissenschaften  mit  EinschluBs  ihrer  Anwendungen, 
begrUndet  von  M.  Cantor,  Heft  16.)  M.  8.00 

.      Der  Satz  von  de  Gua  (iber  die  Wendepunkte  der  Kurven  dritter 

Ordnung.       (Progr.)      Reutlingen,  1901.      8vo.      8  pp. 

Schering  (E.).  Gesammelte  mathematische  Werke.  Herausgegeben 
von  R.  Haussner  und  K.  Schering.  (In  2  BMnden.)  Vol.  I.  Berlin, 
Mayer  &  Mtiller.  1902.      4to.      8  -f  412  pp.  M.  25.00 

Serret  (J.  A.).  Lehrbuch  der  Differential-  und  Integralrechnung. 
Mit  Genehmigung  des  Verfassers  deutsch  bearbeitet  von  A.  Har- 
nack.  2te,  durchgesehene  Auflage,  herausgegeben  von  G.  Bohl- 
mann.  Vol.  III.  Lieferung  1 :  Differentialgleichungen,  heraus- 
gegeben von  G.  Bohlmann  und  E.  Zermelo.  Leipzig,  Teubner,  1903. 
8vo.     Pp.  1-304.  M.  6.00 

Snyder  (V.)  and  Hutchinson  (J.  I.).  Differential  and  integral 
calculus.  Now  York,  American  Book  Co.  [1902].  12mo.  16  + 
320  pp.      Cloth.       (Modera   mathematical   series.)  $2.50 

Steininger  (T.).  Studien  zu  Hesse's  Analytisoher  Geometrie  der 
geraden  Linie,  des  Punktes  und  des  Kreises  in  der  Ebene.  (Progr.) 
Rosenheim,  1902.      8vo.      38  pp.,  1  plate. 

Stoliarov  (N.).  Collection  of  exercises  in  higher  mathematics.  Part 
I:  Exercises  in  the  differentiation  of  functions.  Kiev,  1902.  8vo. 
116  pp.      (Russian.)  M.  4.00 

Valine- PoussiN  (C.  J.  de).  Cours  d'analvse  infinit^simale.  (En  2 
volumes.)  Vol.  I.  Paris,  Gauthier-Villars,  1903.  8vo.  14  -f  372 
pp.  Fr.  12.00 

Wallenberg   (G.).     See  Jahrbuch. 

Wertheim  (G.).  Anfangsgrtlnde  der  Zahlenlehre.  Mit  den  Bildnissen 
von  Fermat,  Lagrange,  Euler  und  Gauss.  Braunschweig,  Vieweg, 
1902.      8vo.      12  +  427  pp.  M.  9.00 
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WiRTINGER    (W.).        See  RiEMANN    (B.). 

Zebmelo  (E.).     See  Serbet  (J.  A.). 


II.     ELEMENTARY   MATHEMATICS. 

AoAPOV  (D.  v.).  Arithmetical  formulse  and  their  application  to  the 
solution  of  problems.  2  parts.  Orenburg,  1902.  8vo.  64  -|-  79 
pp.       (Russian.)  M.  4.00 

Alasia  (C).  I  complementi  di  geometria  elementare.  Milano, 
Hoepli,  1902.      16mo.      15  +  244  pp.       (Manuali  Hoepli.) 

Bausciiinqeb   (C.  W.).      See  Hauck   (A.  F.). 

Berkenbusch  (H.).  Mathematisches  Uebungsbuch  fttr  Realschulen, 
Realprogymnasien  und  Progymnasien.  Aufgaben  aus  den 
Abgangspriifungen  sechsstufiger  hoherer  Lehranstalten,  zusam- 
mengestellt  und  mit  Resultaten  versehen.  Berlin,  Simion,  1902. 
8vo.      5+136  +  41   pp.  M.  2.80 

BoBK  (H.).  Mathematische  HauptsUtze.  Ausgabe  fflr  Gymnasien. 
Nach  dera  Tode  des  Verfassers  herausgegeben  von  M.  Nath.  Teil 
I:  Pensum  der  Unterstufe  (bis  zur  Untersekunda  einschliesslich ) . 
4te,  durchgeshene  und  den  preussischen  Lehrpianen  von  1901 
angepasste  Auflage.      Leipzig,  Dttrr,  1903.      8vo.      200  pp.     Cloth. 

M.  2.10 

.      Ausgabe  fiir  Realgymnasien  und  Oberrealschulen.      Nach  dem 

Tode  des  Verfassers  herausgegeben  von  M.  Nath.  Teil  I:  Pensum 
der  Unterstufe  (bis  zur  Untersekunda  einschliesslich).  Nach  der 
3ten,  vom  Verfasser  besorgten  Auflage  durchgesehene  und  den 
preussischen  LehrplRnen  von  1901  angepasste  Ausgabe.  Leipzig, 
Dttrr,  1903.      8vo.      242  pp.      Cloth.  M.  2.50 

BuBiLLO  de  Santiago  (M.).  Programa  de  primer  curso  de  materafiticas 
que  comprende  nociones  de  arithm^tica  y  geometrfa.  Madrid,  1902. 
8vo.     21  pp.      (Istituto  general  y  t^cnico  de  San  Isidro  de  Madrid.) 

Cebuelo  y  Obispo  (J.).     See  Mobeno  Rey  (S.). 

CooPEB  (G.  H.).  Elementary  arithmetic  of  the  octimal  notation.  San 
Francisco,  Cal.,  Whitaker  &  Ray  Co..  1902.  12mo.  70  pp. 
(Western  mathematical  series,  No.  2.)  $0.25 

Cbaio  (E.  S.).     See  Marcou  (C.  A.). 

F.  (F.).  Arithm^tique  (cours  moyen).  Paris,  Poussielgue  [1902]. 
16mo.      305  pp. 

Fabisano.  Elementi  di  geometria  descrittiva  secondo  i  programmi  dei 
reali  istituti  tecnici.     Roma,  Forzani,  1902.     8vo.      132  pp. 

FiscHEB  ( F. ) .     See  Hauck  ( A.  F. ) . 

FouBREY   (E.).      Recreations  arithm^tiques.      Pari.s,  Nony,  1902.      8vo. 

Fr.  3.50 

Fl'88  (K.).  Resultate  und  Andeutungen  zur  Auflosung  der  Aufgaben 
aus  der  Buchstabenrechnung  und  Algebra.  Filr  Schulen  und  zum 
Selbstunterricht  bearbeitet.  5te,  vermehrte  und  verbesserte 
Auflage.     Ntirnberg,  Korn,  1902.     8vo.     7  +  176  pp.  M.  1.60 
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.      Sammlung   von   Konstruktions-    und   Rechenaufgaben    aua   der 

Planimetrie  und  Stereometrie.  Mil  vielen,  vollstUndig  gel5sten 
Beispielen.  Fttr  den  Schul-  und  Selbstunterricht  bearbeitet.  3te, 
vermehrte  und  verbesserte  Auflage.  Ntlrnberg,  Korn,  1902.  8vo. 
8  +  252  pp.  M.  2.50 

Georges  (N.  de).     See  Kebi£:be  (A.). 

Gideon  (E.).  The  model  algebra;  arranged  for  elementary  schools. 
Philadelphia,   Eldredge,    1902.       12mo.       149   pp.      Cloth.       $0.60 

Glaueb  (R.).  Die  trigonometrische  Aufgabe  in  Untersekunda.  (Progr.) 
Erfurt,  1902.      Svo.      20  pp.,  13  plates. 

Hauck  (A.  F.)  und  Hauck  (H.).  Lehrbuch  der  Arithmetik.  Mit 
zahlreichen  Beispielen  und  Uebungsaufgaben.  (In  3  Teilen.) 
Teii  I,  Abteilung  2:  FUr  Real-,  Gewerb-  und  Handelsschulen.  Ste, 
durchgesehene  und  verbesserte  Auflage,  herausgegeben  von  C.  W. 
Bauschinger.  4  -\-  191  pp.  Teil  II,  Abteilung.  1 ;  Fttr  Latein-, 
Real-  und  Handelsschulen.  6te,  umgearbeitete  Auflage,  heraus- 
gegeben von  F.  Fischer.  6  +  228  pp.  NUrnberg,  Korn,  1903. 
Cloth.  M.  6.30 

Heredia  (G.  de).  Lecciones  de  trigonometrla,  ajustada  estrictamente 
al  programa  de  ingreso  en  la  Escuela  central  de  ingenieros  indus- 
triales.      Madrid,  Velasco,  1902.      Svo.      95  pp.  Fr.  5.00 

HocEVAR  (F.).  Lehrbuch  der  Arithmetik  und  Algebra  nebst  eincr 
Sammlung  von  Uebungsaufgaben  fttr  Oberrealschulen.  Leipzig, 
Freytag,  1902.      8vo.      2  +  274  pp.      Cloth.  M.  3.60 

HoiiZMANN  (A.)  und  Massinqer  (R.).  Geometrische  Anschauungs- 
lehre,  im  Anschluss  an  den  Lehrplan  der  badischen  Realschulan- 
stalten.  (In  3  Teilen.)  Teil  I.  Erster  Abschnitt  der  ebenen 
Gebilde.  Pensum  der  Klasse  V.  3te  Auflage.  Karlsruhe,  Reiff, 
1902.      8vo:     32  pp.  M.  0.60 

.      Teil  II:    Zweiter  Abschnitt  der  ebenen  Gebilde.      Pensum  der 

Klasse  IV.      3te  Auflage.      Karlsruhe,  Reiflf,  1902.      Svo.  30  pp. 

M.  0.60 

HoLZMXJLLER  (G.).  Elcmcnte  der  Stereometrie.  Teil  4:  Fortsetzung 
der  schwierigeren  Untersuchungen ;  Berechnung  und  stereometrische 
Darstellung  von  statischen  Triigheits-  und  Centrifugalmomenten 
homogener  Raumgebilde;  Simpsonsehe  Regel;  verallgemeinerte 
Schichtenformel ;  gewisse  Zuordnungen  und  konforme  Abbildungen 
im  Dienste  solcher  Bestimmungen ;  Nachtrag  ttber  das  Katenoid, 
seine  Krttmmungsverhftltnisse  und  sphftrische  Abbildung  und 
ttber  seinen  Zusammenhang  mit  der  Gaussschen  PseudosphUre  und 
der  Minimalschraubenregelfl&che.  Leipzig,  Goschen,  1902.  Svo. 
11  +  311  pp.  M.  9.00 

Jimenez  Rueda  (C).  Lecciones  de  geometrfa  m^trica.  (In  2  vol- 
umes.) Madrid,  Sufirez,  1902.  Svo.  215 -f  248  +  IS  pp.,  34 
plates.  Fr.  16.00 

JocELYN  (L.  P.).  An  algebra  for  high  schools  and  academies.  Phil- 
adelphia, Butler,  Sheldon  &  Co.  [1902].      12mo.      445  pp.      Cloth. 

•     $1.25 

Kryzhanovsky  (V.  A.).  Solutions  of  256  geometric  exercises  by  A. 
Davidov.  3d  edition,  revised.  Kiev,  1901.  Svo.  137  pp. 
(Russian.)  M.  3.00 
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Mac£  de  L6PINAY   (A.).     See  Vacquant   (C). 

Marcou  (C.  a.)  and  Craig  (E.  S.).  Oxford  questions  in  algebra; 
papers  set  in  pass  moderations;  with  answers.  2d  series,  from 
[Michaelmas  term  1891  to  Trinity  term  1899.  London,  Simpkin, 
1902.      12mo.      Boards.  2s.  6d. 

Marks  (C.  I.).  Mathematical  questions  and  solutions  from  the 
Educational  Times,  Vol.  II.  New  series.  Lo^don,  Hodgson, 
1902.      8vo.     Cloth.  6s.  6d. 

MartInez  GarcIa  (M.).  Programa  de  geometrla.  Madrid,  1902.  8vo. 
20  pp.      (Instituto  del  Cardenal  Cisneros.)  Fr.  1.00 

.      Programa  de  nociones  y  ejercicios  de  arithm^tica  y  geometrla. 

Primer  curso.     Madrid,  1902.      8vo.      23  pp.  Fr.  0.75 

.     Nociones  y  ejercicios  de  aritm^tica  y  geometrla.     Madrid,  1902. 

8vo.      185  pp.  Fr.  6.00 

Martini  Ziccagni  (A.).  Trattato  di  algebra  con  i  complementi  di 
aritmetica  razionale  ad  uso  dei  licei,  secondo  gli  ultimi  programmi 
govemativi.      Livorno,  Giusti,   1903.      16mo.      12  +  328  pp. 

Fr.  2.60 

Massinger  (R.).     See  Holzmann   (A.). 

MOCMK  (F.  von).  Lehrbuch  der  Arithmetik  und  Algebra  nebat  einer 
Aufgabensammlung  fiir  die  oberen  Klassen  der  Realschulen,  bear- 
beitet  von  A.  Neumann.  269te,  verilnderte  Auflage.  Leipzig, 
Freytag,  1902.     8vo.     324  pp.      Cloth.  M.  3.80 

Moreno  Key  (S.)  y  Ceruelo  y  Obispo  (J.).  Elementos  de 
matem&ticas.      Trigonometrfa.      6a  edici6n.      Madrid,  1902.      8vo. 

63  pp.  Fr.  1.50 

Nath  (  M.  ) .     See  Bork  (  H.  ) . 

Neumann  ( A. ) .     See  Mocnik  ( F.  von  ) . 

Niewenglowski  (B.).  Cours  d'algfebre,  a  Tusage  des  ^feves  de  la 
classe  de  math^matiques  sp^ciales  et  des  candidats  H  I'Ecole  normale 
sup^rieure  et  a.  TEcole  polytechnique.  5e  edition.  Paris,  Colin, 
1902.      8vo.      6  -f  390  pp. 

PiROZHEiKOV  (M.  v.).     See  Serret   (J.  A.). 
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ON  THE  TRANSFORMATION  OF  THffBOtJNl^ARY 
IN  THE  CASE  OF  CONFORMAL  MAPPING. 

BY  PROFESSOR  W.    P.    OSGOOD. 

(Read  before  the  American  Mathematical  Society,  December  30,  1902.) 

The  theorem  that  the  interior  of  any  simply  connected  region 
may  be  mapped  in  a  one-to-one  manner  and  conformally  on  the 
interior  of  a  circle  was  stated  by  Riemann  in  his  doctor's  dis- 
sertation and  was  proved  by  Schwarz  and  Neumann  for  the 
case  that  the  boundary  consists  of  a  curve  subject  to  certain 
restrictions.  In  the  first  volume  of  the  Transactions  *  I  ex- 
tended this  theorem  to  the  most  general  simply  connected  plane 
region.  The  generalization  is  remarkable  in  that  the  boundary 
of  such  a  region  need  not  be  a  curve,  but  may  be  a  set  of  points 
some  of  which  can  not  be  approached  along  any  curve  lying 
wholly  in  the  region.  An  extension  of  the  definition  of  a 
simply  connected  region  is  here  obviously  necessary.  Such  a 
definition  may  be  laid  down  as  follows :  By  a  simply  connected 
region  of  a  plane  is  meant  a  continuum  such  that  the  whole  in- 
terior of  any  closed  Jordan  curve  drawn  in  the  region  lies  in 
the  region.  By  a  '^  Jordan  curve ''  is  meant  a  continuous  curve 
without  multiple  points. 

The  further  question  presents  itself  as  to  whether  boundary 
points  of  the  r^on  are  carried  over  continuously  into  points  of 
the  circumference  of  the  circle.  This  question  I  am  able  to 
answer  by  means  of  the  following  theorems.  The  given  simply 
connected  region  is  denoted  by  S  and  it  is  mapped  conformally 
on  the  interior  of  the  circle  ©. 

Theorem  I.  Let  A  be  a  point  of  the  boundary  of  S  which 
can  be  approached  along  a  curve  C  lying  wholly  in  8,  Then  the 
image  of  C  in  ®  is  a  curve  6  abvMing  on  a  single  point  ^  of  (he 
circumference  of  S  ;  so  thai,  if  the  point  P  approaches  A  along 
Cy  the  image  ^  of  P  in  S  will  approach  31  along  6. 

Theorem  II.  Let  C  be  a  second  curve  of  S  also  leading  to 
Ay  but  meeting  C  only  in  the  initial  point  of  C  and  in  the  point 

"i^  '*  On  the  existence  of  the  Green's  function  for  the  most  general  simply  con- 
nected plane  region,"  TSunaactiora  Amer,  Math.  Soc,f  vol.  1  (1900),  p.  310. 
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A.  2 Ken  the  image  of  (T  in  &  will  be  a  curve  6'  abvJtting  oii  a 
point  W  of  the  circumference  of  ©.  7%e  necessary  and  sufficient 
condition  that  21'  coincide  with  31  is  that  the  closed  cui*ve  consisting 
of  the  two  arcs  C,  C  may  be  dravm  together  cordinuovsly  to  the 
point  A  without  passing  out  of  the  region  S ;  in  other  words ,  that 
this  closed  curve  shall  contain  in  its  interior  only  points  of  S. 

Note  that  S  consists  exclusively  of  interior  points^  the  boun- 
dary not  being  counted  as  belonging  to  the  region. 

Theorem  III.  If  A,  A'  are  two  distinct  points  of  the  boun- 
dary of  S  which  can  be  approached  along  a  curve  C  or  C  respec- 
tively j  then  the  corresponding  points  31,  21 '  on  the  circumference 
of  ©  mU  be  distinct. 

Theorem  IV.  Let  B  be  a  point  of  the  boundary  of  S,  suck 
that  a  set  of  points  §j,  §2>  "*  ^^'^  ^^  chosen  in  8  which  have  B 
as  their  sole  limiting  point : 

btd  through  which  no  curve  can  be  passed,  lying  wholly  in  S  and 
such  that  a  point  P  describing  this  curve  will  approach  B  as  its 
limit.  Suppose  furthermore  that  a  carve  D  can  be  drawn  in  8 
passing  through  the  points  Q^  and  having  but  one  limiting  point 
A  on  the  boundary  of  S  which  can  be  approached  along  a  curve 
Cy  cutting  D  in  every  neighborhood  of  A,  Then  if  the  point  P 
describe  D,  the  image  ^  of  P  in  Q  vnll  approaxih  the  point  31  of 
the  boundary  of  ©  which  corresponds  to  A. 

Theorem  V.  In  particular,  let  8  be  a  region  having  no 
boundary  points  of  the  kind  B  considered  in  Theorem  IV.  Then 
to  each  point  of  the  circumference  of  ©  wiU  correspond  a  single 
point  of  the  boundai^  of  8  in  this  sense  that  if  a  point  5p  approach 
a  point  31  of  this  circumference  along  a  curve  of  ©,  the  image  P 
of  ^  in  S  mil  approach  a  point  A  of  the  boundary  of  8,  and 
A  will  be  the  same  point  for  all  curves  of  ©  leading  to  31.  But 
to  distinct  points  31,  31'  may  correspond  the  same  point  A. 

The  boundary  of  8  in  this  case  consists  of  a  curve  whose  coor- 
dinates may  be  represented  as  single  valued  continuous  functions 
of  a  parameter  t 

where  t  may  be  chosen  as  the  arc  of  the  circumference  of  ©,  and 
f(t)y  <f>(t)  are  periodic  with  the  length  of  the  circumference  of  Q  as 
period. 
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If'farthermore  it  is  impossible  to  draw  a  Jordan  curve  all  of 
whose  points  bvJt  one  lie  in  8  and  which  contains  in  its  interior 
points  of  the  boundary  of  S,  then  the  boundary  points  of  8  will 
form  a  Jordan  curve. 

The  result  stated  in  the  latter  part  of  this  theorem  was  recently 
published  by  Schoenflies.*  In  the  general  case  the  boundary 
may  be  considered  as  forming  a  generalization  of  the  Jordan 
curve ;  for,  although  the  boundary  may  pass  through  a  given 
point  more  than  once,  it  does  not  cut  itself,  and  it  forms  the 
boundary  of  a  simply  connected  region. 

The  method  on  which  the  proof  of  these  theorems  rests  was 
suggested  by  physical  evidence.  The  conformal  map  of  S  on  © 
is  effected  by  the  Green's  function  g  of  the  region  S,  with  pole 
at  0,  the  existence  of  g  having  been  established  in  my  former 
paper  (L  c).  This  function  may  be  interpreted  in  the  well- 
known  manner  as  the  temperature  in  a  certain  flow  of  heat  or 
as  the  potential  in  the  analogous  flow  of  electricity,  the  source 
being  at  0.  The  function  h  conjugate  to  g  can  be  employed  to 
measure  the  flux  across  a  given  curve ;  in  &ct,  if  c  denote  an 
arc  drawn  in  8^  the  flux  across  c  is  proportional  to  the  differ- 
ence in  the  values  of  h  at  the  extremities  of  c.  I  was  led  to 
the  theorems  stated  above  through  the  following 

Physical  Law. — Let  a  fixed  circle  be  drawn  in  8  with  0  as 
centre.  Let  c  be  an  open  curve  of  length  I  drawn  in  8,  but  lying 
outside  the  fixed  circle.  Let  the  maximum  numerical  value  of  the 
flux  across  c  (or  the  upper  limit,  in  case  no  m^xximum  exists), 
when  c  assumes  all  possible  forms  and  positions,  be  denoted  by 
f(l).     Then 

A  rigorous  proof  of  this  law  may  be  given  by  means  of  the 

theory  of  the  logarithmic  potential  function,  and  proofs  of  all 

the  theorems  here  stated  will  appear  later. 

Hasvabd  Univsrsitt,  Cambridge, - 
17  December,  1902. 

*  **  Ueber  einen  grundlegenden  Satz  der  Analysis  situs/ '  OoUinger  Nackrichr 
ten,  1902,  Heft  2. 
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ON  THE   QUINTIC  SCROLL  HAVING  THREE 
DOUBLE   CONICS. 

BY   DR.    VIBGIIi  SNTDER. 

(Bead  before  the  American  Mathematical  Society,  October  25,  1902.) 

In  his  paper  on  quintic  scrolk,*  Professor  Schwarz  men- 
tioned that  such  a  scroll  exists  having  three  double  conies  (type 
IX  of  those  of  genus  0).  It  is  now  proposed  to  derive  the 
equation  of  this  surface  and  to  study  some  of  its  properties. 

A  scroll  having  two  double  conies  will  in  general  be  of  order 
8  and  genus  1.  In  order  to  generate  a  quintic  scroll  the  con- 
ies must  therefore  intersect  in  two  points,  one  of  which  is  a 
simple  self-corresponding  point  of  the  (2,  2)  correspondence 
between  the  points  of  the  two  conies,  and  the  other  must  be  a 
double  self-corresponding  point.  Hence  every  such  quintic 
scroll  must  be  unicursal.     Let  the  equations  of  the  two  conies  be 

Cj :  2=0,     a^  —  yw?  =  0  ; 

Cj :  a;  =  0,     s?  —  yw^O, 

respectively.     The  points  of  each  may  be  expressed  parametri- 
cally  thus : 

c^ :  a:  =  X,     y  =  X*,     2  =  0,     w  =  1  ; 

Cj :  a;  ==  0,     y  =^  fi\     z=^fi^     t/>  =  1. 

The  equations  of  a  generator  which  joins  the  variable  point  X 
to  the  variable  point  fi  may  be  written 

(1)  fix  +  \z  —  \fiw  =0,     Xic  —  y  +  /A2=0. 

The  line  (1)  will  generate  a  unicursal  quintic  scroll  having  c^,  c, 
for  double  conies  when  X,  fi  are  connected  by  a  relation  of  the 
form  described.  Since  the  complete  double  curve  of  a  unicur- 
sal quintic  is  of  order  6  it  follows  that  the  residual  curve  is  of 
order  2.  Double  generators  are  impossible  since  the  double 
element  in  the  (2,    2)  correspondence   is    self-corresponding. 

^Ueber  die  geradlinigen  Flachen  fiinften  Grades,  CreUe^s  Joumcd,  vol.  67. 
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Two  rectilinear  directrices  can  not  exist  on  a  scroll  having 
other  nodal  curves ;  hence  the  residual  nodal  curve  is  a  conic  c^ 
Since  a  similar  correspondence  exists  between  the  new  conic 
and  each  of  the  given  ortes,  it  follows  that  the  three  conies  must 
pass  through  one  common  point.  No  scroll  can  exist  having 
three  double  conies  which  intersect  in  three  distinct  pairs  of 
points. 

§  1.   Three  Double  Oonica  Having  One  Common  Point. 

Let  (0^  0,  0^  1)  be  the  point  common  to  the  three  conies. 
Let  Cj  intersect  c^  in  (a,  a*,  0,  1),  and  c,  intersect  c,  in 

(0,7*,%  1). 

The  conic  c,  lies  in  the  plane 

(2)  ax-^y  +  yz^O, 

and  may  be  expressed  as  the  intersection  of  (2)  and  the  most 
general  quadric  passing  through  the  three  given  points.  The 
values  o{  x:y  :z:w  BiS  determined  from  (1)  and  (2)  are  now  to 
be  substituted  in  the  equation  of  the  quadric.  The  result  is 
the  desired  (2,  2)  correspondence  between  X,  /a.  Finally,  the 
result  of  eliminating  X,  fi  between  this  equation  and  those  of  a 
generator  is  the  desired  equation  of  the  surface. 
The  correspondence  is  of  the  form 

(3)  X*  —  A  +  mXfi  +  y{K  +  1)/*  —  a(K  +  1)X  »  0. 

It  has  a  double  element  at  ( oo ,  oo  )  and  a  simple  self-correspond- 
ing element  at  (0,  0),  hence  the  point  common  to  all  three  conies 
cannot  be  a  double  point.  Similarly,  the  point  a  is  a  double 
point  in  the  correspondence  between  c^  and  e^  and  7  is  a  double 
point  in  the  correspondence  between  c^  and  c^  Since  the  plane 
of  each  double  conic  must  contain  one  generator  it  follows  that 
three  generators  pass  through  the  point  (0,  0,  0,  1).  The 
equations  of  these  generators  are 

x^O,     Ky^  {jK  +  i)z ; 
y  =  0,     oa;  +  72  =  0  ; 
2  =  0,     y  =  (owe  +  a>B. 

When  /c  =  1  they  all  lie  in  the  plane 

y  =  (owe  +  a)a5  +  (7/c  +  7)2. 
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The  residual  curve  in  the  plane  of  the  three  generators  is  a 
conic  *  c^ ;  it  does  not  pass  through  the  triple  point.  This  is  the 
only  simple  conic  which  can  lie  on  the  surface. 

Moreover,  the  scroll  is  contained  in  a  linear  complex  and  has 
one  algebraic  asymptotic  line  of  order  8.  If  in  addition  m  =s  0, 
the  complex  becomes  special  and  the  simple  conic  breaks  up 
into  a  simple  directrix  and  a  generator.  Every  plane  through 
the  directrix  will  cut  four  generators  from  the  surface.  The 
directrix  does  not  intersect  any  of  the  double  conies,  hence  the 
three  points  in  which  the  three  generators  from  (0,  0,  0,  1) 
meet  the  conies  again  are  collinear.  The  scroll  can  now  be 
generated  by  a  particular  (1,  2)  correspondence  between  the 
points  of  the  conic  and  the  straight  line. 

The  equations  of  the  directrix  are 

tr  =  0,     y  =  2ax  +  272;, 

and  the  fourth  generator  in  the  plane  y  «  2<xx  +  272;  is  defined 
by 

yx  +  az=  207. 

This  generator  connects  the  three  points  in  which  the  genera- 
tors through  (0,  0,  0,  1)  cut  the  double  conies  again.  The 
special  asymptotic  line  of  order  8  is  now  degraded  into  the  di- 
rectrix of  the  complex. 

When  a  unicursal  quintic  scroll  has  a  double  conic  the  resi- 
dual nodal  curve  is  in  general  a  twisted  quartic  with  two  ap- 
parent double  points.  In  general  a  straight  line  and  a  quartic 
having  two  apparent  double  points  will  determine  a  scroll  of 
order  8  by  the  condition  that  each  generator  is  to  cut  the  line 
once  and  the  quartic  twice.  The  straight  line  is  a  double  line 
on  the  surface  and  the  quartic  curve  is  a  triple  line.  When  the 
surface  is  reducible  and  one  factor  is  a  quintic  having  the  line  as 
simple  directrix  and  the  quartic  for  double  curve,  the  other  com- 
ponent is  a  cubic  having  the  straight  line  and  the  quartic  as 
simple  directrices. 

Professor  Schwarz  remarks  that  the  same  thing  happens  if 
the  quartic  be  replaced  by  two  conies  which  have  two  points  of 
intersection.  But  such  is  not  the  case.  Let  Cj,  c^  be  the  conies 
and  I  the  line.  Let  c„  Cj  intersect  in  Ws  (0,  0,  0,  1)  and  in 
Fs  (0,  1,  0,  0).     The  scroll  determined  by  the  common  se- 

*  Mr.  C.  H.  Siaam  baa  recently  proved  that  a  simple  oonic  lies  on  the  gen- 
eral soroU.     Its  plane  does  not  pass  throngh  the  triple  point. 
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cants  of  two  oonics  and  a  line  is  of  order  8^  less  1  for  each 
point  in  which  the  conies  intersect,  since  the  pencils  Wl^  Yl  be- 
long to  the  system.  Our  scroll  is  therefore  of  order  6  and 
genus  1,  having  Cj,  c^  I  for  double  lines.  The  residual  nodal 
curve  is  a  twisted  cubic  which  is  met  once  by  each  generator. 
If,  however,  the  line  I  lies  in  one  of  the  common  tangent 
planes  of  the  two  conies  the  surface  will  be  of  order  5,  as  may 
be  shown  as  follows  :  A  generator  (1)  will  cut  the  line 

A^x  +  B^y  +  C^z  +  D^w  =  0,     Ajc  +  Bj^  +  Cji  +  Djj) «  0 

if 

\^fM{AB)  +  \fi\BC)  +  . . .  +  'K(CD)  +  fi{AD)  =  0. 

This  is  in  general  a  (2,  2)  correspondence  of  genus  1  with  two 
simple  self-corresponding  elements  at  the  points  of  intersection 
of  the  conies.  If  the  scroll  is  to  be  a  quintic,  one  of  these 
points  must  be  a  double  element.  This  condition  requires 
either  that  the  coefiScients  of  \fi^  and  XV  shall  vanish,  or  that 
the  coefficients  of  X  and  fi  shall  vanish.  In  the  first  case  the 
line  I  lies  in  the  plane  w^O,  and  in  the  second  case  I  lies  in 
the  plane  y  «=  0.  But  these  are  the  common  tangent  planes  of 
Cj  and  Cj  at  TT,  F.  It  can  easily  be  verified  independently  that 
when  «  =s  1  and  m  =  0  the  tangent  planes  of  c^  and  c^  in 
(0,  1,  0,  0),  the  tangent  plane  of  c^  and  c^  in  (0,  a?,  a,  1),  and 
the  tangent  plane  of  c,  and  c,  in  (7,  7^,  0,  1)  all  pass  through 
the  simple  directrix. 

The  only  case  in  which  a  straight  line  and  two  conies  which 
intersect  in  two  points  can  define  a  cubic  scroll  is  when  the 
(2,  2)  correspondence  is  factorable,  for  such  a  surface  is  deter- 
mined by  a  (1,  1)  correspondence  between  a  line  and  a  conic. 
For  example,  the  conies  c^,  c^  and  the  line  y  =  0,  «  -|-  »  =  w 
define  a  reducible  (2,  2)  correspondence  between  X,  fi  and  all 
lie  on  the  same  cubic  scroll. 

The  equation  of  our  quintic,  obtained  by  eliminating  X,  fA 
between  (1)  and  (3),  may  be  written 

s?  —  KO^  —  mxz  y  +  nx     Iz  —  Kjf  0 

0  y  +  nx     Kxy  +  myz  +  ns?  h^  Ky 

w  \  X  0 

0  X  ^^yw  X 

in  which  I  =  7(/c  +  1),  n  s  —  a{ic  +  1). 


0, 
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For  the  equation  of  the  second  surface,  having  a  linear 
directrix,  put  /c  =  1,  m  =:  0. 

§  2.   Three  Double  Conies  Having  Two  Common  Points. 

Now  consider  the  case  in  which  the  third  double  conic  passes 
through  both  points  of  intersection  of  c^  c^.     Let 

be  the  equation  of  its  plane.  The  equation  of  the  general 
conic  lying  in  this  plane  and  passing  through  (0,  0,  0,  1), 
(0,  1,  0,  0)  may  be  written 

A:?  +  Bzy  +  Cyw  +  Dzw  =  0, 

from  which  the  (2,  2)  correspondence  becomes 

£XV(p  -f  1)  -f  C\^P  +  (^  +  P^C  +  C)\ti  +  pCfi^ 

+  pDfi  +  DX  =  0. 

In  order  that  the  correspondence  have  a  double  element  at  one 
point  of  intersection  of  the  two  conies,  and  a  simple  self  cor- 
responding element  at  the  other,  either  -B  =  0  or  D  =  0.  This 
requires  that  the  third  conic  must  touch  the  common  tangent 
plane  of  Cj,  c,  at  one  of  their  points  of  intersection.  Let 
5  =  0.  Then  the  new  conic  touches  the  plane  u?  »  0  at 
(0,  1,  0,  0). 

The  reduced  form  of  the  correspondence  now  becomes 

X«  +  ^2  +  m'Xft  +  n'X  +  f>  =  0 

and  the  analytic  procedure  is  identical  with  that  of  the  preced- 
ing case. 

The  generators  which  lie  in  the  planes  of  the  three  double 
conies  are  respectively 

a:  =  0,  y  +  /'«  =  0 ; 
y  =  0,  x—pz^O; 
z  s=  0,     y  +  nx  =  0  ; 

since  /c «  1  they  cannot  lie  in  one  plane.  The  scroll  also 
contains  a  simple  conic  which  cuts  each  of  the  double  conies 
once.  The  lines  which  cut  three  conies  related  like  c,,  c, 
and  the  simple  conic  will  in  general  generate  a  scroll  of  order 
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8.     If  one  scroll  be  of  order  5,  the  other  will  be  a  cubic  and 
not  another  quintic,  as  stated  by  Schwarz. 

In  this  case  the  surface  does  not  belong  to  a  linear  complex ; 
in  particular,  therefore,  when  a  quintic  scroll  has  three  coaancU 
double  conies  it  cannot  have  a  rectilinear  directrix, 

§  3.   Two  Double  Conies  Touching  Each  Other. 

Any  two  conies  which  touch  each  other  but  which  lie  in  dif- 
ferent planes  may  be  expressed  by  the  equations 

c(:         2=0,     y*  — ani7  =  0; 
Cji         a?  s=  0,     y*  —  w?2  =  0. 

In  parametric  representation  these  become 

c[:         ic=l,     y=AA,     2=0,     w=^fi^; 
c^:         a:  =  0,     y=X,     2=1,     w  =  X*. 

The  equations"  of  the  line  joining  X  to  /*  are 

/xa?  +  Xj  —  y  =  0,     fi^x  +  X*2  —  w=  0. 

The  most  general  (2,  2)  relation  between  X,  fi  which  will  define 
a  quintic  scroll  is  given  by 

^X^  +ffi'-\fi(f+g)  +  h^O. 
The  surface  has  a  third  double  conic  c,  defined  by 

y  =  0,     fixz  +  gxw  —fzw  =  0. 
The  equation  of  the  surface  may  be  written 

9  —{f  +  9)y  hx—fw  0 

0  g{x  +  z)  —{f+g)y  hx^fw 

z  —  2y2  y^  ^wx  0 

0  z{x  +  z)  —  2y2  y^  ^wx 


0. 


The  common  tangent  to  c[,  c^  is  a  generator.  The  generator 
in  the  plane  y  =  0is2;  +  2=0.  The  curve  of  section  made 
by  the  plane  a;  +  2  =  0  is 

»/[(/+  9)  (y"  +  ««)  +  22(A2  -  /«?)]  =  0 ; 
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hence  the  line  y=sO,  a?  +  2=sO  is  a  torsal  generator  and 
a;  +  2;  =r  0  is  the  torsal  plane.  The  simple  conic  passes  through 
the  point  of  intersection  of  the  three  double  conies  and  touches 
the  generator  a:  =  0,  y  =  0. 

Iff+gssO  the  conic  will  be  factorable.  The  rectilinear 
directrix  is 

x  +  z^O,     hz  —fw  =  0. 

If  the  simple  conic  be  required  to  intersect  C3  in  a  second 
point,  the  former  must  break  up. 

When  the  scroll  belongs  to  a  linear  complex,  the  complex 
must  be  special.  A  quintic  scroll  which  has  three  double 
conies  which  touch  the  same  line  at  the  same  point,  does  not 
exist. 

Every  quintic  scroll  having  three  double  conies  contains  either  a 
simple  conic  or  a  simple  directrix.  If  in  the  former  case  the  planes 
of  all  four  conies  pa^  through  the  same  point,  then  the  plane  of 
the  simple  conic  contains  three  generators  passing  through  thai 
point. 

Cornell  Univebsity, 
October  10,  1902. 


SURFACES  REFERRED  TO  THEIR  LINES  OF 
LENGTH   ZERO. 

BT   DB.    I/.    P.    EISENHABT. 

(Read  before  the  American  Mathematical  Society,  October  25,  1902.) 

Consider  a  surface  S  referred  to  a  general  system  of  para- 
metric lines,  u  =  const.,  v  =  const.  Denote  by  x,  y,  z,  the  car- 
tesian coordinates  of  a  point  on  8  and  A",  Y,  Z,  the  direction 
cosines  of  the  normal  to  the  surface.     As  usual,  we  put 

(1)  ^-2(f:)'.  F.Ep^%  ^-rd)'. 

and 

(2)  ^=i:^J,,  ^'-^^m-v'  ^'=i:^£- 
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When  the  parameter  curves  are  the  lines  of  length  zero, 

je;=  G  =  0, 

and  the  Codazzi  equations  *  reduce  to  the  simple  forms 


(3) 


The  expression  for  the  mean  curvature  f  becomes 

From  (3)  it  follows  that  when  /^  is  a  surface  of  constant 
mean  curvature,  Z)  is  a  function  of  u  alone  and  -D"  of  v  alone. 
Conversely,  when  this  condition  is  satisfied,  either  D'  =  0  or 
D' jF  is  constant.  In  either  case  the  mean  curvature  is  con- 
stant; in  the  former,  aS"  is  a  minimal  surface.     Hence 

Theorem  I.  Surfaces  of  constant  mean  curvature  are  char- 
acterized by  the  property  tfiat,  when  the  parametric  lines  are  of 
length  zero^  D  is  a  function  of  u  alone  and  D"  of  v  alone. 

When  any  surface  is  referred  to  its  lines  of  length  zero,  the 
directions  of  the  lines  of  curvature  are  given  by  the  equation  J 

(5)  Ddu^  -  D'W  =  0. 

In  consequence  of  the  above  results  we  have 

Theorem  II.  The  lines  of  cwrvature  on  a  surface  of  con- 
stant mean  curvature  are  given  by  quadratures  when  the  surface 
is  referred  to  its  lines  of  curvature. 

By  Bonnet's  theorem  §  we  know  that  there  is  associated  with 
every  surface  of  constant  mean  curvature,  different  from  zero, 
a  parallel  surface  of  constant  total  curvature  and  conversely. 
Moreover,  it  can  be  seen  from  the  general  relations  |i  which 

*Bianchi)  Lezioni,  p.  91. 

t/6id.,  p.  104. 

ti6iW.,  p.  99. 

iDarboux,  Lemons,  vol.  3.,  p.  375. 

II  Knoblauch,  Einleitung  in  die  allgemeine  Theorie  der  krummen  Flachen, 
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obtain  between  the  fundamental  coefBcients  of  a  surface  and  its 
parallel  that  lines  of  length  zero  and  lines  of  curvature  upon  a 
surface  of  constant  mean  curvature  correspond  to  asymptotic 
lines  and  lines  of  curvature  respectively  upon  the  parallel  sur- 
face of  constant  total  curvature.     Hence 

Theorem  III.  The  lines  of  curvature  on  a  surface  of  con- 
stant total  curvature  are  given  by  quadratures^  when  the  surface  is 
referred  to  its  asymptotic  lines. 

Theorem  II  is  not  restricted  to  surfaces  of  constant  mean 
curvature,  but,  as  we  shall  see,  is  true  of  all  isothermic  surfaces. 
Let  aS"  be  an  isothermic  surface ;  then  its  linear  element  can  be 
brought  to  the  form 
(6)  d^  =r  \{du\  +  dv\), 

where  X  is  a  function  of  u^  and  Vj,  and  the  curves  u^  =  const., 
v^  3=  const,  are  the  lines  of  curvature.    Now  the  lines  of  length 


zero  are 
that  is. 

given 

by 

du\  + 

dv[^ 

0, 

(7) 

«i 

+ 

tV,  =  2u, 

«i- 

-  iv^  = 

=  2t,, 

where  u  and  t;  are  the  parameters  of  the  lines  of  length  zero. 
From  (7)  it  follows  that,  if  the  surface  is  referred  to  lines  of 
length  zero,  the  equation  of  the  lines  of  curvature  is 

du^^dv'^O, 

and  for  a  general  choice  of  parameters  this  would  be 

raw'-  Fdt;*=0, 

where  Z7  is  a  function  of  u  alone  and  F  is  a  function  of  v 
alone.     Comparing  this  equation  with  equation  (6)  we  get 

Hence 

Theorem  IV.  When,  an  isothermic  surface  is  referred  to  its 
lines  of  length  zerOy  (he  lines  of  curvature  are  given  by  quadratures. 

And  conversely 

Theorem  V.  When  a  surface  is  referred  to  its  lines  of  length 
zero  and  the  condition  (8)  is  satisfied,  the  9iurface  is  isothermic. 

In  consequence  of  the  preceding  results  the  equation  whose 
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eolation  gives  all  surfaces  of  constant  mean  curvature  can  be 
reduced  to  a  simple  form.  By  a  suitable  choice  of  parameters 
we  have  D  =  i)"  =  1,  and  there  is  no  loss  in  assuming  that 
the  square  of  the  mean  curvature  is  unity.  When  these  values 
are  substituted  in  the  Gauss  equation,*  it  reduces  to 

F     dudv~^F'^      ^' 
If  we  put  log  F^  6,  this  equation  becomes 

dudv 

When  a  solution  of  this  equation  is  known,  all  of  the  funda- 
mental coefficients  of  the  surface  are  given. 

Pkinceton,  N.  J., 
September  20,  1902. 


SUPPLEMENTARY  NOTE  ON  THE  CALCULUS 
OF  VARIATIONS. 


BY  DB.    E.    B.    HEDBICK. 


In  a  recent  paper  in  the  Bulletin,!  the  present  writer 
stated  the  theorem  :  "  The  condition  d^f/dy'  >  0  for  all  x,  y 
on  the  curve  (7,  and  for  all  y'  considered,  is  a  sufficient  con- 
dition for  a  minimum"  (of  the  integral  ff(x,  y,  y')dx  along  the 
curve  C),  provided  that  certain  preliminary  requirements  are 
satisfied.  This  theorem  stands  in  apparent  contradiction  with 
an  example  given  by  Professor  Bolza ;  %  and  while  the  contra- 
diction is  ordy  apparent,  it  seems  fitting  to  point  out  clearly  the 
actual  agreement  of  my  results  with  those  of  Professor  Bolza. 

In  the  article  mentioned  I  have  required  (page   11)  that 

the  integral  Jf{x,  y,  y')dx,  shall  be  considered  only  in  a  region 
-B  (of  the  a:,  y,  y'  space),  such  that  the  integrand /(a?,  y,  y')  is 

♦Bianchi,  I  c,  p.  67. 

f  On  the  sufficient  conditions  in  the  calculus  of  yariationB,"  Bulletin, 
Tol.  9  (2),  no.  1  (Oct.,  1902),  p.  15. 

•   X  "Some  instructive  examples  in  the  calculus  of  variations,"  Bulletin, 
vol.  9  (2),  no.  1  (Oct,  1902),  Example  II,  p.  9. 
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analytic  at  each  point  of  R,  i.  e.,  for  all  sets  of  values  of  x,  y, 
y'  in  R.  A  region  is  here  a  closed  manifold  of  points,  L  e.,  it 
possesses  a  boundary,  so  that  a  point  upon  the  boundary  of  R 
belongs  to  the  region.  Hence  for  the  reasoning  throughout  it 
is  necessary  to  choose  such  a  region  R,  It  is  true  that  this 
restriction  is  by  no  means  necessary  for  most  of  the  results  of 
the  paper,  but  without  it  some  of  the  proofs,  and  in  particular 
the  above  theorem,  would  have  to  be  modified.  It  is  to  be 
noticed,  however,  that  we  may  choose  an  unbounded  region  i2, 
(t.  «.,  exclusive  of  the  boundary)  provided  R^  lies  wholly  within 
a  region  R  such  as  is  required  above,  and  that  all  the  results  of 
the  paper  hold  when  the  given  integral  is  considered  only  for  * 
points  ifmde  of  i2„  or  in  particular  indde  of  R  itself.  In  other 
words,  the  results  given  hold  in  any  region  (inclusive  or  exclu- 
sive of  the  boundary)  provided  the  points  for  which  the  inte- 
grand/(x,  y,  y)  is  not  analytic  be  excluded  from  the  region 
(i.  6.,  from  its  interior  and  from  its  boundary). 

In  Professor  Bolza's  example,  I  would  then,  for  the  pur- 
poses of  my  paper,  first,  choose  as  my  region  R  the  region 

R:  \x\^A',     \y\^A;     \y'\^A. 

Any  positive  number  A  having  been  chosen  for  the  example 
once  for  all,  the  investigation  of  minima  depends  on  our  ability 
to  find,  secondlyy  a  value  for  8  so  small  that  the  supposed  solu- 
tion renders  the  integral  value  less  than  along  any  other  curve 
for  which 

\r)(x)\  <  8,  x^^x^  x^. 

It  is  seen  at  once  that  any  ordet'  of  choice  of  these  quantities 
A  and  8  corresponds  exactly  to  the  same  order  of  choice  of  the 
h  and  k  of  Professor  Bolza's  article,  respectively ;  whereas  the 
order  of  choice  necessary  for  the  considerations  of  my  paper  is 
exactly  opposite  to  that  made  by  Professor  Bolza.  For,  from 
my  standpoint,  k  cannot  be  first  chosen  and  then  kept  fixed 
while  h  (secondly)  approaches  zero,  as  is  necessary  for  Professor 
Bolza's  argument.  A  choice  of  h  after  k  has  been  chosen  and 
fixed,  necessitates  a  choice  of  ^  =  k/h.  This  1  would  regard 
as  the  first  step,  after  which  I  would  have  S  at  my  disposal, 
which  would  necessitate  a  re-choice  of  A,  if  8  be  chosen  less  than 
k.  It  readily  follows  that,  from  my  standpoint,  the  conclusion 
A7  <  0  cannot  be  drawn,  and  that  the  X  axis  actually  renders 
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the  integral  in  question  a  strong  minimum,*  in  the  above  region 
jB,  t.  e.f  in  any  region  of  values  of  x,  y,  y'  from  the  interior 
and  boundary  of  which  the  values  a:=oo,y=oo,y'==oo  are 
excluded.  Accordingly  the  example  cited,  as  also  Professor 
Bolza's  theorem  at  the  top  of  page  9,  are  perfectly  reconcilable 
with  my  theorem  quoted  above. 

The  integrand  in  question  is  discontinuous  for  infinite  values 
of  either  a:  or  y  or  y',  and  in  fact  becomes  infinite  to  the  second 
order  for  y'  =  cd  .  It  may  be  pointed  out  that  the  same  ap- 
parent contradiction  will  arise  in  the  case  of  any  integral  whose 
integrand  becomes  infinite  to  the  second  order  for  any  value  of 
y '  (.not  necessarily  y '  &=  oo  )  ;  but  again  the  contradiction  is  only 
apparent.  It  might  be  questioned  whether  simple  ordinary  in- 
tegrals, such  as  the  integral  of  length,  j  Vl  +y'  dxy  do  not 
present  similar  phenomena,  so  that  the  results  of  my  paper 
would  be  restricted  in  their  application,  in  all  ordinary  exam- 
ples, to  a  closed  region  (of  the  x,  y,  y'  space)  in  which  the  inte- 
grand is  analytic.  Such  are  indeed  the  formal  requirements  of 
the  paper.    But  it  may  be  noted  that  if  the  transformed  integral 


J/(^,  y^^ja:'dy, 


where  x'  s  dx/dy,  be  analytic  for  the  directions  previously  ex- 
cluded (y'  r^a,  X  s:^  ^/^)f  ^^^^  *^^  whole  reasoning  applies  to 
the  comparison  curves  previously  excluded,  by  a  simple  proc- 
ess of  transformation  and  subdivision  of  the  curve,  at  least  pro- 
vided that  the  comparison  curves  in  question  satisfy  the  simple 
requirement  of  not  being  parallel  to  each  axis  an  infinite  num-' 
ber  of  times  in  any  interval. 

And  further,  the  requirement  made  on  page  11  is  by  no 
means  necessary  for  the  proof  of  most  of  the  theorems.  In 
view,  however,  of  the  aims  of  the  article,  it  was  deemed  advis- 
able to  include  this  restriction,  in  order  to  simplify  the  proofs, 
and  in  order  to  arrive  at  the  theorem  mentioned  above  without 
too  extended  a  discussion  of  possible  alternate  restrictions. 

E.  R.  Hedrick. 

SHKrriELD  Scientific  School, 
NovembeTf  1902. 

*  The  distinction  between  strong  and  weak  minima  holds  as  usual  because 
the  slope  restriction  ly^l  ^  ^  was  made  before  any  particular  extremal  was 
found,  and  does  not  regard  any  particular  extremal. 
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THE  SYNTHETIC  TREATMENT   OF   CONICS 
AT  THE  PRESENT  TIME. 

BY   DE.    E.    B.    WIIiSON. 

( Bead  before  the  American  Mathematical  Society,  December  29,  1902. ) 

In  the  August-September  number  of  the  Jahresbericht  der 
Deidschen  Mathematiker-Vereiniffung  for  the  year  1902  Pro- 
fessor Reye  has  printed  an  address^  delivered  on  entering 
upon  the  rectorship  of  the  university  at  Strassburg,  on  **  Syn- 
thetic geometry  in  ancient  and  modern  times,"  in  which  he 
sketches  in  a  general  manner,  as  the  nature  of  his  audience 
necessitated,  the  differences  between  the  methods  and  points  of 
view  in  vogue  in  geometry  some  two  thousand  years  ago  and 
at  the  present  day.  The  range  of  the  present  essay  is  by  no 
means  so  extended.  It  covers  merely  the  different  methods 
which  are  available  at  the  present  time  for  the  development  of 
the  elements  of  synthetic  geometry — that  is  the  theory  of  the 
conic  sections  and  its  relation  to  poles  and  polars. 

There  is  one  method  of  treatment  which  was  much  in  use, 
the  world  over,  half  a  century  ago.  At  the  present  time  this 
method  is  perhaps  best  represented  by  Cremona's  Projective 
Geometry,  translated  into  English  by  Leudesdorf  and  published 
by  the  Oxford  University  Press,  or  by  Russell's  Pure  Geom- 
etry from  the  same  press.  This  treatment  depends  essentially 
upon  the  conception  and  numerical  measure  of  the  double  or 
cross  ratio.  It  starts  from  the  knowledge  the  student  already 
possesses  of  Euclid's  Elements.  This  was  the  method  of  Cre- 
mona, of  Steiner,  and  of  Chasles,  as  set  forth  in  their  books. 
That  was  fifty  years  ago. 

In  the  year  1866  Professor  Reye,  mixing  with  a  bold  and 
somewhat  original  hand  the  newest  ideas  of  von  Staudt  with 
those  of  Steiner  and  Ponoelet,  older  and  better  known,  pub- 
lished his  Geometric  der  Lage  which  owing  to  its  incomparably 
clear  and  pedagogic  style  has  been  the  mainstay  of  synthetic 
projective  geometry  these  many  years,  slowly  displacing  the 
method  of  Cremona,  and  somewhat  obscuring  the  elegance  of 
von  Staudt's. 

At  present,  to  judge  from  the  text-books  upon  the  market 
and  the  announcements  of  courses  in  the  universities,  the  Ital- 
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ians  have  not  only  forsaken  Creraona  but  are  persistently  edging 
by  Reye  toward  the  long  neglected  von  Staudt ;  the  Germans, 
pulled  with  almost  equal  forces  backward  by  Steiner  and  for- 
ward by  von  Staudt,  still  cling  to  the  intermediate,  Reye.  In 
France,  where  no  one  studies  that  which  there  is  not  some  one 
great  genius  to  teach,  synthetic  geometry  in  its  higher  aspects 
has  seemingly  perished  by  the  way  with  Chasles — for  what 
was  it  to  Hermite  and  Bertrand  or  is  it  now  to  Darboux  and 
Picard  ?  In  England  and  America  Cremona  is  still  much  fol- 
lowed, and  when  not  Cremona,  then  Reye. 

In  view  of  these  facts,  no  more  will  be  said  of  the  metric, 
cross  ratio  method  of  developing  synthetic  geometry.  That 
method  caught  its  fatal  chill  when  von  Staudt  published  his 
book  in  1847.  It  has  been  shaking  ever  since.  Some  day  it 
will  die.  Not  long  hence  even  the  fondest  of  us  must  recognize 
it  as  quite  a  thing  of  the  past. 

The  newer  methods  are  all  founded  ultimately  upon  the 
work  of  von  Staudt,  the  essential  part  of  which  appeared  in 
1847  as  has  been  mentioned,  although  the  addition  of  three 
supplements  stretched  across  the  following  thirteen  years. 
These  methods  are  more  powerful  and  beautiful  because  they 
deal  more  directly  with  the  ideas  necessarily  involved  in  syn- 
thetic projective  geometry.  They  are  more  natural  and  satis- 
factory from  a  purely  geometric  standpoint.  They  are  more 
compact  and  at  the  same  time  they  are  more  far-reaching.  In 
point  of  fact  they  are  all  nothing  but  variations  on  von 
Staudt's  original,  accoiding  as  it  is  more  or  less  fully  adhered 
to,  according  as  a  less  or  a  greater  amount  of  the  earlier  methods 
are  interwoven  with  it. 

The  chief  variations,  those  which  we  shall  discuss  here,  are 
three.     We  shall  designate  them  as  follows  : 

1°  The  extreme,  which  may  be  seen  expounded  in  Reye's 
"  Geometric  der  Lage,"  4th  edition,  volume  I,  Leipzig,  or  in 
Holgate's  translation.  New  York. 

2°  The  intermediate  of  which  an  excellent  i^nd  elementary 
exposition  is  given  in  Roger's  "  Ebene  Geometric  der  Lage,*' 
Leipzig,  or  combined  with  the  geometry  of  space  in  Sannia's 
"  Geometria  proiettiva,"  Naples. 

3°  The  slight  variation,  or  none  at  all,  such  as  is  presented 
in  Enriques's  most  excellent  "Geometria  proiettiva,''  Bologna, 
or  to  a  much  less  extent  in  a  paper  in  the  Annals  of  Mathe- 
maticSf  second  series,  volume  2,  by  Miss  C.  A.  Scott. 
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By  a  glance  at  the  books  mentioned,  these  three  methods 
may  be  seen  to  have  in  common  a  certain  considerable  number 
of  elementary  ideas  and  theorems ;  namely,  the  law  of  duality, 
the  theorem  of  Desargues,  the  construction  of  harmonic  ele- 
ments, the  theory  of  the  projective  relations  between  the  points 
in  two  ranges  or  in  the  same  range  counted  twice.  These  are 
explained  perhaps  most  simply  and  succinctly  by  Boger.  To 
them  may  be  added,  if  desired,  the  elements  of  the  theory  of 
collineations  and  correlations  between  the  points  and  lines  of 
two  planes  or  of  the  same  plane  counted  twice. 

From  this  point  on,  the  three  methods  diverge.  In  the  first 
a  conic  is  defined  as  the  locus  of  the  intersection  of  correspond- 
ing rays  in  two  projective,  but  not  perspective,  pencils.  The 
usual  theorems  concerning  inscribed  and  circumscribed  quadri- 
laterals, Pascal's  and  Brianchon's  theorems,  and  so  forth,  are 
then  proved.  The  polar  of  a  point  with  respect  to  a  conic  is 
defined  by  means  of  the  well  known  harmonic  property.  The 
theory  of  poles  and  polars  follows,  completing  the  usual  ele- 
ments of  conic  sections  from  the  synthetic  standpoint. 

The  advantages  of  this  method,  the  reasons  why  it  holds  its 
popularity  so  easily,  are  not  hard  to  see.  The  processes  seem  di- 
rect. The  construction  of  a  conic  is  a  pretty  problem,  a  pretty  ex- 
ercise in  draughting,  for  the  stiiident.  (It  is  however  by  no  means 
so  pretty  a  problem  to  prove  that  a  conic  is  independent  of  the 
two  particular  points  upon  it  which  may  have  been  chosen  as 
the  vertices  of  the  defining  projective  pencils.)  A  ruler  and  pen- 
cil are  real,  tangible  things  which  are  good  for  the  student  to  use 
constantly.  Moreover  the  idea  of  polar,  introduced  by  means 
of  the  harmonic  property,  is  easily  grasped.  The  thing  itself 
is  easily  constructed. 

But  there  are  disadvantages,  too,  of  which  one  is  that  if  the 
pole  be  outside  the  conic  the  construction  for  the  polar  yields 
only  a  segment  of  a  line,  only  the  part  of  the  polar  inside  the 
conic.  This  is  inconvenient.  It  introduces  a  sort  of  lack  of 
symmetry  which  sticks  out  awkwardly  in  some  proofs  unless, 
drawing  on  the  analogy  furnished  from  analytic  geometry,  we 
make  a  bold  application  of  the  so-called  principle  of  continuity. 
Again  there  is  the  awkward  lack  of  symmetry  mentioned  in  the 
parenthesis  above.  There  are  other  disadvantages  which  will 
appear  when  the  advantages  of  the  third  method  are  pointed  out. 

In  the  second  method  the  conies  are  defined  asbefore.  To 
define  the  relations  of  pole  and  polar,  the  conception  of  an 
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involution  upon  a  conic  is  used.  Points  J.,  -B,  •  •  • ;  ^',  -B',  •  •  • 
upon  a  conic  are  said  to  be  in  involution  if  the  relation  between 
them  is  projective  in  such  a  manner  that  if  A  corresponds  to 
A\  then  A'  corresponds  mutually  to  A,  It  is  shown  that  the 
lines  which  join  corresponding  points  of  an  involution  meet  in 
a  point  P  and  that  tangents  drawn  at  corresponding  points 
meet  in  a  line  p.  The  point  P  and  line  p  are  defined  as  pole 
and  polar. 

This  method  is  not  much  better  than  the  first.  It  is  but  a 
timorous  intermediate  between  it  and  the  third.  It  has  nothing 
to  recommend  it  but  the  drilling  of  the  student  in  the  ideas 
of  projectivities  and  in  the  special  case  of  involutions.  These 
statements  must  not  be  construed  |is  in  any  way  detrimental  to 
Soger's  book,  which  is,  on  the  contrary,  far  from  tiresome  and 
contains  in  its  later  portions  a  complete  presentation  of  the 
newest  ideas  in  adjoined  and  resultant  involutions  and  in  polar 
fields.  In  fact  the  standpoint,  except  at  the  commencement, 
is  that  of  the  third  method  of  treatment. 

The  third  method  sets  about  matters  in  a  wholly  different 
way.  Proceeding  from  the  common  ground  before  mentioned 
it  lays  great  stress  on  the  idea  of  projective  relations  between 
ranges  or  pencils  and  of  collinear  and  correlative  relations 
between  two  planes  whether  different  or  coincident.  Here  as 
in  the  first  method  the  student  may  have  plenty  of  use  for  his 
ruler  and  pencil.  The  subject  only  is  different.  Here  he  takes 
four  points  JL,  J5,  (7,  D  and  four  other  points  -4',  J5',  C",  Z>'  and 
constructs  corresponding  points  P  and  P'  in  the  collineations 
thus  defined,  or  he  takes  four  lines  a,  6,  c,  d  and  constructs 
correlative  points  and  lines  P  and  p  or  inversely  q  and  Q. 
These  exercises  are  but  preliminary.  The  important  case  is 
that  of  a  correlaiimi  which  is  involutory,  in  which  if  P  is  cor- 
relative to  Pj  then  inversely  p  is  correlative  to  P.  Such  an 
involutory  correlation  is  called  a  polarity.  The  correlative 
points  and  lines  are  the  poles  and  polars  of  the  polarity. 

As  yet  conies  have  not  been  defined.  The  definition  is  given 
as  follows :  The  locus  of  those  points  in  the  polarity  which  lie 
upon  their  own  polars  {if  such  points  exist)  is  a  conic.  Or  the 
envelope  of  those  lines  in  the  polarity  which  pass  through  their 
own  poles  (if  such  line  exist)  is  a  conic.  These  two  definitions 
lead  to  the  same  curve.  The  demonstrations  that  this  curve  is 
a  conic  according  to  the  other  definition  of  methods  1^  and  2^, 
that  the  poles  and  polars  with  regard  to  the  polarity  are  poles 
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and  polars  with  regard  to  the  conic,  and  all  the  usual  theorems 
concerning  conies  and  poles  and  polars  follow  immediately  with 
great  directness  and  simplicity. 

The  disadvantage  which  has  been  attributed  especially  to 
this  method  is  its  difficulty.  There  certainly  is  difficulty  in  the 
method  either  for  the  student  or  for  the  instructor.  If  the  lat- 
ter is  content  to  follow  hard  in  the  footsteps  of  von  Staudt  or 
even  directly  after  Enriques  or  C.  A.  Scott  the  student  will 
have  difficulty:  This  method  has  not  been  so  trampled  smooth, 
so  laid  out  with  problems  as  the  older.  But  if  the  instructor 
will  only  apply  himself  to  obtaining  graded  exercises  for  the 
student,  if  he  will  be  content  to  go  slowly  and  carefully,  he  will 
find  that  in  the  end  he  will  have  covered  as  much  ground  as 
easily  and  comprehensibly  to  the  student,  as  if  he  had  kept  to 
either  of  the  other  methods. 

And  the  advantages,  whether  on  the  score  of  beauty  and 
power  or  on  that  of  the  insight  affiDrded  to  the  student  into  the 
subject  of  projective  geometry,  are  alike  great.  For  it  must 
have  been  observed  that  the  fundamental  difference  in  the  three 
methods  is  the  relative  importance  in  them  of  the  idea  of  the 
transformation — the  projective  transformation,  whether  coUinea- 
tion  or  correlation — ^and  in  particular  the  involutory  projective 
transformation.  In  the  first  method  only  so  much  knowledge 
of  transformations  is  needed  as  will  enable  one  to  associate  cor- 
responding rays  in  two  pencils,  in  the  second  the  elementary 
properties  of  involutions  on  a  conic  are  required,  in  the  third 
the  important  fundamental  notions  of  collineation  and  correla- 
tion are  indispensable. 

For  the  last  thirty  years,  or  to  be  more  precise,  since  the 
publication  of  Klein's  Erlangen  Programm  in  1872,  there  has 
been  no  reason  why  geometers  should  not  recognize  distinctly 
—  although  they  have  often  been  slow  to  do  so  —  that  the 
fundamental  thing,  next  to  the  axiom,  is  the  transformation  or 
groups  of  transformations.  In  projective  plane  geometry, 
whether  the  treatment  be  analytic  or  synthetic,  the  important 
thing  is  the  group  of  collineations  G^  plus  the  correlations  T^, 
The  conic,  a  projective  concept  in  itself,  belongs  essentially  to 
this  group  and  may  be  treated  most  appropriately  in  connection 
with  it.  Von  Staudt's  great  achievement  was  to  see  this  and 
publish  it  in  1847,  a  quarter  century  before  the  appearance  of 
Klein's  Erlangen  Programm.  It  is  for  the  geometers  who 
follow  him  so  to  arrange  his  method  that  it  shall  be  easily  acces- 
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sible  to  students  without  being  changed  so  essentially  as  to  lose 
its  chief  vantage  points. 

We  may  note  in  passing  that  in  other  fields  than  projective 
geometry  as  much  if  not  greater  sloth  in  adopting  the  trans- 
formation theory  and  its  benefits  is  exhibited.  How  many  a 
weary  page  of  Euclid's  elements  could  be  brightened  by  the  in- 
troduction of  the  theory  of  displacements  in  connection  with 
polygons  and  polyhedra  and  of  the  theory  of  inversion  in  con- 
nection with  circles  and  spheres.  How  many  a  useless  propo- 
sition could  be  replaced  by  one  full  of  promise  for  future  appli- 
cations. 

To  return  to  projective  geometry.  One  advantage  of  von 
Staudt's  method  has  been  seen  to  be  that  it  places  in  evidence  the 
importance  of  the  projective  group.  There  is  another  advantage 
which  might  at  first  seem  a  disadvantage.  It  is  this.  The 
conic  has  been  defined  subject  to  its  existence.  There  is  a 
large  class  of  polarities  which  yield  no  conic.  Analytically  they 
would  yield  an  imaginary  ellipse  of  the  type 

aV  +  6y  +  c»  =  0. 

But  in  these  polarities  a  great  number  of  theorems,  real  in 
every  detail,  hold  just  as  in  polarities  which  yield  a  real  conic. 
For  example,  the  theorem  that  the  six  vertices  of  two  triangles 
self-conjugate  in  the  same  polarity  lie  on  a  conic  is  evidently 
real  and  valid  for  any  sort  of  polarity.     So  with  other  theorems. 

It  is  evident,  therefore,  that  the  third  method,  which  in  all 
essentials  is  von  Staudt's,  affords  a  treatment  of  polarities  and 
consequently  of  conic  sections  which  is  independent  of  the  reality 
or  non-reality  of  those  conic  sections,  provided  only  that  the 
polar  field  defined  by  them  is  real.  This  means  that  we  have 
a  synthetic  method  for  treating  any  conic  section  which  would 
be  representable  analytically  by  an  equation  with  real  coeflS- 
cients.  Not  often  is  a  greater  generality  assumed  for  analytic 
methods. 

The  salient  advantages  of  von  Stand t's  method  are  then 
these :  First,  insistence  on  treating  projective  geometry  from 
the  standpoint  of  the  projective  group.  Second,  ability  to  treat 
in  a  similar  manner  all  conies,  real  or  imaginary,  which  define 
real  polar  fields.  The  disadvantages  are  a  supposed  difficulty 
and  indirectness.  The  latter  does  not  exist  and  the  former  would 
reduce  almost  to  nothing  if  half  the  attention  were  expended  on 
the  best  method  which  has  been  spent  on  the  worse. 
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I  say  the  best  method,  referring  to  von  Staudt's.  It  cer- 
tainly seems  at  present  the  best  not  only  of  those  known,  but 
of  any  which  may  be  invented.  For  what  more  or  better  ooald 
be  expected  of  any  purely  synthetic  method  than  that  which  is 
afforded  by  the  two  above  mentioned  salient  advantages  of  this. 
It  seems  scarcely  possible  that  any  synthetic  method  should 
treat  a  more  general  class  of  conies  or  treat  them  in  a  more  opn- 
cise  and  germane  manner. 

£kx)Lx  Normals  SupiRuruBE,  Paris, 
Nwembery  1902. 


BROWN'S  LUNAR  THEORY. 

An  Irdrodudory  Treatise  on  the  Lunar  Theory.     By  Ernest 

W.  Brown,  M.A.    Cambridge,  Eng.,  The  University  Press, 

1896.     xvi  +  292  pp. 

The  lunar  theory,  besides  containing  inherent  difficulties  of 
a  very  serious  character,  involves  such  a  mass  of  details  that  it 
is  only  with  a  great  deal  of  labor  that  one  can  get  a  satisfac- 
tory idea  of  it  from  the  original  memoirs.  The  essential  rela- 
tions and  differences  of  the  various  methods  are  obscured  as 
they  come  from  the  hands  of  their  authors  by  the  differences  in 
the  choice  of  variables  and  notations.  In  view  of  the  intrinsic 
value  of  the  subject  and  of  its  great  importance  as  the  best  test 
of  the  newtonian  law,  and  the  fact  that  advances  in  it  can 
hardly  be  hoped  for  from  one  who  is  not  familiar  with  what  has 
been  done  in  the  past,  the  desirability  of  a  treatise  starting  at 
the  very  foundations,  pointing  out  the  difficulties  which  are  en- 
countered and  the  methods  which  have  been  used  to  overcome 
them,  and  giving  the  essentials  of  the  most  important  processes 
employed  by  the  various  investigators  without  including  the 
almost  endless  details,  can  easily  be  appreciated.  This  book 
has  evidently  been  written  to  fill  this  need,  and  it  may  be  said 
at  once  that  Professor  Brown  has  attained  a  very  high  degree 
of  success. 

The  only  other  book  of  at  all  the  same  character  is  the  third 
volume  of  Tisserand's  M^anique  celeste,  which  is  devoted  to 
the  theory  of  the  motion  of  the  moon.  Tisserand^s  ideal  is 
somewhat  different,  in  that  he  aims  to  give  a  fairly  complete 
account  of  all  the  lunar  theories  of  particular  merit  which  have 
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been  developed.  Moreover,  his  third  volume  is  not  complete 
in  itself,  as  the  results  of  the  first  two  volumes  are  used  so  far 
as  they  are  needed. 

An  idea  of  the  contents  and  arrangement  of  Professor 
Brown's  treatise  can  be  obtained  from  the  titles  of  the  chapters^ 
which  are  in  their  order:  Force  functions,  The  equations 
of  motion,  Undisturbed  elliptic  motion,  Form  of  solution.  The 
first  approximation,  Variation  of  arbitrary  constants^  The  dis- 
turbing function,  De  Pont6coulant's  method,  The  constants 
and  their  interpretation,  The  theory  of  Delaunay,  The  method 
of  Hansen,  Method  with  rectangular  coordinates.  The  principal 
methods,  Planetary  and  other  disturbing  influences.  In  the 
table  of  contents  a  complete  enumeration  of  the  topics  treated 
is  given,  and  this  is  supplemented  by  a  general  index,  an  index 
of  authors,  a  reference  table  of  notation,  a  general  scheme  of 
notation,  and  a  comparative  table  of  notation.  From  this  it  is 
seen  that  the  work  has  been  arranged  so  as  to  make  its  reading 
as  simple  as  possible  for  the  beginner,  and  to  make  it  a  valu- 
able reference  work  for  those  who  may  be  familiar  with  the 
subject. 

The  care  with  which  the  preliminary  ground  has  been  gone 
over  has  put  the  actual  introduction  of  the  perturbations  due  to 
the  sun  far  along  in  the  book.  Thus,  the  reader  finds  himself 
compelled  to  read  six  chapters  before  he  gets  to  that  which  he 
is  continually  expecting.  It  might,  perhaps,  have  been  better 
to  have  put  the  long  chapter  on  the  variation  of  constants 
after  the  chapters  on  de  Pont^coulant's  method  and  the  con- 
stants and  their  interpretation.  This  would  have  remedied  to 
a  considerable  extent  that  which  in  any  case  is  apt  to  strain  the 
patience  of  the  reader.  Aside  from  the  possible  modification 
just  mentioned,  the  general  plan  of  the  book  could  scarcely  be 
improved. 

There  are  three  essentially  different  types  of  lunar  theory  — 
that  of  de  Pont^coulant,  that  of  Delaunay,  and  that  first  devel- 
oped by  Hill,  to  which  may  perhaps  be  added  that  of  Hansen 
as  containing  many  features  of  more  or  less  importance  different 
from  the  others.  That  of  de  Pont^coulant  and  most  of  his  pre- 
decessors consists  in  developing  certain  coordinates  in  periodic 
series  of  assumed  form  with  the  time  or  true  anomaly  as  argu- 
ment and  determining  the  coefficients  step  by  step  as  powers  of 
the  small  parameters  involved ;  that  of  Delaunay  consists  in 
applying  the   method  of  the  variation  of  parameters  in  the 
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canonical  form  over  and  over  in  such  a  way  as  to  remove  the 
most  important  parts  of  the  perturbative  function  ;  that  of  Hill 
consists  in  finding  very  accurate  particular  solutions  of  the  dif- 
ferential equations  afler  the  parts  depending  on  the  parallax 
of  the  sun,  the  eccentricity  of  the  earth's  orbit,  and  the  lati- 
tude of  the  moon  have  been  neglected,  and  then  finding  the  de- 
viations from  this  orbit  due  to  general  initial  conditions  and  the 
neglected  part  of  the  perturbative  function.  The  author  has 
wisely  treated  these  three  types  and  the  method  of  Hansen  in 
detail,  and  explained  the  others  briefly  by  their  relations  to 
them. 

A  number  of  typographical  errors  have  crept  in,  but  this 
could  scarcely  be  avoided  in  a  book  involving  so  many  com- 
plicated formulas.  Those  which  have  been  noticed  will  cause 
the  reader  no  trouble.  There  are  some  other  points  to  be  men- 
tioned, having  their  origin  for  the  most  part  in  the  imperfect 
state  of  the  lunar  theory  from  a  mathematical  standpoint  rather 
than  in  faults  of  presentation  of  well-established  methods. 
Thus,  in  the  exposition  of  de  Pont6coulant's  method,  which  is 
somewhat  diflTerent  from  the  original  yet  fairly  representative 
of  methods  of  this  type,  the  treatment  of  the  constants  of  in- 
tegration leaves  something  to  be  desired.  The  differential 
equations  for  motion  in  the  plane  of  the  ecliptic  are,  if  r  =1/m 
is  the  radius  of  the  moon's  orbit  and  v  her  longitude, 


H^ 


— d? "  ■•'  a  ^  m'Pi(«,  V,  e',  t), 

dv 

-ir  -—  hu^  =  7v?PJ^u,  V,  e,  t), 

a  and  h  are  constants  depending  on  the  initial  conditions,  m  is 
the  ratio  of  the  mean  motion  of  the  sun  to  that  of  the  moon, 
and  e  is  the  eccentricity  of  the  earth's  orbit.  If  the  right 
members  are  neglected,  ordinary  elliptic  motion  is  obtained. 
In  this,  w  is  a  periodic  series  whose  coefl&cients  are  polynomials 
in  the  eccentricity  of  the  moon's  orbit,  their  structure  depend- 
ing uniquely  on  the  form  of  the  differential  equations. 

If  the  coordinates  have  the  form  w  =  t^^,  +  Su,  v  =  v^  +  Sv, 
where  Sti  and  Sv  are  the  perturbations,  it  is  found  after  substi- 
tuting in  the  differential  equations  that  the  main  part  of  Bu  is 
defined  by  the  equation 
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1  (IPSu      ^  ,^,, 

The  general  solution  of  this  linear  equation  consists  of  two 
parts^  the  particular  integral  and  the  complementary  function. 
The  period  of  the  complementary  function  is  the  same  as  that 
of  the  first  periodic  term  in  the  elliptic  motion.  For  this 
reason  (see  pages  60  and  117)  the  complementary  function  is 
omitted,  or  rather  is  supposed  to  be  included  in  the  elliptic  term. 
This  is  of  course  allowable  since  the  coefficient  of  the  first 
elliptic  term  is  arbitrary,  but  it  is  not  evident  that  the  coeffici- 
ents of  the  higher  multiples  of  the  elliptic  argument  are  related 
to  this  modified  coefficient  of  the  first  term  precisely  as  they  are 
in  undisturbed  motion.  This  seems  to  be  assumed  tacitly,  and 
it  is  to  be  regretted  that  the  reason  for  it  is  not  given  if  it  is 
true.  The  fact  is  that  there  are  but  six  arbitrary  constants  in 
the  solutions  of  a  system  of  differential  equations  of  the  sixth 
order,  and  it  should  be  clearly  shown  how  all  of  the  constants 
can  be  expressed  in  terms  of  the  six  which  are  taken  as  the 
arbitraries.  Some  of  the  statements  in  Chapter  VII  might 
lead  a  careless  reader  to  infer  that  many  constants  may  be 
taken  arbitrarily.  It  would  have  been  clearer  if  the  statement 
had  been  made  that  the  constants  E  +  B  +  - --  and  similar 
combinations  should  in  the  final  results  be  set  equal  to  a  constant 
e^  rather  than  that  any  of  them  should  arbitrarily  be  set  equal 
to  zero.  Such  a  method  would  express  all  of  the  constants 
in  terms  of  six  arbitraries ;  at  the  end  transformations  would 
be  made  so  as  to  give  six  coefficients  any  desired  form.  This 
is  the  method  clearly  carried  out  by  Delaunay. 

Chapter  VIII,  which  is  devoted  to  a  discussion  of  the 
meaning  of  the  constants  (that  is,  the  coefficients  of  the  prin- 
cipal terms)  and  the  manner  in  which  they  are  determined,  is 
much  to  be  commended.  The  treatment  of  the  methods  of 
Delaunay  and  Hansen  is  also  quite  satisfactory. 

Chapter  XI  treats  of  the  methods  inaugurated  by  Hill  in 
his  celebrated  Researches,  and  of  the  extensions  to  the  terms 
of  higher  order  which  the  author  has  himself  carried  out  in 
numerous  important  memoirs.  It  is  unfortunately  called  the 
"  Method  with  rectangular  coordinates."  In  the  first  place  all 
of  the  earlier  methods  are  named  after  their  respective  authors 
and  there  is  .no  apparent  reason  why  it  should  not  be  done 
here,  especially  in  view  of  the  fact  that  its  whole  spirit  is 
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radically  different  from  that  of  any  previous  method.  In  the 
second  place  the  title  adopted  in  no  fundamental  way  charac- 
terizes the  method.  It  is  true  that  the  differential  equations 
are  at  first  written  in  rectangular  codrdinates  where  the  axes 
rotate  uniformly  ;  but  before  the  int-egration  is  begun  a  trans- 
formation is  made  to  complex  variables.  It  is  clear  that 
the  rectangular  coordinates  are  only  incidental  and  that  the 
final  equations  in  the  complex  variables  might  be  derived  with- 
out using  them  at  all.  Hill's  first  problem  was  to  find  very 
exact  particular  solutions  of  the  chief  parts  of  the  differential 
equations,  and  in  doing  this  he  used  two  important  artifices. 
The  first  was  to  remove  the  explicit  presence  of  the  time  in 
the  differential  equations  by  rotating  the  axes ;  the  second,  to 
reduce  the  differential  equations  to  the  bilinear  form  by  the  use 
of  complex  variables  in  order  that  the  task  of  finding  the  coeffi- 
cients of  the  solutions  might  not  be  hopelessly  involved. 
There  is  no  trouble  in  finding  the  coefficients  when  the  solu- 
tions of  differential  equations  are  developed  as  power  series  in 
the  independent  variable,  or  in  parameters,  but  the  general 
problem  of  finding  the  coefficients  when  the  solutions  are 
Fourier  series  presents  great  difficulties.  Hill  overcame  them 
with  rare  ingenuity  in  this  problem.  If  it  is  desired  to  give 
the  method  a  title  which  characterizes  it  the  method  of  the 
variational  orbit  might  be  used,  but  the  reviewer  suggests  as 
being  more  appropriate  that  it  be  called  the  method  of  Hill,  or 
the  Hill-Brown  method. 

In  developing  the  particular  solutions  of  the  restricted  dif- 
ferential equations  Brown,  and  Tisserand  also,  infer  their  form 
from  the  results  of  the  earlier  methods  in  the  lunar  theory. 
These  methods,  besides  not  having  been  proved  to  give  con- 
vergent series,  lead  to  expressions  of  the  same  form  for  general 
initial  conditions.  Now  the  particular  solutions  found  depend 
upon  particular  initial  conditions  for  their  existence.  Hill  cor- 
rectly inferred  their  character,  if  they  exist,  from  the  form  of 
the  differential  equations ;  and  he  proved  their  existence  by  the 
actual  construction  of  certain  nearly  periodic  orbits  by  me- 
chanical quadratures  and  an  appeal  to  the  analytic  continuity 
of  curves  when  considered  as  functions  of  the  initial  values  of 
the  variables.  It  seems  clear  that  Brown  and  Tisserand  have 
taken  a  backward  step  in  this  matter,  for  it  is  evident  that 
assumptions  should  be  introduced  as  sparingly  as  possible,  and 
that  an  ideal  method  is  complete  in  itself. 
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The  discussion  of  the  terms  which  depend  upon  the  ratio  of 
the  periods  of  the  moon  and  sun  and  the  first  power  of  the  eccen- 
tricity of  the  moon's  orbit  is  in  excellent  shape  for  one  to  get 
from  it  a  practical  command  of  the  ideas  which  Hill  developed 
in  his  memoir  in  the  Acta  McUhematica.  Yet  from  a  theo- 
retical point  of  view  it  would  have  been  better  to  have  proved 
the  existence  of  the  periodic  solutions  and  their  form,  or  at  least 
to  have  referred  to  places  where  such  proofs  are  given,  rather 
than  to  have  inferred  their  existence  and  character  from  earlier 
theories.  The  equations  which  give  these  terms  are  linear  and 
non-homogeneous  with  periodic  coefficients  and  the  properties 
of  their  solutions  are  now  well  known.  It  might  also  have 
been  remarked  that  there  are  other  methods  of  finding  the  co- 
efficients and  the  constant  which  determines  the  part  of  the 
motion  of  the  moon's  perigee  which  is  of  the  first  order  in  the 
eccentricity. 

A  very  interesting  phenomenon  occurs  in  the  literal  expan- 
sions of  the  coefficients  of  the  variational  terms.  If  the 
expansions  are  made  in  powers  of  m  (m  equals  about  -Jj.),  where 
m  is  the  ratio  of  the  mean  motion  of  the  sun  to  that  of  the 
moon,  the  series  converge  very  slowly.  But  if  the  expan- 
sions are  made  in  powers  of  m'  where  m'  =  »w/(l  —  wi/3) 
(therefore  m'  =  ^  nearly^  the  series  converge  with  great  rapid- 
ity. It  is  at  first  astonisning  that  so  slight  a  change  in  the 
parameter  should  have  such  important  results. 

The  most  important  parts  of  these  coefficients  come  from  the 
expansions  of  (6  —  4m  +  m*)~^  Hill  inquires  what  value  of 
a  must  be  substituted  in  the  equation  m'  «=  wi/(l  +  am)  so  that 
the  series  in  m'  shall  converge  most  rapidly.  Hill  says,  and 
Brown  repeats  the  statement,  that  it  is  easily  found  that  a  must 
be  given  the  value  —  ^.  It  is  not  stated  just  what  is  meant 
by  rapidity  of  convergence,  but  if  the  remainder  after  a  given 
number  of  terms  is  to  be  a  minimum  the  statement  is  not  per- 
fectly correct,  although  —  J  is  undoubtedly  the  most  con- 
venient value  to  give  a  in  the  case  in  hand.  If  m  had  a  value 
large  enough  the  series  would  actually  converge  more  slowly 
after  the  transformation. 

The  radius  of  convergence  of  the  series  in  m  is  i/6,  and  in  m', 
when  a  =  —  J,  i/l  8.  If  m  has  such  a  value  that  m'  >  v/3  m 
the  new  series  will  converge  less  rapidly  than  the  old.  The 
value  of  a  which  must  be  used  to  secure  a  minimum  for  the 
remainder  depends  upon  both  the  numerical  value  of  m  and 
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the  number  of  terms  taken.  Its  value  can  be  determined 
nearly  from  the  formulas  for  the  remainder  limited  by  in- 
equalities. 

Let  f(m)  =  (6  —  4m  +  m')""*  and  ^(wi')  be  the  same  function 
after  the  substitution  m'  =  ^/(l  +  «wi).  Let  p  represent  the  true 
radius  of  convergence  of /(m)  when  expanded  as  a  power  series 
in  m,  and  p'  the  corresponding  radius  when  <f>{m')  is  expanded 
as  a  power  series  in  m'.  Let  p^he  sl  real  positive  number  such 
that  Pj  </3.  Let  M  be  the  maximum  value  of  the  function 
/(m)  on  the  circumference  of  the  circle  whose  radius  is  p^.  As 
m  takes  all  the  values  on  the  circumference  of  this  circle  m' 
will  take  all  the  values  on  the  circumference  of  a  circle  whose 
radius  may  be  represented  by  p[.  The  maximum  value  of 
<t>{m')  on  this  circumference  is  also  M.  Let  RJjn,')  be  the 
remainder  of  the  series  in  m'  after  the  first  n  terms  have  been 
taken.     Then  BJm')  is  limited  by  the  inequality 


^(-) 

^>')<— H;.^ 


RJm')<  — i^^-for  all  \m'\  <p[. 


1-"* 


Consider  now  the  problem  of  making  RJrn')  a  minimum. 
Let  Pj  be  taken  as  the  numerical  value  of  m  ;  hence  M  is  de- 
fined by  the  given  value  of  m  and  the  form  of  the  function 
/(m),  and  is  a  constant  with  respect  to  the  proposed  transfor- 
mation. Without  an  absolute  minimum  being  insured  because 
of  the  presence  of  the  inequality,  RJm')  will  generally  be 
smaller  the  smaller  the  fraction  {m'/py/{l  —  m'/p)  is  made. 
This  fraction  depends  upon  a  as  the  arbitrary.  Let  it  be  rep- 
resented by  F{a),  The  necessary  condition  for  a  minimum  is 
dF(a)/da  =  0.  In  order  to  compute  this  derivative,  m'  and  p' 
must  be  expressed  in  terms  of  a.  From  the  equation  of  trans- 
formation m'  =  m/(l  +  am)  and  therefore  m  =  ^'/(l  —  awi')  and 

(6  —  4m  +  rn^^ 

=  (1  -  amj[6  -  4(1  +  3a)m'  +  (1  +  4a  +  6 a>'']-^ 

The  only  singularities  are  poles  and  it  follows  at  once  that 
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Now  forming  the  partial  derivative,  easting  out  the  common 
factors,  and  clearing  of  fractions  it  is  found  that 

12n(l  +  3a)(l  +  oLmf  —  Qnm{l  +  am)(l  +  4a  +  6a*) 
—  2  V6m{n  —  1)(1  +  3a)(l  +  am)i/l  +  4a  +  60* 

+  |/6(n  —  l)m(l  +  4a  +  6a^«  =  0. 

When  m  =  0  then  a  +  ^  =  0  is  a  simple  solution  of  this  equa- 
tion. Therefore  a  may  be  represented  as  a  power  series  of  the 
form 

a  =  —  J  +  a^m  +  ajfn^  -|-  . .  . 

which  converges  for  suflSciently  small  values  of  m.  Substitut- 
ing this  expression  in  the  preceding  equation  and  equating 
to  zero  the  coefficients  of  the  various  powers  of  m  it  is  found 
that 

-        l/2(n-l) 
«i  =  iV  ^loT"  ' 


whence 

^        m       l/2(n-l)m 

'^='"^  +  r8 108     +•••• 

Consequently  —  ^  is  the  limit  of  the  value  of  a  as  m  approaches 
zero.  As  m  is  very  small  in  the  lunar  theory  this  value  of  a 
is  very  satisfactory,  and  particularly  so  as  it  changes  the  tri- 
nomial into  a  binomial. 

To  illustrate  the  matter  consider  a  numerical  example  with 
a  large  value  of  m,  say  w  =  ^.  Then  let  the  remainder  be 
considered  after  three  terms  are  taken,  or  n  —  1  =  3.  It  fol- 
lows that  a  =  —  .318650,  m  =  .594760,  and  (6  —  4m  +  m*) 
=  .235294.     Now  it  is  easily  found  that 

[6  -  4m  +  m*] "^  =  \{l  +  fm  +  ^7^1*)+  iJ^W, 

and  when  a  =  —  J 

[6  _  4m  +  m']  ">  =  J(l  +  |m'  +  ^m'*  )  +  R',{m'), 

and  when  a  =  —  .318650 

[6  _  4m  +  m*]-'  =  ^(1  +  fm'+  .065345m'')  +  i2,(m'). 
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It  is  found  by  substituting  the  numerical  values  that 

R^{m)  =  .001498, 
ij;(m')= -.001373, 
JS/m')  = -.001310. 

These  few  terms  are  only  enough  to  illustrate  the  matter. 

The  object  of  a  literal  expansion  of  the  coefficients  is  doubt- 
less to  enable  one  to  compute  them  most  conveniently  for 
various  values  of  the  parameter  which  may  arise  in  practice. 
In  the  lunar  theory,  where  alone  there  is  any  demand  for 
extended  computations,  the  parameter  m  is  known  with  a  high 
degree  of  accuracy.  If  it  were  exactly  known  there  would  be 
no  occasion  for  these  expansions  for  use  in  the  lunar  theory, 
since  the  power  series  possess  no  theoretical  advantages  over 
the  series  of  fractions  either  when  retained  literally  or  when 
reduced  to  numbers. 

If  the  numerical  value  is  given  to  m  on  the  start  the  labor 
of  computing  the  coefficients  is  enormously  reduced,  but  they 
admit  of  no  direct  corrections  for  improved  values  of  the  para- 
meter. But  if  ttIq  represents  the  approximate  value  of  m 
which  is  at  present  known,  and  if  the  substitution  m  =  m^  -f-  m' 
be  made,  a  series  will  be  obtained  in  m'  which  will  converge 
extremely  rapidly  because  of  the  smallness  of  this  parameter. 
A  very  few  terms  will  be  sufficient  to  give  the  results  correctly 
to  many  decimals  for  any  value  of  m'  which  is  apt  to  appear 
necessary  to  use.  For  practical  application  in  the  lunar  theory 
this  preserves  all  the  generality  attained  in  using  m  and  secures 
most  of  the  convenience  of  using  numbers  from  the  start.  The 
unfavorable  features  are  that  the  numerical  coefficients  can- 
not be  expressed  as  ordinary  fractions  and  the  trinomial 
(6  —  4m  +  m^)  remains  a  trinomial  after  the  transformation. 
However,  if  the  substitution 

m„  -I-  m' 
1  -|-  am 

is  used,  the  a  may  be  determined  so  that  the  trinomial  shall 
reduce  to  a  binomial  after  which  the  expansion  may  be  made 
with  great  ease.  For  values  of  m  far  different  from  m^  the 
series  in  m'  converge  about  as  rapidly  as  those  in  m. 

Chapters  XII  and  XIII,  which  treat  briefly  of  the  principal 
theories  other  than  those  considered  earlier  in  the  text  and  of 
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the  effects  of  planetary  and  other  disturbing  influences^  are 
much  to  be  commended  except  the  paragraph  in  the  center  of 
the  last  page.  In  this,  the  astonishing  statement  is  made  that^ 
because  the  moon^s  orbit  shrinks  as  the  eccentricity  of  the 
earth's  orbit  decreases^  the  moon  would  fall  on  the  earth  if  the 
earth's  orbit  became  circular.  Obviously  a  variable  may 
always  decrease  without  having  zero  as  its  limit,  and  in  this 
case  the  incorrectness  of  the  conclusion  is  quite  evident. 

In  recapitulation  it  may  be  said  that  Professor  Brown  has 
written  a  very  satisfactory  treatise  on  the  lunar  theory,  the 
faults  being  for  the  most  part  those  which  have  their  origin  in 
the  inherent,  and  up  to  the  present  unsolved,  difficulties  of  the 
subject.  There  is  no  better  source  of  information  for  one  who 
wishes  to  acquaint  himself  with  this  celebrated  field  of  investi- 
gation. F.  E.  MOULTON. 

Ths  Univsbsity  of  Chicago, 
November  J  1902. 


THE  DOCTRINE  OF  INFINITY. 

Die  GrundacUze  und  da8  Wesen  des  Unendllchen  in  der  Mathe- 

matik  und  Phihsophie,     Von  Dr.  K.  Geissler.     Leipzig, 

Teubner,  1902.     4to,  417  pp. 

The  recent  tendency  toward  critical  investigation  of  the 
axioms  underlying  mathematical  sciences  has  led  to  the  neces- 
sity of  discussing  the  philosophical  basis  of  the  whole  mathe- 
matical structure,  and  it  is  to  be  hoped  that  more  attention  will 
be  given  the  subject  from  a  purely  philosophical  standpoint. 

The  announcement  of  a  book  treating  the  old  stumbling 
block  of  the  infinite  from  both  the  mathematical  and  the  phi- 
losophical points  of  view  was  therefore  of  the  greatest  interest, 
and  the  character  of  the  book  was  apparently  guaranteed  by 
the  excellent  reputation  of  the  publishers.  But  the  book  — 
though  not  lacking  in  a  certain  kind  of  interest — is  in  sev- 
eral respects  most  surprising,  and,  as  we  shall  see,  somewhat 
disappointing. 

The  first  296  pages  are  devoted  to  mathematical  investiga- 
tions, and  we  shall  consider  these  alone.  A  great  variety  of 
topics  are  treated,  such  as  the  parallel  axiom,  indeterminate 
forms,  tangents,  limits,  derivates,  velocity,  curvature  and  many 
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other  problems  involving  continuity.  It  is  not  here  proposed  to 
discuss  these  subjects  in  detail,  but  to  confine  ourselves  to  one 
serious  matter,  which  the  author  regards  as  fundamental  and 
which  certainly  affects  the  whole  of  his  reasoning.  This  is  his 
introduction  of  certain  (fixed)  infinitely  great  and  infinitely 
small  numbers  (or  segments  in  geometry). 

There  are  two  reasons  for  considering  the  subject  seriously. 
In  the  first  place  it  is  common,  in  certain  elementary  treatises 
on  the  calculus,  to  introduce  such  infinitely  small  quantities  and 
to  deal  with  them  under  the  name  of  "  differentials."  From 
the  standpoint  of  mathematical  pedagogy,  it  is  certainly  of  vital 
importance  to  discover  to  what  conclusions  the  introduction  of 
such  numbers  leads,  both  with  regard  to  the  correctness  of  using 
them  at  all  and  with  regard  to  the  effect  upon  the  student's 
conceptions  and  his  mode  of  thought.  Secondly,  from  the 
point  of  view  of  the  foundations  of  mathematics,  it  is  interest- 
ing to  investigate  the  axioms  tacitly  assumed  and  to  see  just 
what  axioms  (of  the  usual  set)  may  be  retained  and  what  new 
axioms  need  be  added  in  the  logical  treatment  of  such  infinitely 
great  and  infinitely  small  quantities,  capable  of  assuming  fixed 
constant  values. 

One  of  the  axioms  generally  accepted  in  both  arithmetic  and 
geometry  is  that  of  Archimedes,  which  may  be  stated  for  arith- 
metic as  follows:  Given  any  two  positive  numbers  a  and  6,  of 
which  b  is  the  greater ^  there  exists  a  certain  positive  integer  n,  such 
that  a+  a  +  a  +  •  •  •  (n times)  >  6. 

Passing  over  the  first  few  pages  of  the  book,  which  are 
intended  for  very  elementary  students,  we  find,  on  page  35,  in 
direct  violation  of  Archimedes's  axiom,  the  introduction  of  a 
certain  positive  (+  ^)  number  S,  termed  an  "infinitely  small'' 
number,  such  that 

S  +  S  +  S  +  . . .  (n  times)  <  1 

for  any  (finite)  integer  n.  And  the  "  fundamental  theorem  "  is 
repeatedly  stated  (e.  ^.,  page  141)  as  follows  :  "  The  product  of  a 
finite  quantity  and  an  infinitesimal  is  always  infinitesimal "  ; 
while  on  page  66  it  is  stated  that  "  the  concept  of  an  infinitesimal 
does  not  coincide  exactly  with  zero."  * 

These  statements  explicitly  deny  the  axiom  of  Archimedes, 
though  the  author  does  not  mention  the  fact.     Nor  will  the 

*  See  also  p.  46 ;  and  p.  90,  where  an  infinitesmal  unit  is  considered. 
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non-€Uclidean  geometer  protest  against  a  geometry  in  which 
certain  usual  axioms  are  expressly  violated,  provided  the  fact  of 
such  violation  is  constantly  kept  in  mind  and  no  appeal  what- 
ever is  made  to  ordinary  geometry.  In  particular,  one  axiom 
which  is  at  the  basis  of  all  considerations  of  continuity  in  the 
ordinary  sense  having  been  rejected,  we  naturally  expect  a 
thorough  research  of  the  axioms  of  continuity  which  are  as- 
sumed to  hold.  We  shall  see  that  the  author  has  unfortunately 
not  adhered  to  such  a  programme. 

No  result  of  the  book  can  then  be  accepted,  even  for  a  non- 
euclidean,  non-archimedean,  geometry.  But  it  is  interesting  to 
note  that  some  of  the  results  obtained  are  such  as  actually  do 
hold  in  the  non-archimedean  geometry  actually  constructed  by 
Hilbert,  in  his  Grundlagen  der  Greometrie. 

If  we  consider  as  our  realm  of  numbers  all  the  rational  func- 
tions of  a  certain  parameter  (,  and  define  "  equality,''  "  greater 
than,"  and  "  less  than  "  by  the  rule/(^)  >,  =,  <  g(t)  according 
as/(<)  —  g{{)  >,  =,  <0  for  all  sufficiently  large  positive  values 
of  ty  then  all  the  axioms  of  arithmetic  (see  Hilbert,  page  26), 
except  the  axiom  of  Archimedes,  are  satisfied.'" 

We  find,  for  instance,  in  the  book  in  hand,  on  page  62,  that 
"  a  ratio  of  two  infinite  [or  infinitesimal]  numbers  of  the  same 
class  is  a  finite  number,  *  *  *  and  a  product  of  two  infinite 
numbers  of  the  same  class  is  not  finite,  but  is  infinite  [or  infini- 
tesimal] of  another  class."  Arrangement  into  classes  might 
be  made  by  the  rule  that  numbers  of  any  one  class  satisfy, 
among  themselves,  the  axiom  of  Archimedes.  It  is  then  readily 
seen  that  the  above  statement  holds  true  in  Hilbert's  non-archi- 
medean geometry.     The  two  numbers 

bjr  +  6..,r->  +  •  •  •  +  60  ^/  +  d.-i^""'  +  •  •  •  +  d, 

are  of  the  same  class  if  m  —  n^ir  —  a.  Their  quotient  is  of 
the  class  (m  —  n)  —  (r  —  «)  =  0,  and  is  hence  "  finite,"  i.  e.,  in  ' 
the  same  class  with  1  ;  while  their  product  is  of  class  (m  —  n) 
+  (r  —  «)  which  is  neither  zero  nor  equal  to  (m  —  n)  unless 
m  —  n  =r  0.  This  latter  exceptional  case  corresponds  to  the 
statement  (page  62) :  ^'  The  class  of  finite  numbers  is  that  in 
which  the  product  and  the  ratio  of  any  two  numbers  of  the 
class  again  belongs  to  the  class "  —  which  holds  for  positive 

♦The  form  is  slightly  difiFerent  from  Hilbert' s. 
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numbers.  We  are  also  informed  that  the  choice  of  which  class 
is  to  be  considered  finite  is  not  at  our  disposal. 

On  page  177  the  author  says  "the  motion  of  sliding"  — 
(presumably  continuous  motion  in  euclidean  space)  '^  is  to  be 
thought  of  not  in  general,  but  only  for  a  certain  class  of  seg- 
ments at  a  time."  The  notion  expressed  practically  amounts 
to  saying  that  the  complete  (non-archimedean)  geometry  as- 
sumed does  not  permit  of  continuous  motion  in  the  ordinary 
sense.  The  author  is  at  great  pains  elsewhere*  to  explain 
away  the  difficulty  that  a  passage  from  "finite"  to  '* infinite" 
[or  to  "  infinitesimal "]  numbers,  for  instance,  can  be  affected 
ndther  by  a  sudden  spnng,  nor  yet  wUhoxd  such  a  spring.  That 
he  has  violated  a  fundamental  axiom  of  continuity,  and  hence 
cannot  expect  his  geometry  to  be  continuous  in  the  ordinary 
sense,  is  not  made  clear. 

Again,  on  page  194,  for  example,  the  author  is  surprised  to 
find  himself  in  difficulties  with  such  words  as  "  continuous," 
^^  hole-less,"  etc.,  as  applied  to  space.  And  he  declares  that  a 
segment  (in  geometry)  or  a  number  (in  arithmetic),  when  added 
to  a  (greater)  second,  "  does  not  alter  the  value  of  the  second 
except  when  it  is  of  the  same  class."  And  on  the  next  page 
(195):  "for  this  reason  and  only  for  this  reason  we  shall  be 
correct  if  we  consider  in  any  discussion  the  numbers  (or  seg- 
ments) of  any  one  class."  But  this  is  returning  to  archimedean 
geometry,  and  relinquishing  our  previous  violation  of  the  archi- 
medean axiom.  And,  unfortunately  for  this  assertion,  numbers 
and  segments  of  different  classes  are  treated  in  the  same  discus- 
sion constantly  throughout  the  book  (see  pages  28,  29,  61,  59, 
77,  etc.). 

Finally  we  find,  on  page  196,  "  the  limit  of  a  (finite)  variable 
»  is  a  region  (precisely  expressed,  a  region  of  finiteness) ;  and 
this  region  is  infinitely  small,  but  otherwise  arbitrary." 

Such  are,  indeed,  in  part,  the  necessary  conclusions  of  a  non- 
archimedean  geometry.  But  it  should  be  carefully  noted  that 
such  results  have  nothing  to  do  with  euclidean  geometry,  L  6., 
with  space  as  ordinarily  conceived  and  treated.  It  is  the 
author's  lack  of  appreciation  of  this  fact,  and  his  constant 
appeal  to  the  intuition  (and  to  even  much  less  strict  meta- 
physical persuasion)  which  robs  the  book  of  any  value  what- 
ever, even  as  a  discussion  of  non-archimedean  geometry.  Even 
the  archimedean  axiom  itself  seems  to  be  used  implicitly  at 

*See  e.  gr.,  p.  10. 
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points,  in  assuming  that  the  geometry  is  continuous  in  the 
ordinary  sense,  but  the  arguments  are  so  intermingled  with 
intuitional  conclusions  that  it  is  wholly  impossible  to  decipher 
just  what  axioms  the  author  is  implicitly  assuming.  It  is 
scarcely  necessary  to  state  that  the  discussions  of  limits,  infinite 
series,  the  parallel  axiom,""  derivates,  etc.,  are  riddled  with 
errors;  and  the  minor  matters  treated  are  no  less  free  from 
gross  mistakes.  That  Leibniz's  ideas  of  infinity  are  the  near* 
est  approach  to  the  ideas  of  this  book,  as  the  author  frequently 
asserts,  is  in  itself  a  sufficient  condemnation. 

The  moral  of  the  book  concerns  the  thoughtless  introduction 
of  "  diflferentials ''  in  our  ordinary  books  on  elementary  calculus.t 
A  "differential,*' treated  as  an  "infinitesimal/'  or  "infinitely 
small  quantity,"  is  precisely  a  non-archimedean  number ;  and 
no  reasoning  can  be  applied  to  a  system  of  numbers  in  which 
such  "infinitesimals"  occur  without  an  investigation  of  the 
extraordinary  properties  of  such  a  non-archimedean  (non-euclid- 
ean)  arithmetic  (or  geometry). 

On  the  other  hand,  if  differentials  are  to  be  introduced  in  the 
calculus,  we  may  do  so  (in  two  dimensions)  by  considering  the 
perfectly  finite  quantities 

etc.,  where  Aas  is  a  certain  fixed  finite  increment  of  x  chosen  at 
pleasure.  Such  a  treatment  can  be  made  perfectly  rigorous, 
and  the  advantages  (if  any  such  exist)  of  the  differential  nota- 
tion can  be  preserved,  while  our  geometry  and  arithmetic 
remain  euclideau  and  archimedean.  But  the  differentials  here 
considered  are  perfectly  finite  quantities,  with  no  taint  of  pecu- 
liarity or  obscurity. 

The  errors  in  conceptions  and  in  modes  of  thought,  induced 
in  a  student  by  the  use  of  differentials  in  a  loose  sense,  are  well 
illustrated  by  the  nature  of  the  conceptions  of  this  author. 
And  on  serious  consideration  the  treatment  of  calculus  by  the 
use  of  "  infinitely  small "  differentials  must  be  discarded  %  by 

*  A  ''proof '  of  this  axiom  is  given  on  p.  26.  The  author  states  that  previ- 
ous proon  are  lacking  in  rigor  I 

t  And  to  a  minor  extent,  the  ordinary  calculus  treatment  of  indeterminate 
forms,  and  of  infinite  series. 

X  This  statement  of  course  presupposes  that  the  elementary  course  on  the 
calculus  is  to  be  based  on  euclidean  geometry,  and  is  to  use  intuitive  proofs  of 
theorems  involving  continuity  and  limits,  to  some  extent 
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any  sincere  writer  as  totally  illogical  in  itself,  and  baneful  in 
its  effects  upon  the  student. 

While  this  is  but  one  phase  of  the  book  in  hand,  it  is  the 
most  important  phase,  to  which  all  else  is  made  subordinate. 
We  will  then  note  but  one  other  point :  namely,  that  the  author 
protests  against  a  violation  of  the  axiom  that  two  points  always 
determine  a  straight  line  (page  44),  but  assumes  that  ^'  a  whole 
is  greater  than  a  part "  even  when  the  "  whole  "  in  question  is 
infinite  (page  19).  In  both  particulars  the  modern  tendency 
is  certainly  quite  the  opposite. 

The  philosophical  portion  of  the  book  will  not  be  criticised 
here,  but  it  is  scarcely  felt  that  a  philosopher  would  care  to  be 
sponsor  for  the  statements  made  —  certainly  not  for  the  style 
in  which  they  are  presented.  The  philosophical  views  of 
mathematical  thought,  and  in  particular  of  infinity  and  infini- 
tesimals, must  surely  take  into  account,  however,  the  positive 
results  now  in  the  possession  of  mathematicians  regarding  the 
effect  of  the  violation  of  the  archimedean  axiom  upon  our 
system  of  axioms  and  upon  our  conceptions  of  space. 

E.  R.  Hedrick. 
Sheffield  Scientific  School, 
November^  1902. 


SOME  EECENT  GERMAN  TEXT-BOOKS  IN 
GEOMETRY. 

Lehrbuch  der  Elementar-Geometrie.  Erster  TheUy  Planimetrie, 
Von  Dr.  E.  Glinzer.  Siebente  Auflage.  Dresden,  Kuht- 
mann,  1899.     4to,  120  pp. 

Grundrisa  der  Geometrie.  I.  PUinimdrie.  Von  J.  H.  KtJHL. 
Zweite  Auflage.     Dresden,  Kiihtmaun,  1900.     4to,  95  pp. 

Lehrbuch  der  Stereomettie.  Von  Dr.  P.  Sauerbeck.  Stutt- 
gart, Kroner,  1900.     4to,  291  pp. 

Die  Elemente  der  analytischen   Geometrie.     Zweiter    Theil:  Die 
analytische    Geometrie   des   Raumea,     Von    Dr.   F.  Rudiou 
Dritte,  verbesserte  Auflage.     Leipzig,  Teubner,  1901.     4to, 
vi  +  186  pp. 
The  authors  of  the  first  two  texts  are  connected  with  the 

institution  in  Hamburg  known  as  the  Allegemeine  Gewerbe- 

schule  und  Baugewerkschule.     One  might  expect  accordingly 
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a  general  disregard  of  anything  approaching  euclidean  rigor  in 
their  treatment  of  the  subject.  In  fact^  no  precise  statement  of 
axioms  or  definitions  is  anywhere  to  be  found  in  either  book. 
The  parallel  axiom^  as  such,  does  not  appear  at  all.  Dr.  Glinzer 
gives  Euclid's  form,  viz.:  If  two  lines  are  cut  by  a  third  so  that 
the  sum  of  the  interior  angles  on  one  side  is  less  than  a  straight 
angle,  these  lines  will,  if  sufficiently  produced,  meet  on  that 
side  —  as  a  prapoaitiony  the  proof  following  it  involving  com- 
parison of  infinite  areas.  The  trivial  nature  of  this  proof  is, 
however,  emphasized  by  the  setting  in  small  type.  The  other 
author  assures  the  pupil  that  the  proof  of  the  proposition :  If 
two  lines  are  cut  by  a  third  under  equal  alternate  interior  angles, 
the  lines  are  parallel,  does  not  necessarily  imply  the  truth  of  the 
converse,  but  the  correctness  of  the  latter  is  easil;^  established 
graphically. 

Irrational  numbers  receive  scant  attention,  the  propositions 
involving  incommensurable  lengths  being  regarded  as  relatively 
unimportant.  The  word  "  limit "  is  not  mentioned  at  all,  but 
the  pupil  is  told  ofi^-hand  to  apply  the  formulae  for  regular  poly- 
gons to  the  case  when  the  number  of  sides  become  infinite. 

All  of  this  goes  to  show  that,  in  this  German  industrial 
school,  the  fects  of  geometry  are  to  be  learned  at  any  cost,  the 
development  of  the  student's  logical  faculties  being  a  matter  of 
secondary  importance.  A  geometric  sense  must  be  cultivated 
and  the  feeling  instilled  in  the  learner  that  drawing  a  figure  is 
often  half  the  battle  in  proving  a  theorem  in  geometry.  To 
this  end,  much  attention  is  paid  to  constructive  geometry,  a 
feature  worthy  of  imitation  in  American  texts. 

In  extent  the  subject  matter  is  much  the  same  as  the  tradi- 
tional plane  geometry.  Type  and  figures  are  clear,  but  hardly 
up  to  the  standard  of  our  best  American  books. 

In  the  preface  to  Dr.  Sauerbeck's  volume  the  author  registers 
his  opinion  that  "  the  first  object  of  solid  geometry  is  the  culti- 
vation of  space  intuition."  With  this  view  the  reviewer  is 
heartily  in  agreement,  and  he  believes  that  the  usual  American 
text-book  contributes  very  little  to  this  end.  For  the  stress  is 
felt  by  the  student  to  be  laid  on  the/o?7M  of  proof,  and  not  on 
the  content  of  the  proposition.  After  a  strenuous  course  in 
plane  geometry,  it  may  be  assumed  that  euclidean  form  and 
rigor  in  demonstration  have  been  acquired,  and  in  the  remainder 
of  the  course,  emphasis  should  be  put  not  on  logical  develop- 
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ment  and  sequence  of  propositions,  but  on  the  facts  of  solid 
geometry  and  spatial  relations.  The  traditional  course  in 
American  colleges  supplementing  the  usual  requirement  in 
plane  geometry  for  this  reason  results  in  a  paltry  addition  to 
the  sum  of  the  student's  knowledge  of  geometry.  How  much 
greater  would  be  the  gain  in  power  if  an  amount  of  ground 
could  be  covered  similar  to  that  presented  in  Dr.  Sauerbeck's 
textl  For  in  pages  1-59  the  author  discusses  the  usual 
theorems  involving  metrical  relations  of  planes  and  lines^  but 
in  addition  such  of  the  elements  of  projective  geometry  as 
naturally  arise  in  the  consideration  of  central  projection^  the 
principle  of  duality,  etc.  Next  follows  a  section  on  crystal- 
lography, well  done  but  of  doubtful  value.  Section  V,  pages 
84-133,  treating  of  the  polyhedral  angle  and  the  sphere,  is  quite 
complete,  including  radical  planes,  axes,  centers  of  similitude, 
etc.  Following  this  (pages  133-211)  surfaces  of  revolution  are 
discussed,  and  in  this  section  the  subject  of  conic  sections  finds 
consideration,  together  with  stereographic  projection  and  appli- 
cations. The  closing  pages  treat  of  mensuration.  In  these  the 
theorem  of  Cavalieri  is  assigned  its  proper  place  beside  the 
method  of  exhaustion.  One  wonders  why  this  extremely  simple, 
evident  and  powerful  theorem  has  won  no  plac^  in  American 
texts.  The  theorems  of  Guldin  are  proven,  but  seem  out  of 
place,  at  least  in  their  general  form.  The  very  general  class  of 
solids  known  as  Simpson's  solids  furnish  an  excellent  example 
in  cubature,  and  give,  as  analogous  formulae  in  the  plane,  the 
well-known  Simpson's  rule  for  quadrature.  A  commendable 
feature  of  the  book  is  the  large  number  of  exercises,  solved  and 
unsolved. 

To  repeat,  the  position  of  the  author  seems  to  the  reviewer 
a  very  strong  one,  and  it  is  to  be  hoped  that  the  coming  years 
will  show  a  departure  from  the  present  prevalent  practice  of 
teaching  solid  geometry  in  our  colleges  after  the  manner  of  the 
secondary  schools. 

Dr.  Rudio's  book,  with  its  companion  volume  on  the  plane, 
is  deservedly  popular  in  Germany.  Evidence  of  great  care  and 
thoroughness  in  writing  is  everywhere  abundant  throughout 
the  volume,  and  the  result  is  a  most  excellent  text.  The  prin- 
ciple of  projection  is  adopted  most  wisely  as  fundamental,  and 
the  fixing  of  the  algebraic  sign  of  lengths,  areas  and  volumes 
carefully   treated.     The  author  has  kept  strictly  within  the 
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limits  set  by  the  title,  the  book  closing  with  a  discussion  of  the 
elementary  properties  of  quadrics^  such  as  tangent  planes, 
diameters,  rectilinear  generators,  etc.  The  collection  of  exer- 
cises is  large,  and  figures  and  type  are  clear  and  attractive. 

Pekcey  F.  Smith. 
Sheffield  Scientific  School, 
December^  1902. 


NOTES. 


The  opening  (January)  number  of  volume  4  of  the  Tranaao- 
iiona  of  the  American  Mathematical  Society  contains  the 
following  papers :  "  Orthocentric  properties  of  the  plane  n^ 
line,"  by  Frank  Morley  ;  "  Definitions  of  a  field  by  inde- 
pendent postulates,"  by  L.  E.  Dickson;  *' Definitions  of  a 
linear  associative  algebra  by  independent  postulates,"  by 
L.  E.  Dickson;  "Two  definitions  of  a  commutative  group 
by  sets  of  independent  postulates,"  by  E.  V.  Huntington  ; 
"  Definitions  of  a  field  (Korper)  by  sets  of  independent  postu- 
lates," by  E.  V.  Huntington  ;  "  On  the  invariants  of  difier- 
ential  forms  of  degree  higher  than  two,"  by  C.  N.  Haskins  ; 
Ueber  die  Reducibilitat  der  Gruppen  linearer  homogener 
Substitutionen,"  by  Alfred  Loewy;  "The  quartic  curve 
as  related  to  conies,"  by  A.  B.  Coble  ;  "  The  cogredient  and 
digredient  theories  of  multiple  binary  forms,"  by  Edward 
Kasner  ;  "  On  the  envelopes  of  the  axes  of  a  system  of  conies 
passing  through  three  points,"  by  R.  E.  Allardice;  "A 
Jordan  curve  of  positive  area,"  by  W.  F.  Osgood. 

The  January  number  (volume  25,  number  1)  of  the  Anier" 
loan  Journal  of  Maihematws  contains :  "  The  parametric  rep- 
resentation of  the  tetrahedroid  surface,"  by  D.  N.  Lehmer  ; 
"  On  ternary  monomial  substitution  groups  of  finite  order  with 
determinant  db  1,"  by  E.  B.  Skinner  ;  "  On  forms  of  uuicursal 
sextic  scrolls,"  and  "  On  forms  of  sextic  scrolls  of  genus  one," 
by  Virgil  Snyder;  "Note  on  symmetric  functions,"  by  E. 
D.  Roe,  Jr. 

The  number  contains  a  portrait  of  Professor  L.  Cremona. 

The  lectures  delivered  by  Professor  Oskar  Bolza  before 
the  colloquium  of  the  American  Mathematical  Society  at 
Ithaca,  N.  Y.,  in  August,  1901,  will  be  published  early  in  the 
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spring  as  one  of  the  supplementary  volumes  of  tne  Decennial 
publications  of  the  University  of  Chicago,  under  the  title :  "Lec- 
tures on  the  calculus  of  variations." 

The  committee  on  definitions  of  college  entrance  require- 
ments in  mathematics,  appointed  by  the  American  Mathe- 
matical Society  at  the  summer  meeting  held  at  Evanston, 
September,  1902,  presented  to  the  Council,  on  December  29,  a 
tentative  report,  in  the  form  of  a  memorandum.  In  this  memo- 
randum are  defined  the  requirements  in  algebra,  plane  geometry, 
solid  geometry,  higher  algebra,  and  plane  trigonometry.  Alge- 
bra covers  the  elementary  subject  through  the  progressions,  with 
the  note  that  a  college  finding  it  impracticable  to  meet  this  nor- 
mal requirement  is  advised  to  demand  algebra  through  quadrat- 
ics, and  that  a  college  preferring  to  hold  two  examinations  is 
advised  to  make  the  division  immediately  before  quadratic 
equations.  Plane  geometry  is  defined  as  including  the  usual 
theorems  and  constructions  of  good  standard  text-books,  the 
solution  of  original  exercises,  applications  to  problems  of 
mensuration  of  lines  and  of  plane  figures,  and  to  loci  problems. 
Solid  geometry  is  similarly  defined.  Higher  algebra  is  taken 
to  cover  permutations  and  combinations,  applications  of  the 
principle  of  mathematical  induction,  theory  and  use  of  loga- 
rithms (not  involving  infinite  series),  determinants,  elements  of 
the  theory  of  equations  (with  graphic  methods).  Homer's 
method,  elements  of  the  theory  of  complex  numbers  (with 
graphic  representation,  limited  to  sums  and  differences).  Plane 
trigonometry  is  defined  to  include  the  six  functions  as  ratios ; 
the  proofs  of  principal  formulas,  in  particular  the  sine,  cosine 
and  tangent  of  ^  db  ^  and  of  2Ay  and  the  product  expressions 
for  the  sum  or  the  difference  of  two  sines  or  of  two  cosines ; 
the  properties  of  logarithms  and  the  use  of  tables ;  the  solution 
of  triangles,  with  applications. 

The  first  winter  meeting  of  the  American  association  for 
the  advancement  of  science  was  held  at  Washington,  D.  C, 
during  convocation  week,  December  29,  1902,  to  January  3, 
1903.  Among  the  oflBcers  elected  for  the  present  year  are : 
President  of  the  Association,  Carroll  D.  Wright;  Vice- 
President  of  Section  A,  A.  H.  Tittmann;  Secretary  of 
Section  A,  L.  G.  Weld.  The  next  meeting  of  the  Associa- 
tion will  be  held  at  St.  Louis  in  convocation  week,  1903- 
1904. 
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At  the  meeting  of  the  London  mathematical  society  held 
on  December  11,  1902,  the  following  papers  were  read:  By 
Professor  L.  E.  Dickson  :  (1)  "  The  abstract  group  simply 
isomorphic  with  the  group  of  linear  fractional  transformations 
in  a  Gralois  field ; "  (2)  "  Generational  relations  of  an  abstract 
simple  group  of  order  4080;''  by  Dr.  H.  F.  Baker:  (1) 
'^  On  the  calculation  of  the  finite  equations  of  a  continuous 
group,"  (2)  "On  the  int^ration  of  linear  differential  equa- 
tions," (3)  "  On  some  cases  of  matrices  with  linear  invariant 
factors ; "  by  Professor  M.  J.  M.  Hill  :  "  The  continuation  of 
the  power  series  for  arcsin  x'/^  by  Mr.  E.  T.  Whittaker  : 
"  The  functions  associated  with  the  parabolic  cylinder  in  har- 
monic analysis ; "  by  Mr.  H.  M.  Macdonald  :  "  Some  ap- 
plications of  Fourier's  theorem ; "  by  Rev.  F.  H.  Jackson  : 
"  Series  connected  with  the  enumeration  of  partitions ; "  by  Mr. 
W.  H.  Young  :  **Sets  of  intervals,  part  ii :  overlapping  inter- 
vals ; "  By  Mr.  G.  H.  Hardy  :  "  On  the  expression  of  the 
double  zeta  and  gamma  functions  in  terms  of  elliptic  func- 
tions ; "  by  Mr.  J.  H.  Grace  :  •'  Perpetuants  (second  paper)." 

Oxford  University. — The  following  courses  in  mathe- 
matics are  announced  for  Hilary  term,  1903  :  By  Professor  W. 
EssoN  :  Comparison  of  analytic  and  synthetic  methods  in  the 
geometry  of  conies,  two  hours ;  Synthetic  geometry  of  cubics, 
one  hour. — By  Professor  E.  B.  Elliott  :  Elements  of  elliptic 
functions,  two  hours. — By  Professor  A.  E.  H.  Love  :  Attrac- 
tions and  electrostatics,  two  hours ;  Theory  of  potential,  one 
hour. — By  Mr.  A.  L.  Dixon  :  Calculus  of  finite  differences, 
one  hour. — By  Mr.  J.  E.  Campbell  :  Algebra  of  quautics,  one 
hour. — By  Mr.  P.  J.  Kirkby  :  Higher  plane  curves,  two  hours. 
— ^By  Mr.  C.  H.  Sampson  :  Solid  geometry  (continued),  two 
hours. — By  Mr.  C.  E.  Haselfoot  :  Theory  of  equations,  one 
hour. — ^By  Mr.  J.  W.  Russell  :  Pure  geometry,  two  hours. 
— By  Mr.  C.  Leudesdorf  :  Greometry  (maxima  and  minima, 
inversion,  etc.),  two  hours. 

At  the  annual  public  meeting  of  the  Paris  academy  of  sci- 
ences, held  on  December  22,  1902,  the  following  mathematical 
prizes  were  awarded :  Grand  prize,  3,000  francs,  Ernest 
Vessiot  ;  very  honorable  mention,  Jean  Le  Roux  ;  Bordin 
prize,  3,000  francs,  not  awarded ;  very  honorable  mention, 
W.  DE  Tannenberg;  Francoeur  prize,  1,000  francs,  ^mile 
Lemoine  ;  Poncelet  prize,  2,000  francs,  Maurice  d'Ocagne  ; 
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Extraordinary  prize  of  6,000  francs,  divided  between  M.  Roma- 
zoTTi  and  M.  Drienoourt. 

The  International  congress  of  historical  sciences,  which  was 
projected  to  be  held  at  Eome  in  April,  1902,  but  was  afterward 
postponed,  will  meet  in  that  city  on  April  2-9,  1903.  Eight 
sections  have  been  arranged,  of  which  the  last  is  devoted  to  the 
history  of  mathematical,  physical,  natural  and  medical  sciences. 
The  invitations  to  participate  in  section  VIII  are  issued  by  a 
committee  of  which  Professor  Gino  Loria  of  Genoa  is  the  rep- 
resentative of  the  interests  of  pure  mathematics.  Information 
concerning  the  congress  may  be  obtained  by  addressing  the 
Segretariato  generale  del  congresso  internazionale  di  scienze 
storiche,  Collegio  Eomano,  via  del  Collegio  Bomano,  26,  Home. 

The  press  of  Girardi  and  Audebert,  of  Dole,  France,  has 
recently  issued  a  circular  of  information,  in  English,  for  the 
benefit  of  American  and  other  foreign  students  who  contem- 
plate attending  the  French  universities.  The  circular  covers 
particularly  the  questions  of  matriculation  and  degrees,  but  it 
also  gives  valuable  information  concerning  the  various  univer- 
sity centers.  The  Report,  just  issued,  of  the  U.  S.  (Commis- 
sioner of  Education,  1901,  volume  1,  page  1113,  gives  similar 
information. 

The  first  annual  Sitzwngsbericht  of  the  Berlin  mathematical 
society,  has  been  reprinted  from  the  Archiv  der  McUhemcUik  und 
Physiky  and  published  separately.  Presumably  it  is  intended 
to  issue  these  proceedings  annually  in  this  form. 

The  following  academic  appointments  and  promotions  have 
recently  been  announced :  Dr.  Albert  Benteli  has  been 
appointed  professor  of  geometry  in  the  University  of  Bern.  Dr. 
A.  SucHARDA  has  been  made  professor  of  mathematics  in  the 
Bohemian  Technical  high  school  at  Briinn.  Dr.  V.  Varicak 
has  been  made  professor  of  mathematics  in  the  University  of 
Agram.  M.  Guitton^  of  the  lyc^  at  Caen,  has  been  ap- 
pointed to  a  lectureship  in  mathematics  in  the  faculty  of  sci- 
ences in  that  city ;  M.  Zoreiti  to  an  instructorship  in  mathe- 
matics in  the  Ecole  normale  sup^rieure,  Paris. 

Among  recently  elected  foreign  members  of  the  Royal  So- 
ciety are  Dr.  G.  W.  Hill  and  Professor  Gaston  Darboux. 
The  Society  has  awarded  its  medal  to  Professor  Horace  Lamb 
for  his  investigations  in  mathematical  physics. 
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Professor  Luiqi  Cremona,  of  Eome,  has  been  elected  a 
foreign  member  of  the  American  academy  of  arts  and  sciences, 
of  Boston. 

Professor  C.  Segre,  of  Turin,  has  been  elected  an  honorary 
fellow  of  the  Cambridge  philosophical  society. 

Mr.  G.  T.  Walker,  fellow  and  lecturer  of  Trinity  College, 
Cambridge,  has  been  appointed  director-general  of  the  Indian 
meteorological  bureau. 

Lieutenant  Max  Genty,  known  through  numerous  mathe- 
matical contributions,  died  at  Toulon  on  October  24,  aged  35 
years. 

The  name  of  the  eminent  Russian  mathematician  whose 
death  was  noticed  on  page  223  of  the  January  number  of  the 
Bulletin   should  have   been   printed   Professor  Nikolaus 

BUGAIEV. 

B.ECENT  catalogue  of  second-hand  mathematical  works  :  Fr. 
Strobel,  Jena;  general  science,  including  mathematics,  1012 
titles. 


NEW    PUBLICATIONS. 

I.     HIGHER   MATHEMATICS. 

Abel  (N.  H.).  Festskrift  ved  Hundredaafsjubilaeet  for  Niels  Henrik 
Abels  F5dsel.  Christiania,  1902.  4to.  357  pp.  2  portraits,  6 
facsimiles.  M.  14.50 

Abhandlungen  zur  Geschichte  der  mathematischen  Wissenschaften  mit 
Einschluss  ihrer  Anwendungen,  begrUndet  von  M.  Cantor.  Heft  14. 
Inhalt:  A.  A.  Bj5mo,  Studlen  liber  Menelaos'  Sph&rik;  Beitrftge 
zur  Greschichte  der  Sphilrik  und  Trigonometrie  aer  Griechen;  H. 
Suter,  NachtrUge  und  Berichtigungen  zu  "  Die  Mathematiker  und 
Astrononien  der  Araber  und  ihre  Werke " ;  K.  Bopp,  Antoine 
Arnauld,  der  grosse  Arnauld,  als  Mathematiker.  Leipzig,  Teubner, 
1902.      Svo.      8  +  338  pp. 

Ahi.  (F.).  Untersuchungen  Uber  geodfttische  Llnien.  Kiel,  1901.  Svo. 
50  pp.  M.  1.50 

Bjobko  (A.  A.).     See  Abhandlungen. 
Bopp  (K.).      See  Abhandlungen. 

GeigenmIjlleb  (R.)'  Leitfaden  und  Aufgabensammlung  zur  hOheren 
Mathematik;  fUr  technische  Lehranstalten  und  den  Selbstunterricht 
bearbeitet.  Vol.  I:  Die  analytische  Geometrie  der  Ebene  und  die 
algebraische  Analysis.  6te  Auflage.  Mittweida,  Polytechnische 
Buchhandlung,    1902.       Svo.       7 -|- 302    pp.       Cloth.  M.    6.50 
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Gesnet  (N.)-  Untersuchimg  zur  Variationsrechnung.  Ueber  eine 
neue  Methode  in  der  Variationsrechnung.  (Dis8.)  G5ttingen, 
1902.      8vo.      75  pp. 

Gbeineb  (A.).  Ueber  orthogonale  Invarianien  der  Kurven  dritter 
Ordnung  mit  unendlich  fernem  Doppelpunkt  und  ihre  geometrische 
Bedeutung.       (Diss.)      Jena,  1902.      8vo.      41  pp. 

Hedrick  (E.  R.).  The  English  and  French  translations  of  Hilbert's 
Grundlagen  der  Geometric.  8vo.  1902.  {Bulletin  of  the  Ameri- 
can Mathematical  Society   (2)    9,  pp.  158-165.) 

Hettneb   (G.).      See  Weiebstbass   (K.). 

KNOBL.VUGH  (J.).     See  Weiebstbass  (K.). 

KoENiGSBEBGEB  (L.).  Hermann  von  Helmholtz.  Vol.  I.  Braun- 
schweig, Vieweg,  1902.     8vo.     12  -|-  376  pp.,  3  portraits.        M.  8.00 

KuTTA  (W.).  Beitrage  zur  nftherungsweisen  Integration  totaler  Dif- 
ferentialgleichungen.      (Diss.)      Mttnchen,  1901.      8vo.      19  pp. 

LoBET  (W.).  Ueber  das  geometrische  Mittel,  insbesondere  liber  eine 
dadurch  bewirkte  Annilherung  kubischer  Irrationalitftten.  (Diss.) 
Halle,  1902.     4to.     27  pp. 

LuDWio  (W.).  Die  Hordpterkurve,  mit  einer  Einleitung  in  die  Theorie 
der  kubischen  Raumkurve.  Halle,  Schilling,  1902.  8vo.  36  pp. 
( Mathematische  Abhandlungen  aus  dem  Verlage  mathematischer 
Modelle  von  M.  Schilling  in  Halle  a.  S.  Neue  Folge,  No.  3.) 

M.  1.00 

Nebnst  (W.)  und  Schonflies  (A.).  Einftthnmg  in  die  mathematische 
Behandlung  der  Naturwissenschaften.  Kurzgefasstes  Lehrbuch  der 
Differential-  und  Integralrechnung  mit  besonderer  Berilcksichtigung 
der  Chemie.  3te  Auflage.  Mthichen  und  Berlin,  Oldenbourg,  1902. 
8vo.  M.   10.00 

Pascal  (E.).  I  gruppi  continui  di  trasf ormazioni ;  parte  generate 
della  teoria.  Milano,  Hoepli,  1903.  16mo.  11  +  358  pp. 
(Manuali  Hoepli.) 

.    Lezioni  di   calcolo  infinitesimale.      Parte   II:    Galcolo  integrale. 

2a  edizione,  completamente  riveduta.     Milano,  Hoepli.  1902.     16mo. 
8  +  329  pp.  (Manuali  Hoepli.) 

Pebby  (  N.  ) .  Das  Problem  der  konformen  Abbildung  f (Ir  eine  specielle 
Kurve  von  der  Ordnung  3n.      (Diss.)      Mttnchen,  1901.     8vo.  34  pp. 

RououET  (V.).  Etude  g^m^trique  des  surfaces  dont  les  lignes  de 
courbure  d'un  systfeme  sont  planes  et  dgales.  Marseille,  1902.  4to. 
43  pp. 

Schonflies  (A.).  See  Nebnst  (W.). 

Stephansen  (M.  a.  E.).  Ueber  partielle  Differentialgleichun^n  4ter 
Ordnung,  die  ein  intermediftres  Integral  besitzen.  Kristiania, 
Cammermeyer,  1902.      8vo.      80  pp.  M.  2.80 

SuTEB  (H.).     See  Abhandlungen. 

Weiebstbass  (K.).  Mathematische  Werke.  Vol.  IV:  Vorlesungen 
iiber  die  Theorie  der  Abelschen  Transcendenten.  Bearbeitet  von 
G.  Hettner  und  J.  Knoblauch.  Berlin,  Mayer  &  MUller,  1902.  4to. 
14  +  832  pp.  M.  40.00 

Wobneb  (  K.  ) .     Ueber  eine  besondere  Gattung  von  Gruppen.     Freiberg, 
1902.      8vo.     36  pp.  M.  1.20 


Digitized  by  VjOOQIC 


1903.] 


NEW   PUBLICATIONS.  277 


II.     ELEMENTARY    MATHEMATICS. 


Agouni  Ugolini  (  G.  ) .  La  geometrica  od  esatta  divisione  sessagesimale 
della  circonferenza,  ossia  la  scoperta  deirangolo  di  un  grado;  geo- 
metrica inscrizione  nel  circolo  dei  poligoni  regolari  di  9  e  45  lati  e 
loro  consequenti;  dimostrazione  matematica.  Sanseverino-Marche, 
Bellabarba,  1002.      8vo.      15  pp. 

ASHTON  (C.  H.)  and  !Ma.B6U  (W.  R.).  Plane  and  spherical  trigonome- 
try; an  elementary  text-book.  New  York,  Scribner,  1902.  8vo. 
10  -f  157  pp.     Cloth. 

Babdey  (E.).  Anleitung  zur  Aufldsimg  eingekleideter  algebraischer 
Aufgaben.  2te,  v511ig  umgearbeitete  Auflage  von  F.  Pietzker. 
Leipzig,  Teubner,  1903.      8vo.      8  -|-  169  pp.  Cloth.  M.  2.60 

6£gh£  (A.).     See  DusBAUX  (E.). 

BoBTKEViCH  (I.).  Elementary  trigonometry,  with  exercises  and  prob- 
lems.    3d  edition.     St.  Petersburg,  1902.     4to.     94  pp.      (Russian.) 

M.  3.00 

Bbiggs  (W.).  Matriculation  advanced  algebra  and  geometry;  required 
for  Syllabus  in  advanced  mathematics  of  London  University  matri- 
culation examination.  London,  Clive,  1902.  12mo.  332  pp.  Cloth. 
(University  tutorial  series.)  4s.  6d. 

Bbuce  (W.  H.).  Some  noteworthy  properties  of  the  triangle  and  its 
circles.     Boston,  Heath,  1902.      12mo.     28  pp.  $0.10 

COMBEBOUSSE  (C.  de).  Curso  de  matemdticas.  Vol.  I,  parte  1: 
Aritm^tica,  traducida  del  franco  por  E.  Prado,  para  uso  de  los 
alumnos  del   Colegio  militar   de   Chapultepec.      Mexico,   Gallegos, 

1902.  8vo.     242  pp. 

Cbawley  (  E.  S.  ) .  A  short  course  in  plane  and  spherical  trigonometry. 
Published  by  the  author.      8vo.      116 -|- 27  pp.      Cloth.  $1.00 

DussAux  (E.)  et  6£ch£  (A.).  Troisi^me  ann^e  de  gtom^trie  dans 
Venseignement  primaire  sup^rieur.  Paris,  Colin,  1902.  16mo. 
286  pp.       (Collection  J.  Boitel.)  Fr.  2.50 

Ebnst  (C.)  und  Stolte  (L.).  Lehrbuch  der  Geometrie  zum  Gebrauche 
an  Gymnasien,  Realschulen  und  anderen  hOheren  Lehranstalten. 
Teil  1:  Planimetrie,  nebst  einer  Sammlung  von  Aufgaben.  4te 
Auflage.      Strassburg,  Strassburger  Druckerei  und  Verlagsanstalt, 

1903.  8vo.      109  pp.      Boards.  M.  1.50 

F.  (F.).  G^m^trie  (cours  moyen) .  Paris,  Poussielgue,  [1902].  16mo. 
191  pp.    (Collection  d'ouvrages  classiques  r^ig^s  en  cours  gradu^.) 

Fobmulaibe  de  math^matiques  spdciales,  k  Tusage  des  candidats  aux 
^coles  polytechniques,  centrales,  des  mines,  des  ponts  et  chauss^es, 
etc.,  etc.  (Algfebre,  g^m^trie  analytique  k  deux  et  trois  dimen- 
sions, trigonometric,  m^anique.)  Paris,  Rudeval,  1902.  18mo. 
75  pp.  Fr.  1.25 

Gambioli  (D.).  Breve  sommario  della  storia  delle  matematiche,  con 
2  appendici  sui  matematici  italiani  e  sui  3  celebri  problem!  geo- 
metrici  dell'antichita.    Bologna,  1902.    12mo.     239  pp.  M.  2.60 
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Jagquet  (E.)  et  Laclef  (A.)-  Cours  de  g^om^trie  th^orique  et 
pratique,  avec  de  nombreux  exercices,  probl^mes,  applications,  etc., 
&  Tusage  des  ^oles  normales  d'inatituteurs  et  d'institutrices,  des 
^oles  primaires  sup^rieures,  des  ^coles  professioxmelles  et  des 
candidats  au  brevet  sup^rieur.  Paris,  Nathan,  1002.  16mo. 
488  pp. 

Jimenez  Rueda  (C).  Programa  de  geometrfa  m^trica.  Madrid, 
Suftrez,  1902.     8vo.     20  pp.      ( Universidad  central. )  Fr.  1.00 

KoppE  und  DiEKMANN.  Geometric  zum  Gebrauche  an  hSheren  Unter- 
richtsanstalten.  Tell  1  und  2  der  Planimetrie,  Stereometric  und 
Trigonometrie.  Ausgabe  filr  Reallehranstaltcn.  Teil  1.  (21ste 
Auflage.)  5te  Auflage  der  neuen  Bearbeitung  von  J.  Diekmann. 
4  +  248  pp.  Teil  2.  (18te  Auflage.)  2te  Auflage  der  neuen 
Bearbeitung  von  J.  Diekmann.  4  +  268  pp.  Essen,  Baedeker, 
1903.      8vo.      Cloth.  M.  4.80 

Lacuef  (A.).     See  Jaoquet  (E.). 

Lasala  t  Amizab.  Elementos  de  matemftticas.  Vol.  I:  Aritm^tica, 
240  pp.     Vol.  II:  Algebra,  304  pp.     Mexico,  Herrero,  1902.      8vo. 

$1.50 
Mac£  DE  LfipiNAT  (A.).     See  Vacquant  (C). 

Maiagodi  (A.).  Nozioni  d'algebra  elementare,  con  numerosi  esercizi 
e  problemi  ad  uso  delle  scuole  tecniche  e  del  ginnast.  3a  edizione 
migliorata.     Mirandola,  Cagarelli,  1902.      8vo.      77  pp.       Fr.  0.60 

Marsh  (W.  R.).     See  Ashton   (C.  H.). 

MABTiia  ZnccAGNi  (A.).  Trattato  di  algebra  elementare  ad  uso  degli 
istituti  tecnici.      Livomo,  Giusti,   1902.      8vo.      10  +  362   pp. 

Fr.  2.80 

Majteb  (J.  E.).  Das  mathematische  Pensum  des  Primaners.  Ein 
Hilfsbuch  fflr  den  Primaner  humanistischer  und  realistischer 
Gymnasien.  (In  10-12  Heften.)  Heft  I:  Progressionen,  Zinseszins- 
und  Rentenrechnung.      Freiburg  i.  B.,  Lorenz,  1902.      8vo.      62  pp. 

M.  1.00 

MuLLEB  (E.).  Lehr-  und  Uebungsbuch  der  ebenen  Geometric  mit 
besonderer  Berttcksichtigung  des  Zusammenhanges  zwischen  Lehr- 
satz  und  Konstruktionsauf gabe ;  fttr  Gymnasien  und  Realschulen. 
Berlin,  Winckelmann,  1903.      8vo.      6 +-172  pp.  M.   1.80 

NASSd  (M.).  Aritmetica  generate  ed  algebra  ad  uso  del  licei  secondo 
11  programma  govemativo  del  24  ottobre  1900,  con  copiose  note 
storiche,  molti  consigli  praticl  per  indirizzare  I'alunno  alia 
risoluzione  degli  esercizi,  piU  di  2200  esercizi  e  problemi  graduati 
da  risolvere  e  circa  400  esercizi  e  problemi  minutamente  risolti. 
2a  edizione,  interamente  rifatta.  Torino,  Tipografia  Salesiana, 
1902.      8vo.      504  pp. 

NiEWENOLOwsKi  (B.).  Cours  d'alg^bre,  ft  Tusage  des  61&ves  de  la 
classe  de  math^matiques  sp^iales  et  des  candidates  d.  I'Ecole 
polytechnique.  5e  Edition,  enti^rement  refondue.  Vol.  II.  Paris, 
Colin,  1902.     8vo.     492  pp.  Fr.  8.00 

Pavlov  (N.).  Methodology  of  the  elements  of  arithmetic,  for  the 
guidance  of  the  teacher.  Kazan,  1902.  8vo.  270  pp.  (Rus- 
sian.) M.  2.00 
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PiETZKEB  (F.).     See  Bardet  (E.). 

Prado  (E.).     See  Combeboussk  (C.  de.). 

PuBTEAB   (C).      See  Tatlob  (T.  U.). 

Shulin  (G.  I.).  Spherical  geometry  and  trigonometry.  2d  edition. 
St.  Petersburg,  1902.      8vo.      151   pp.       (Russian.) 

Spiekeb  (T.).  Lehrbuch  der  ebenen  Geometric  mit  Uebungsaufgaben, 
fUr  h5here  liehranstalten.  Ausgabe  C.  Abgekilrzte  Kurse.  2te 
Auflage.      Potsdam,  Stein,  1903.      8vo.      4  +  205  pp.  M.  2.00 

Stolte  (L.).     SeeEBNST  (C). 

Tatlob  (T.  U.)  and  Pubyeab  (C).  The  elements  of  plane  and  spher- 
ical trigonometry.    Boston,  Ginn,  1902.    8vo.     160  -f-  67  pp.    Cloth. 

$1.25 

Testi  (G.  M.).  Sulla  ricerca  di  ima  soluzione  di  una  equazione  di 
primo  grado  a  due  incognite.     Livomo,  Giusti,  1902.     Svo.     4  pp. 

.     Sulla  risoluzione  dei  sistemi  di  diseguaglianze.     Livomo,  Giusti, 

1902.     Svo.     7  pp. 

Vacxjuant  (C.)  et  Mag£  de  LApinay  (A.).  Elements  de  g4om6trie, 
d.  Pusage  des  classes  de  sciences.  2e  ^tion.  Premier  cycle 
(classes  de  cinqui^me,  de  quatri^me  et  de  troisi^me).  Paris,  Mas- 
son,  1903.     16mo.     435  pp. 

III.    APPLIED   MATHEMATICS. 

Alexandeb  (T.)  and  Thompson  (A.  W.).  Elementary  applied  me- 
chanics; with  numerous  diagrams,  and  a  series  of  graduated  ex- 
amples carefully  worked  out.  London  and  New  York,  Macmillan, 
1902.      Svo.      20  +  575  pp.      Cloth.  $6.26 

Auebbacu  (  F.  ) .  Die  Grundbegriffe  der  modemen  Naturlehre.  Leipzig, 
1902.      Svo.     4+156  pp.  M.  1.00 

Babchanek  (  K.  ) .  Lehr-  und  Uebungsbuch  der  darstellenden  Geometric. 
Leipzig,  1902.     Svo.     S  +  374  pp.     Cloth.  M.  6.00 

BiGELOW  (F.  H.).  Studies  on  the  statics  and  kinematics  of  the 
atmosphere  in  the  United  States.  Reprints  from  the  Monthly 
Weather  Review,  January  to  July,  1902.  Washington,  Weather 
Bureau,  1902.     4to.     4  +  62  pp. 

BiSKE  (F.).  Versuch  einer  Anwendung  hydrodynamischer  Unter- 
suchungen  auf  die  Protuberanzen  der  Sonne.  (Diss.)  Berlin, 
1901.      Svo.      37  pp. 

Bjebknes  (V.).  Vorlesungen  tiber  hydrodynamische  Femkrftfte  nach 
C.  A.  Bjerknes'  Theorie.  Band  II:  Versuch  Uber  hydrodynamische 
Femkr&fte;  Analogic  hydrodynamischer  Erscheinungen  mit  elektri- 
schen  oder  magnetischen.  Leipzig,  Barth,  1902.  Svo.  16  +  314 
pp.  M.   10.00 

BuBN  (J.)  and  Bbown  (E.  H.).  Elements  of  finite  differences,  also 
solutions  to  questions  set  for  part  I  of  the  examinations  of  the  In- 
stitute of  Actuaries.     London,  1902.     Svo.     Cloth.  78.  6d. 

Dbettub  (L.).     See  PoiNCABfi  (H.). 
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Engestrom  (F.  vox).  LiffSrsftkring.  Del  I  och  11:  BeiUkning 
af  premier  och  matematiska  vftrden;  fdrsflkringsvilkor  och  premier. 
Stockholm,  1902.      8vo.      124  +  158  pp.  M.  4.80 

Hecht  (K.).  Lehrbuch  der  reinen  und  angewandten  Mechanik  fttr 
Maschinen-  und  Bautechniker.  Vol.  Ill :  Die  graphischen  Methoden ; 
mit  225  Beispielen  und  einem  Anliang.  Dresden,  Ktihtmann,  1903. 
8vo.     7  +  600  pp.  M.  12.00 

KsAGH  (O.).  Studier  over  Pendulbevaegelsen.  KjObenhavn,  1902. 
Cloth.  M.  4.00 

Laurent  (H.).  Traits  de  perspective,  Sl  Tusage  des  peintres  et  des 
dessinateurs  de  profession  ou  des  personnes  qui  d^sirent  se  faciliter 
r^tude  du  dessin.     Paris,  Schmid,  [1902].     8vo.     76  pp. 

Le  Conte  (J.  N.).'  An  elementary  treatise  on  the  mechanics  of  ma- 
chiner}*^;  with  special  reference  to  the  mechanics  of  the  steam- 
engine.  New  York,  Macmillan,  1902.  12mo.  10  +  311  pp.,  15 
plates.      Cloth.  $2.25 

Parent  (L,).  Perspective  ^l^mentaire.  Paris,  Schmid,  [1902].  8vo. 
95  pp.,  36  plates. 

Poincar£  (H.).  Cours  de  physique  math^matique.  Figures  d'^quilibre 
d'une  masse  fluide;  lecons  professes  &  la  Sorbonne  en  1900, 
r^ig^s  par  L.  Dreyfus.     Paris,  Naud,  1902.     8vo.     215  pp. 

ScHLOTKE  (J.).  Lehrbuch  der  darstellenden  Geometric.  Teil  I: 
Specielle  darstellende  Geometric.  5te  (Titel-)  Auflage.  4+167 
pp.  Teil  II:  Schatten-  und  Beleuchtunglehre.  3te  Auflage.  60 
pp.  Teil  III:  Perspektive.  2te  Auflage.  5+133  pp.  Dresden, 
Kahtmann,  1002.     8vo.  M.  10.00 

.     Lehrbuch  der  graphischen  Statik.     Zum  Gebrauche  ftir  mittlere 

technische   Lehranstalten,   Bau-,   Maschinen-   und   Gewerbeschulen. 
2te  verbesserte  und  vermehrte  Auflage.    Dresden,  Ktihtmann,  1902. 

Thomson  (A.  W.).     See  Alexander  (T.). 

Trutat  (E.).  Traits  g^n^ral  des  projections.  2  vols.  Paris,  1902. 
8vo.  Fr.  12.00 
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[March,  1908.]  ninth  annual  meeting  of  TM^^t^i*]^[{^gt^^ 

,  ^    FEti  y.Cj  i'^'*? 

THE   NINTH    ANNUAL   MEETINGW^^jffiffi.  W^^^ 
AMERICAN   MATHEMATICAL  SOCIETY. 

The  Ninth  Annual  Meeting  of  tlie  American  Mathe- 
matical Society  was  held  in  New  York  City  on  Monday  and 
Tuesday,  December  29-30,  1902.  The  following  sixty-two 
members  were  in  attendance  at  the  four  sessions : 

Dr.  Grace  Andrews,  Mr.  C.  H.  Ashton,  Professor  Joseph 
Bowden,  Professor  E.  W.  Brown,  Dr.  A.  B.  Chace,  Professor 
A.  S.  Chessin,  Dr.  J.  E.  Clarke,  Dr.  A.  B.  Coble,  Dr.  A.  Cohen, 
Professor  F.  N.  Cole,  Professor  L.  L.  Conant,  Mr.  D.  R. 
Curtiss,  Dr.  W.  S.  Dennett,  Dr.  Otto  Dunkel,  Professor  T.  C, 
Esty,  Dr.  William  Findlay,  Professor  H.  B.  Fine,  Professor 
T.  S.  Fiske,  Dr.  G.  B.  Germann,  Dr.  G.  H.  Hallett,  Miss 
Carrie  Hammerslough,  Professor  James  Harkness,  Dr.  H.  E. 
Hawkes,  Dr.  E.  R.  Hedrick,  Dr.  A.  A.  Himowich,  Dr.  E.  V. 
Huntington,  Dr.  S.  A.  Joffe,  Dr.  Edward  Kasner,  Dr.  C.  J. 
Keyser,  Professor  Pomeroy  Ladue,  Professor  P.  A.  Lambert, 
Professor  J.  L.  Love,  Dr.  Emory  McClintock,  Professor  H.  P. 
IVIanning,  Professor  W.  H.  Metzler,  Mr.  H.  B.  Mitchell,  Pro- 
fessor E.  H.  Moore,  Professor  F.  Morley,  Professor  G.  D. 
Olds,  Professor  W.  F.  Osgood,  Professor  Anna  H.  Palmi^, 
Professor  James  Pierpont,  Professor  R.  W.  Prentiss,  Professor 
M.  I.  Pupin,  Dr.  I.  E.  Rabinovitch,  Professor  E.  D.  Roe,  Jr., 
Professor  Charlotte  A.  Scott,  Mr.  Burke  Smith,  Professor  D. 
E.  Smith,  Professor  P.  F.  Smith,  Dr.  H.  F.  Stecker,  Professor 
Irving  Stringham,  Dr.  W.  M.  Strong,  Professor  H.  W.  Tyler, 
Professor  E.  B.  Van  Vleck,  Dr.  Roxana  H.  Vivian,  Professor 
L.  A.  Wait,  Mr.  A.  C.  Washburne,  Professor  F.  S.  Woods, 
Professor  R.  S.  Woodward,  Professor  J.  W.  A.  Young,  Mr.  J. 
W.  Young. 

The  retiring  President  of  the  Society,  Professor  Eliakim 
Hastings  Moore,  presided  at  the  earlier  sessions,  being  relieved 
by  Vice-Presidents  Professor  F.  Morley  and  W.  F.  Osgood, 
and  giving  way  on  Tuesday  to  the  President-Elect,  Professor 
Thomas  Scott  Fiske.  The  Council  announced  the  election  of 
the  following  persons  to  membership  in  the  Society  :  Dr.  A.  B. 
Coble,  University  of  Missouri ;  Mr.  W.  A.  Cornish,  State 
Normal  School,  Cortland,  N.  Y.;  Dr.  A.  G.  Hall,  University 
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of  Michigan ;  Mr.  E.  L.  Hancock,  Purdue  University ;  Pro- 
fessor L.  M.  Hogkins,  Stanford  University  ;  Mr.  W.  D.  A. 
Westfall,  Yale  University ;  Mr.  W.  F.  White,  State  Normal 
School,  New  Paltz,  N.  Y.  Sixteen  applications  for  admission 
to  the  Society  were  received. 

Reports  were  presented  by  the  Librarian,  the  Treasurer,  and 
the  Auditing  Committee.  These  reports  will  appear  in  the 
Annual  Register,  now  in  press.  During  the  past  year  the 
membership  of  the  Society  has  increased  from  375  to  399 ;  the 
number  of  papers  presented  at  the  meetings  from  13o  to  156. 
The  total  attendance  at  all  meetings  was  266 ;  144  members 
attended  at  least  one  meeting.  The  library  now  contains  about 
1000  bound  volumes,  and  nearly  120  mathematical  journals  are 
regularly  received  in  exchange  forjhe  BuUetin  and  the  Trans- 
actions, A  catalogue  of  the  library  will  be  published  in  the 
Annual  Register. 

Coming  at  the  expiration  of  the  presidential  term  of  office, 
the  meeting  was  es|>ecially  marked  as  the  occasion  of  a  presi- 
dential address.  Under  the  title  :  "  On  the  foundations  of 
mathematics,"  the  retiring  President,  Professor  E.  H.  Moore, 
urged  the  desirability  of  the  Society  undertaking  to  exert  an 
effective  influence  on  the  teaching  of  elementary  mathematics. 
A  committee  of  the  Council  was  appointed  to  consider  this 
question. 

n,  which  closed  on  Tuesday  morning, 
id  other  members  of  the  Council  were 

Professor  Thomas  S.  Fiske. 
Professor  W.  F.  Osgood. 
Professor  Alexander  Ziwet. 
Professor  F.  N.  Cole. 
Dr.  W.  S.  Dennett. 
Professor  D.  E.  Smith. 

^xittee  of  Publication y 

r  F.  N.  Cole, 

r  Alexander  Ziwet, 

r  D.  E.  Smith. 

ncil  to  sen^e  until  December ,  1905, 

JESS,      Professor  Irving  Stringham, 
8CHKE,  Professor  H.  W.  Tyler. 
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The  following  papers  were  read  at  the  annual  meeting : 

(1)  Dr.  E.  V.  Huntington  :  "  A  complete  set  of  postu- 
lates for  the  theory  of  real  numbers  (second  pa|^r)." 

(2)  Dr.  E.  V.  Huntington  :  "  On  the  definitions  of  the 
elementary  functions  by  means  of  definite  integrals." 

(3)  Dr.  C.  J.  Keyser  :  "  On  the  axiom  of  infinity." 

(4)  Professor  G.  H.  Darwin  :  **  The  approximate  determi- 
nation of  the  form  of  Maclaurin's  spheroid." 

(5)  Professor  Harris  Hancock  :  **  Remarks  on  the  suffi- 
cient conditions  in  the  calculus  of  variations." 

(6)  Professor  L.  E.  Dickson  :  "  The  abstract  group  G 
simply  isomorphic  with  the  alternating  group  on  six  letters." 

(7)  Professor  E.  H.  Moore  :  Presidential  address  :  "On  the 
foundations  of  mathematics." 

(8)  Professor  \V.  E.  Taylor  :  "On  the  product  of  an  alter- 
nant and  a  symmetric  function." 

(9)  Professor  E.  D.  Roe,  Jr.  :  *^0n  the  coefficients  in  the 
product  of  an  alternant  and  a  symmetric  function." 

(10)  Professor  E.  D.  Roe,  Jr.  :  "On  the  coefficients  in  the 
quotient  of  two  alternants"  (preliminary  communication). 

(11)  Professor  E.  O.  Lovett  :  "  A  transformation  group  of 
(271  —  l)(n  —  1)  parameters,  and  its  r6le  in  the  problem  of  n 
bodies." 

(12)  Dr.  I.  E.  Rabinovitch  :  "  On  the  solid  lunes  of  conic- 
oids,  analogous  to  the  circular  lunes  of  Hippocrates  of  Chios." 

(13)  Dr.  E.  B.  Wilson  :  "  The  synthetic  treatment  of  conies 
at  the  present  time." 

(14)  Dr.  A.  B.  Coble:  "On  the  invariant  theory  of  the 
connex  (2,  2)  of  the  ternary  domain  viewed  as  a  connex  (1,1) 
in  a  five  dimensional  space." 

(15)  Dr.  Edward  Kasxer:  "The  general  quadratic  sys- 
tems of  conies  and  quadrics." 

(16)  Professor  W.  F.  Osgood  :  On  the  transformation  of 
the  boundary  in  the  case  of  conformal  mapping." 

(17)  Professor  W.  F.  Osgood  :  **  A  Jordan  curve  of  posi- 
tive area." 

(18)  Mr.  J.  W.  Young:  "On  the  autoraorphic  functions 
associated  with  the  group  of  character  [0,  3;  2,  4,  oo]"  (pre- 
liminary report). 

(19)  Mr.  R.  W.  H.  T.  Hudson:  "The  analytic  theory  of 
displacements." 
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(20)  Dr.  H.  E.  Hawkes:  "Enumeration  of  the  non- 
quaternion  number  systems." 

(21)  Dr.  H.  F.  Stecker:  "On  the  parameters  in  certain 
systems  of  geodesic  lines." 

(22)  Dr.  Edward  Kasner  :  "  The  generalized  Beltrami 
problem  concerning  geodesic  representation." 

(23)  Professor  Maxime  BScher:  "Singular  points  of 
functions  which  satisfy  partial  differential  equations  of  the 
elliptic  type." 

(24)  Mr.  G.  D.  Birkhoff  and  Mr.  H.  S.  Vandiver: 
"  General  theory  of  the  integral  divisors  of  a"  —  6*,  and  allied 
cyclotomic  forms." 

(25)  Professor  G.  A.  Miller  :  "  A  new  proof  of  the  gen- 
eralized Wilson  theorem." 

(26)  Professor     F.     Morley  :     "  On     the     determinant 

Professor  Darwin's  paper  was  communicated  to  the  Society 
through  Professor  E.  W.  Brown,  Professor  Taylor's  through 
Professor  Metzler,  and  Mr.  Hudson's  through  Professor  Mor- 
ley. Mr.  Vandiver  was  introduced  by  Professor  Crawley.  In 
the  absence  of  the  authors,  Professor  Darwin's  paper  was  read 
by  Professor  Brown,  Professor  Taylor's  by  Professor  Roe, 
Professor  Bdcher's  by  Professor  Osgood,  and  the  papers  of 
Professor  Hancock,  Professor  Dickson,  Professor  Lovett,  Dr. 
Wilson,  Mr.  Hudson  and  Professor  Miller  were  read  by  title. 

Dr.  Wilson's  paper  and  Professor  Osgood's  first  paper  ap- 
peared in  the  February  Bulletin.  The  papers  of  Professor 
Dickson  and  Mr.  Hudson  are  contained  in  the  present  number 
oif  the  Bulletin.  Abstracts  of  the  other  papers  are  given 
below.  The  abstracts  are  numbered  to  correspond  to  the  titles 
in  the  list  above. 

1.  The  two  sets  of  postulates  for  real  number  *  contained  in 
Dr.  Huntington's  present  paper  are  more  convenient  and 
natural  than  the  set  proposed  by  him  at  the  April  meeting 
(see  abstract  in  Bulletin,  volume  8,  page  371).  The  funda- 
mental concepts  involved  in  the  present  paper  are  1°  a  relation^ 
©,  in  which  one  element  may  stand  to  another  —  a  ©  b  being 
read  :  a  "  less  than  "  6  ;  2°  a  rule  of  combination^  e ,  according 
to  which  every  two  elements  a  and  6  of  a  given  assemblage  de- 

*Cf.  D.  Hilbert,  Jahreaber,  d.  Deutschen  Math.-Vereinigungf  yolume  8 
(1900),  page  180. 
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termine  uniquely  an  object  ae6  called  their  "sum  "  ;  and  3° 
another  ride  of  combination^  o ,  according  to  which  a  and  6  de- 
termine uniquely  an  object  a©  6  called  their  "  product.'^  Any 
assemblage  in  which  ©  and  e  are  so  defined  as  to  satisfy  the 
nine  postulates  of  the  first  set  below,  or  any  assemblage  in 
which  ©,  ®  and  o  are  so  defined  as  to  satisfy  the  thirteen 
postulates  of  the  second  set,  will  be  equivalent  to  the  system  of 
all  real  numbers  (positive,  negative  and  zero).  Each  set  is 
"  complete  *' ;  that  is,  the  postulates  of  each  set  are  (a)  con- 
sistent, (6)  independent,  and  (c)  sufficient  to  define  essentially  a 
single  assemblage. 

The  first  set  contains  the  following  postulates  : 

1.  If  a  =^  6  then  either  a  ©  6  or  6  ©  o. 

2.  If  a  ©  6  and  6  ©  c  then  a  ^  c. 

3.  The  relation  c  ©  c  is  false  for  at  least  one  element  c. 

4.  If  a  ©  6  then  there  is  an  element  x  such  that  a  ©  a?  and 
sc  ©  6. 

5.  If  S  is  an  infinite  sequence  of  elements  a^  such  that 

«*  ©  a^^i,     aj^Qo  (A  =  1,  2,  3,  . .  •) 

(where  c  is  some  fixed  element),  then  there  is  an  element  A 
having  the  following  two  properties  :  a^^  ©  J.  whenever  a^^  be- 
longs to  8  ]  and  if  ^'  ©  ^  then  there  is  an  element  a^  of  8 
such  that  A'  Q  a^. 

6.  If  a,  b  and  6ea  belong  to  the  assemblage,  then  a®b 
=s  b®a. 

7.  If  o,  6,  c,  a ©6,  6©c  and  a®(bBc)  belong  to  the  assem- 
blage, then  (o  ©  6)  ®  c  =  a  ©  (6  e  c). 

8.  For  every  two  elements  a  and  6  there  is  an  element  x 
such  that  a®x  —  b, 

9.  If  05  ©  y  then  a^x  ©  a©y. 

The  second  set  contains  these  nine  postulates  and  also  the 
following  four  : 

10.  The  product  a© 6  always  belongs  to  the  assemblage. 

1 1 .  First  distributive  law  :  a  o  (6  ©  c)  =  (a  o  6)  ©  (a  o  c). 

12.  Second  distributive  law  :  (a©6)oc  =  (aoc)©(6oc). 

13.  If  0  is  an  element  such  that  c©0  =  c  for  every  element 
c,  and  if  0  ©  a  and  0  ©  6,  than  0  ©  a  o  6. 

2.  The  usual  plan  of  defining  the  elementary  functions  first 
for  real  variables  and  afterwards,  by  a  process  of  generalization, 
for  complex  variables,  involves  much  unnecessary  repetition  in 
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the  proofs  of  many  of  their  properties.  In  Dr.  Huntington's 
second  paper  the  attempt  is  made  to  avoid  this  repetition  by 
defining  the  functions  once  for  all  for  the  most  general  case. 
In  the  first  place,  the  fundamental  theorems  concerning  definite 
integrals  along  a  path  in  the  complex  plane  (especially  Gour- 
sat's  theorem  that  the  integral  of  a  differentiable  function 
around  a  closed  path  is  zero)  are  rigorously  developed  without 
presupposing  any  knowledge  of  functions  of  a  real  variable, 
except  addition,  subtraction,  multiplication  and  division. 
Next,  log  z  is  defined  as  the  integral  of  dzjz  from  1  to  2,  and 
the  fundamental  relation  log  a  +  log  6  =  log  {ah)  obtained  by  a 
familiar  device.*  Then  <f  is  defined  as  the  inverse  of  logz, 
and  a^  as  e*' *"*''.  The  existence  and  properties  of  these  func- 
tions follow  immediately  for  the  most  general  case,  without 
separate  consideration  of  irrational  and  imaginary  values. 
Finally,  the  integration  of  such  functions  as  1/(1  +  z*)  and 
1/  1/1  —  «^  leads  very  naturally  to  the  definitions  of  tan-*  2  and 
sin""*  z  as  abbreviations  for  certain  logarithmic  expressions,  while 
tan  z  and  sin  z  appear  as  the  inverses  of  tan"*  z  and  sin"*  z  re- 
spectively. 

3.  Dr.  Keyser's  paper  undertakes  a  critical  examination  (1) 
of  Dedekind's  "theorem  of  complete  induction,"  and  (2)  of  the 
proofs  offered  by  Dedekind  and  Bolzano  of  the  so-called  exis- 
tence theorem  for  infinite  assemblages.  In  respect  to  (1),  it  is 
shown  that  that  theorem,  so  far  from  being  **  the  scientific  basis 
of  the  method  of  argument  called  complete  induction,"  can 
itself  be  proved  by  means  of  mathematical  induction  provided 
one  recognizes  that  our  faith  in  the  validity  of,  in  the  apodictic 
certainty  yielded  by,  this  argument  form  finds  adequate  justi- 
fication in  a  certain  a  priori  judgment  (apparently  first  formu- 
lated as  such  by  Poincar^),  here  called  the  axiom  of  infinity  and 
shown  to  be  a  presupposition  of  all  logical  discourse.  It  fol- 
lows that  against  all  such  "  proofs  "  as  are  referred  to  under 
(2)  there  must  lie  the  charge  of  circularity.  In  course  of  the 
article  several  theorems  in  the  doctrine  of  Ketten  are  estab- 
lished. 

4.  The  following  extract  indicates  the  nature  of  Profes- 
sor Darwin's  paper,  which  will  appear    in  the   Transactions: 

*Cf.  H.  Burkhardty  Analytische  Functionen,  p.  162,  and  an  article  by  J. 
W.  Bradshaw  about  to  appear  in  the  Anruds  of  Malhematica. 
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"Spherical  harmonics  render  the  approximate  determination  of 
the  figure  of  a  rotating  mass  of  liquid  a  very  simple  problem. 
If  p  be  the  density,  e  the  ellipticity,  and  to  the  angular  velocity 
of  the  spheroid,  the  solution  is 

0)2   _    8 

This  result  is  only  correct  as  far  as  the  first  power  of  the  ellip- 
ticity,  but  M.  Poincar6  has  recently  shown  (Philosophical 
Transactional  volume  198  A,  pages  333-373)  how  harmonic 
analysis  may  be  used  so  as  to  give  results  as  far  as  the  squares 
of  small  quantities ;  and  I  have  myself  used  his  suggestion  for 
the  determination  of  the  stability  of  the  pear-shaped  figure  of 
equilibrium  {Philosophical  Transactions,  volume  in  the  press). 

Both  these  papers  involved  the  use  of  ellipsoidal  harmonic 
analysis  and  it  would  be  rather  tiresome  to  extract  the  method 
from  the  complex  analysis  in  which  it  is  embedded.  It  there- 
fore seems  worth  while  to  treat  the  well-worn  subject  of 
Maclaurin's  spheroid  as  an  example  of  the  method  in  question." 

5.  Professor  Hancock's  paper  is  in  summary  as  follows.  In 
order  that  the  integral 


/=  rF{x,y,x',y')di, 


where  jP  is  a  regular  one- valued  function  of  its  arguments,  may 
have  a  maximum  or  minimum  value,  it  is  necessary  that  the  func- 
tion i^^have  the  two  properties  :  1°  It  must  be  homogeneous 
of  the  first  degree  in  x'  and  y' ;  2°  The  partial  derivatives 
8F/dx  and  dFjdy'  must  be  continuous,  even  if  there  are  sud- 
den changes  in  x  and  y' ,  We  have  further  the  four  condi- 
tions :  1°  The  differential  equation  G  =  0  must  be  satisfied 
for  every  point  of  the  curve  within  the  interval  t^-'-t^)  2° 
The  function  F^  must  retain  the  same  sign  within  the  interval, 
and  cannot  become  zero  or  infinite  within  this  interval;  3° 
There  cannot  be  conjugate  points  within  this  interval ;  4°  The 
function  E{x,  y,  p,  y,  p,  q)  must  always  have  the  same  sign 
within  the  interval  t^-t^.  The  conditions  2°  and  3°  are 
necessary  to  establish  the  condition  4°. 

8.  The  object  of  Professor  Taylor's  paper  is,  in  extension  of 
a  problem  started  by  Muir,  to  determine  independently  the  co- 
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efficient  of  any  alternant  occurring  in  the  product  of  a  symmetric 
function  of  weight  w  and  the  alternant  |0123  •  ■  •  n  —  1 1.  Pro- 
ceeding from  the  standpoint  of  Muir,  the  symmetric  function 
is  regarded  as  being  first  expressed  in  the  usual  manner  as  a 
sum  of  products  of  elementary  symmetric  functions  of  weight 
w  with  certain  coefficients.  The  problem  then  becomes^  to  find 
the  coefficient  of  any  alternant  in  the  product  of  the  single  al- 
ternant and  a  product  of  elementary  symmetric  functions  of 
weight  w.  A  general  reduction  formula  for  such  a  coefficient  is 
found.  In  particular  the  coefficient  of  the  alternants  of  the  type 
1 0123  •  •  •  r^8^  .  •  •  rj«j  •  •  •  r^s^  |,  where  8^  —  r^  =  2,  «,  —  r,  =  2, 
«3  —  Tj  =  q,  in  the  product  |  012  •  •  •  n  —  1 1  '^afl^  •  •  •  a^_,.(£^i)' 
is  found  to  be 


If  tables  of  coefficients  for  weight  w  be  made,  others  of  the 
same  type  for  weight  w  +j\  can  be  constructed  by  means  of 
the  preceding  reduction  formula.  Tables  of  this  kind  from 
weight  one  to  weight  seven  were  given.  The  coefficient  of  any 
alternant  in  the  product  of  the  original  symmetric  function 
and  I  0123  •  •  •  (n  —  1)  I  can  then  be  obtained  by  multiplying  the 
coefficient  of  the  table  of  weight  w  by  the  coefficient  of  the  ele- 
mentary symmetric  function  product  in  the  symmetric  function 
table^  and  by  taking  the  sum  of  all  such  products. 

9.  In  Professor  Roe's  paper,  which  is  an  extension  of  a 
previous  one  by  the  author,  the  direct  product  of  the  symmetric 
function  Sl^f^?  '  * "  ^»r  *"^  ^^^  alternant  ]  W  •  •  •  X^  |  is  con- 
sidered. The  coefficient  of  any  alternant  |  /c^k^  •  •  •  /c^  |  in  the  prod- 
uct is  first  shown  to  be  equal  to  the  coefficient  of  ol^ol^^  '  "^p»  ^^ 


the  determinant 

Om-A, 

««.-Al       • 

••       ««--A, 

«.,-x. 

«M-A.       • 

•     «..-x. 

««.-A. 

•        ««.-A. 

and  then  a  general  recurrence  formula  for  the  coefficient  is 
established.  A  method  of  calculating  it  by  means  of  bringing 
about  the  identity  of  two  complexes  is  also  explained.     It  is 
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next  shown  bow  a  product  table  for  all  symmetric  functions  of  tbe 
preceding  type  of  weigbt  w  and  the  alternant  1 012  •  •  -m  —  1 1 
can  be  so  constructed  by  placing  conjugate  partitions  in  a  ver- 
tical^ and  conjugate  alternants  in  a  horizontal  line^  equidistant 
from  each  end^  that  all  the  coefficients  lie  in  a  triangle  whose 
hypotenuse  consists  of  ones^  and  the  sum  of  whose  columns  is 
always  zero,  excepting  the  last  one  which  is  unity.  For  this 
table  general  formulas  are  given  for  the  coefficients.  Moreover 
it  is  shown  that  the  whole  table  is  absolutely  invariant  and  still 
gives  the  complete  products  if|012---m  +  r—  1|  is  used  as 
multiplier.  It  is  shown  how  the  coefficients  of  a  quotient  table 
are  certain  determinants  taken  from  the  product  table,  and  that 
Dr.  Tay lor^s  product  table  is  the  author^s  quotient  table. 

As  it  was  the  author's  original  object  to  obtain  a  method  of 
computing  symmetric  functions,  it  is  finally  shown  that  the 
table  is  a  table  for  all  the  symmetric  functions  of  weight  w 
written  in  the  vertical  line. 

•  10.  In  his  second  paper  Professor  Roe  stated  for  the  quotient 
table  of  alternants  mentioned  in  his  first  paper,  eight  properties 
which  he  has  already  observed. 

11.  In  Professor  Lovett's  paper  attention  is  called  to  a  group 
of  (2n  —  1)  (n  —  1)  transformations,  in  as  many  variables,  which 
the  author  encountered  in  a  study  of  the  problem  of  n  bodies, 
the  law  of  force  being  an  arbitrary  function  of  the  distance. 
The  invariants  of  this  group  are  functions  of  the  integrals  of 
the  problem  of  n  bodies  which  are  independent  of  the  law  of 
force.  This  interpretation  appears  by  choosing  as  the  variables 
certain  quadratic  functions  of  the  coordinates  and  velocities  of 
the  bodies  of  the  system. 

The  paper  itself  is  concerned  with  the  case  where  n  is  arbi- 
trary, but  the  group  for  the  particular  case  n  =  4  may  be  pre- 
sented in  this  brief  abstract  as  a  typical  one ;  its  twenty-one 
infinitesimal  transformations  may  be  written  as  follows  : 

-5^2,123/  S   2*1^^^  +  gr,,^  +  «i2,^,^  +  «i3,^,  +  y^,^  +  ^31,,,^  , 

-^»,128/=  2«2,,.j  +   2«i2,r,  +  9l2^i  +  Sn.ft  +  9l,rit  +  92,ri,  +  *l»,r„ 
+  «23,r«  +  ?1^.  +  92,^  +  932^«  +  ftl^  f 
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-^4,123/  —   ^9l,qi  "■  ^^i,ri  +  9\2,qii  +  ?I3,fta  ""  ^I2,rit  ""  ^iS.n,  +  *12^, 
+  «13,«is  ""  *2Vai  —  *8Ma  > 

■^6,mf  =  2gio^^  —  2ri2^^  +  «2i^  ^  *2i,»i  +  92,7,.  +  fe^,  —  ^i.ru 

—  ^31,r«  +  «2,*is  —  *J,*i,  +  *28^i8  ■"  *81,*a  > 

-^6,123/  ^  2^12,^^  --  2r,2,.j  +  «i2,^  —  »i2,^  +  yi,y„  H-  ?3i,ffti'"  '"j.n* 

—  'M.rai  +  «l,«,i  —  ^2,»,i  +  ^13,«m  —  *^32,*,i  > 

-^7,123/  ^   -^^12,^1   +  -*2l,ft  +  ^I2,#i  +  ''l2,«,  +  *l,«i,  +  *2,9ij  +  hl^n 

+  ^32.»n  +  ''2,«i,  +  ^'1,*,,  +  ^23,*i3  +  ^31^  J 
■^iflSlf}        ■^ifilifi       (*  =  1?   2,  3,   •  •  •  ,   7), 

where  a,^^^  s  a,  a//a  bj]  q^^qj^]     r^  =  r^, ;     «^  4=  «^. 

12.  Dr.  Rabinovitch  eousidered  the  surface  of  revolution 
J{Vx^  +  y^y  z)  =  0,  referred  to  rectangular  coordinates,  the  axis 
of  z  being  the  axis  of  revolution.  The  meridian  planes  (J) 
y  =  0  and  (2)  y  =  mx,  will  cut  each  parallel  circle  2  =  A, 
a;^  -|-  y2  _  p2  jj^i^  £q^p  segments,  supplementary  two  by  two. 
Describing  upon  these  in  each  parallel  plane  the  lunes  of 
Hippocrates,  we  obtain  four  solid  lunes,  whose  volume  is 
proved  to  be  equal  to  the  volume  of  the  common  portion  of  the 
two  intersecting  cylinders,  whose  directrices  are  the  meridian 
curves  of  the  given  surface  of  revolution,  situated  respectively 
in  the  planes  (1)  and  (2),  and  whose  corresponding  generatrices 
are  respectively  parallel  to  the  intersections  of  each  parallel 
plane  2  =  A  with  (2)  and  (1).  In  the  particular  case  of  sur- 
faces of  revolution  of  the  second  degree,  the  volume  of  these 
lunes,  between  two  parallel  planes,  does  not  involve  any  other 
irrationality  than  that  which  may  be  involved  in  the  arbitrary 
distance  z^  —  z^  between  the  bounding  planes.  Thus,  the  ex- 
pression for  the  volume  of  a  solid,  bounded  by  portions  of  a 
surface  of  revolution  is  free  from  the  irrationality  tt. 

In  particular,  the  total  volume  of  the  lunes  upon  a  sphere  of 
radius  a  equals 

^  •  8  sin  ^  r(a'-2^>fe  =  f  a'  sin  0, 
Jo 

0  being  the  angle  of  inclination  of  the  meridional  planes  (1) 
and  (2).    For  an  hyperboloid  of  revolution  of  one  sheet,  where 
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the  meridian  curve  is  an  equilateral  hyperbola,  the  volume  of 
the  lunes  between  the  planes  z^  z^  and  z  =  «j  equals 


4sind 


The  analogy  between  these  solid  lunes  and  the  circular  lunes  of 
Hippocrates  is  evident.  All  other  ellipsoidal  and  hyperboloidal 
lunes  are  easily  reduced  to  these.  Paraboloidal  lunes  are  also 
considered. 

14.  The  connex  (2,  2)  of  the  ternary  domain  alul  =  0  co- 
ordinates to  a  line  conic  u^,  the  line  conic  a*u* ;  to  a  point  conic 
el,  the  point  conic  cja^.  If  point  and  line  conies  be  considered 
as  flat  spaces  and  points  respectively  in  an  S^j  the  above  coor- 
dination is  expressed  analytically  as  a  connex  (1,  1)  in  /S^.  To 
a  property  of  the  connex  (1,  1)  in  S^  invariant  under  the  pro- 
jective group  O^  of  S^  will  correspond  a  property  of  the  connex 
(2,  2)  in  Sg  invariant  under  the  group  G^  of  the  plane  which 
appears  in  S^  as  a  subgroup  of  G^. 

Hence  the  invariant  theory  of  the  ternary  connex  (2,  2) 
breaks  into  two  parts,  one  part  invariant  only  under  the  pro- 
jective group  of  the  plane,  the  other  invariant  under  a  larger 
group.  This  second  part  may  be  very  advantageously  treated 
by  reference  to  an  S^  Clebsch's  (Lindemann)  treatment  of  the 
connex  (1,  1)  in  S^  may  be  followed  out  for  the  connex  (1,  1) 
in  S^  and  the  results  obtained  readily  translated  to  apply  to  the 
connex  (2,  2)  in  S^. 

Some  facts  as  to  the  first  part  also  are  readily  proven  by  con- 
sidering the  projective  group  of  the  plane  as  a  subgroup  of  (r 
in  S^  which  leaves  invariant  a  certain  4-spread  and  2-spreaa. 
E.g.,  The  necessary  and  suflScient  condition  that  the  two  quartics 
a^6^(a/8y)*  and  i*^u|  {abvy  may  be  put  respectively  in  the  forms 

±(ciy   and    ±(ulf, 

where  the  six  conies  c^  touch  the  line  v  and  the  six  conies  u^  go 
through  the  point  y,  is  that  (abvfiafiyy  =  0. 

15.  Veronese,  Segre  and  others  have  considered  what  may 
be  termed  the  geometry  of  conies  in  which  the  conic  defined 
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by  six  homogeneous  coordinates  7\^:  r^i  r^:  r^i  r^^i  r^^is  re- 
garded as  the  element.  Dr.  Kasner's  first  paper  is  a  contribu- 
tion to  this  aspect  of  geometry.  A  linear  equation  in  the  co- 
ordinates r^^  defines  a  linear  system  of  conies  whose  theory  is 
well  known.  The  general  quadratic  equation  defines  the  quad- 
ratic system  Q  which  is  studied  in  detail  by  the  author.  It 
consists  of  00*  conies,  two  of  which  pass  through  an  arbitrary 
set  of  four  points.  The  discussion  of  the  degenerate  conies  con- 
tained in  the  system  leads  first  to  a  correspondence  defined  by  a 
quadri-quadric  form  /  in  two  sets  of  line  coordinates,  and 
second  to  a  curve  of  fourth  class/,  which  is  the  envelope  of  the 
double  lines  contained  in  Q,  The  quartic  covariant  curve /is 
entirely  general ;  to  any  quartic  there  correspond  oo*  quadratic 
systems  Q.  The  conies  common  to  Q  and  one,  two,  or  three 
linear  systems  are  discussed.  Finally  analogous  results  are 
obtained  for  a  quadratic  system  of  quadric  surfaces. 

17.  Peano  has  shown  that  a  continuous  curve 

«'=/(0,   y^m,   o^t^i, 

may  fill  a  two  dimensional  region,  in  particular,  the  interior  of 
a  square.  Peano's  curve,  however,  has  multiple  points.  If 
such  points  are  excluded,  then  a  curve  defined  by  the  above 
equations  is  called  a  Jordan  curve.  The  question  presents 
itself:  May  the  external  area  of  a  Jordan  curve  have  a  positive 
value?  This  question  is  answered  in  the  affirmative  in  Pro- 
essor  Osgood's  second  paper  by  means  of  an  example.  The 
paper  has  been  published  in  the  January  number  of  the  Tran- 
sactions. 

18.  Mr.  Young's  paper  is  a  continuation  of  the  paper  pre- 
sented by  him  to  the  Society  at  its  last  summer  meeting.  He 
considers  the  theta-fuchsian  functions  of  Poincar6  associated 
with  the  group  T  of  character  {0,  3 ;  2,  4,  oo }  (Fricke-Klein 
notation),  which  has  for  fundamental  circle  the  real  axis. 
Every  theta-fuchsian  function  of  T  of  order  4/c  +  a  which  does 
not  become  infinite  at  any  point  in  the  positive  half-plane  is 
the  product  of  k  such  theta-fuchsian  functions  of  order  4  and 
one  of  order  a,  and  has  just  /c  movable  zeros  in  a  fundamental 
region  C  of  F,  unless  a  =s  1  ;  in  the  latter  case,  it  is  the  product 
of  /c  —  1  functions  of  order  4  and  two  of  orders  2  and  3 
respectively,  and  has  just  #c  —  1  movable  zeros  in  C     Theta- 
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fuchsian  functions  of  any  order  exist  with  the  proper  number 
of  arbitrarily  assigned  movable  zeros.  It  is  shown,  further, 
how  every  such  function  can  be  rationally  expressed  in  terms 
of  two  functions  0  and  ^,  which  are  simple  rational  functions 
of  two  particular  hyperelliptic  theta  constants.  The  functions 
0  and  ^  each  vanish  in  a  single  point  of  C,  and  are  such  that 
^  and  0^  are  theta-fuchsian  functions  of  V  of  orders  2  and  3 
respectively. 

20.  Scheffers  has  classified  all  hypercomplex  number  sys- 
tems into  quaternion  or  non-quaternion  groups.  Dr.  Hawkes's 
paper  gave  a  method  for  enumerating  all  types  of  non-quater- 
nion systems  of  order  n  from  types  of  order  n  —  1.  These 
types  follow  the  usual  principles  of  classification  in  being  ine- 
quivalent,  irreducible,  non-reciprocal,  and  with  moduli.  The 
method  deduced  is  founded  on  certain  theorems  of  Benjamin 
Peirce  as  extended  by  Dr.  Hawkes  in  the  TransaetionSj  volume  3. 

21.  Dr.  Stecker's  paper  justifies  certain  forms  of  equations 
of  doubly  infinite  systems  of  geodesic  lines  used  in  a  paper  pre- 
sented a  year  ago,  where  such  systems  were  projected  conform- 
ally  into  systems  of  conies. 

22.  The  problem  discussed  in  Dr.  Kasner^s  second  paper 
may  be  stated  as  follows :  Given  a  doubly  infinite  system  of 
plane  curves  F(xj  y,  X,  /i)  =  0,  to  investigate  the  existence  and 
properties  of  those  surfaces  which  can  be  represented  point  by 
point  upon  the  plane  in  such  a  manner  that  the  geodesies  of 
the  surface  are  represented  by  the  assigned  curves.  Beltrami 
solved  the  problem  for  the  straight  lines,  the  corresponding 
surfaces  being  those  of  constant  curvature.  Dr.  Stecker  (vol- 
umes 2  and  3  of  the  Transactions)  has  considered  the  case  of  a 
linear  system 

'>^<t>{^f  y)  +  t^'^i^y  y)  +  xi^y  y)  =  o, 

imposing  the  additional  requirement  that  the  representation 
should  be  conformal.  This  case,  however,  may  be  reduced  to 
Beltrami's ;  the  surfaces  are  simply  those  of  constant  curvature, 
and  the  linear  system,  for  conformal  representation,  must  be 
conformally  equivalent  to  a  linear  system  of  circles. 

In  the  case  of  an  arbitrary  system  i^=  0  no  solution  in  gen- 
eral exists.     The  necessary  and   sufficient   conditions  depend 
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upon  the  consistency  of  a  set  of  four  partial  differential  equa- 
tions in  three  unknown  functions.  The  discussion  of  the  num- 
ber of  solutions  is  carried  out  by  means  of  Dini's  theorem,  the 
surfaces  of  Liouville  type  playing  "an  exceptional  r6le.  Among 
the  important  results  obtained  are  the  two  following :  The 
only  surfaces  whose  geodesies  are  capable  of  representation  by 
circles  are  those  of  constant  curvature.  The  only  surfaces  whose 
geodesies  can  be  conformally  represented  by  curves  of  the  form 
y  =s  apO?"  +  ajCc""*  -f  •  •  •  +  a„  are  the  developable  surfaces  and 
those  whose  linear  element  may  be  written  d^  =  v{du^  +  dt'*). 
The  paper  will  appear  in  the  Transactions, 

23.  Many  properties  of  Laplace's  equation  in  two  dimensions 
can  be  deduced  from  the  theory  of  functions  of  a  complex 
variable.  In  this  way  the  two  following  theorems  may  be 
easily  proved,  in  each  of  which  we  suppose  the  function  u(x,  y) 
to  be  harmonic  throughout  the  neighborhood  of  a  point  P : 
1°  If  w  becomes  infinite  for  no  method  of  approaching  P,  it 
will,  if  properly  defined  at  P,  be  harmonic  there.  2°  If  u  be- 
comes infinite  for  evei^y  method  of  approaching  P,  it  has  the 
form  C  log  r  +  V  where  C  is  a  constant,  r  the  distance  from  P, 
and  V  a  function  which  is  harmonic  at  P.  According  to  a  re- 
mark of  Professor  Osgood,  the  first  of  these  theorems  is  an  im- 
mediate consequence  of  the  second.  In  the  present  paper  Pro- 
fessor B6cher  shows  how  the  second  theorem  (and  therefore  also 
the  first)  can  be  extended  to  cases  to  which  the  original  method 
of  proof  was  in  no  wise  applicable  —  on  the  one  hand  to  La- 
place's equation  in  three  dimensions,  and  on  the  other  hand  to 
the  general  linear  partial  differential  equation  of  the  second 
order  of  the  elliptic  type  in  two  independent  variables  and  with 
analytic  coefficients.  The  method  of  proof  consists  in  an  appli- 
cation of  Green's  theorem. 

24.  In  the  paper  of  Mr.  Birkhoff  and  Mr.  Vandiver  the 
complement  of  two  well-known  arithmetical  congruence  theories 
is  considered.  The  two  theories  (given  in  most  text-books) 
are:  1°  Theory  of  power  residues;  2°  Theory  of  the  solu- 
tion of  binomial  congruences.  But  the  relation  ^'*  —  1  s  0 
(mod  p),  or  more  generally  a"  —  6"  s  0  (mod  p\  where  Ay  a,  b 
and  p  are  integers,  may  be  considered  from  another  standpoint ; 
given  a,  b  and  n,  we  may  ask  the  question :  What  are  the 
properties  of  the  divisors  of  a"  —  6",  or  will  certain  classes  of 
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divisors  always  exist?  The  theory  arising  from  efforts  to 
solve  these  problems  may  be  regarded  as  a  complement  to  the 
two  theories  just  mentioned,  and  forms  the  subject  of  the  pres- 
ent discussion. 

A  primitive  divisor  of  a"  —  6"  is  defined  as  a  divisor  which 
is  prime  to  all  the  factors  of  the  form  F^  =  a*  —  6*,  k  being  less 
than  n.  Then,  using  several  theorems  due  to  Euler  and 
Sylvester  (which  are  also  proved),  the  following  theorem  (which 
we  believe  new)  is  arrived  at :  If  n  >  2,  then  every  integral 
form  a"  —  6*  possesses  at  least  one  primitive  divisor,  with  the 
single  exception  2^—1. 

The  paper  concludes  with  applications  of  the  theory  of 
cyclotomic  divisors  to  the  "instantaneous''  demonstration  of 
the  two  theorems :  1°  If  n  is  any  integer,  tJiere  is  an  indefinite 
number  of  primes  of  ,the  form  1  (mod  n).  2°  The  equation 
{7f  —  !)/(«  —  1  )  =  0  is  irreducible  if  jp  is  prime. 

25.  The  main  steps  in  the  proof  given  in  Professor  Miller's 
paper  are  as  follows :  It  is  first  observed  that  the  continued 
product  of  all  the  operators  of  an  abelian  group  G  is  the  identity 
whenever  G  contains  more  than  one  operator  of  order  2.  If  G 
contains  only  one  operator  S  of  order  two,  then  8  is  always  the 
continued  product  of  all  the  operators  of  G,  The  group  of  iso- 
morphisms J  of  a  cyclic  group  C  must  contain  more  than  one 
operator  of  order  2  unless  the  order  of  C  is  one  of  the  three 
numbers  4,  p*,  2p*,  where  p  represents  any  odd  prime.  With- 
out employing  the  theory  of  congruences  it  is  proved  that  in 
these  three  special  cases  I  contains  just  one  operator  of  order  2. 
The  generalized  Wilson's  theorem  follows  directly  from  these 
facts.  The  paper  has  been  offered  to  the  Annals  of  Mathematics 
for  publication. 

26.  In  Professor  Morley's  paper  the  factors  of  the  determi- 
nant I  {x^  —  a^.)~^  I  are  found  by  a  process  which  appears  to  be 
novel ;  and  thereby  the  geometric  theorem  is  proved  that,  given 
a  rational  norm  curve  R^  through  n  +  1  points  in  8^,  a  quadric 
apolar  to  the  n  +  1  points  cuts  R^  in  points  which  form  a  sys- 
tem conjugate  with  the  n+  1  spaces  S^_^  determined  by  the 
n  +  1  points. 

F.  N.  Cole. 
Columbia  UNivKKsrrY. 
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THE  DECEMBER  MEETING  OF  THE  SAN  FRAN- 
CISCO  SECTION. 

The  second  regular  meeting  of  the  San  Francisco  Section  of 
the  American  Mathematical  Society  was  held  on  Satur- 
day, December  20,  1902,  at  the  University  of  California. 
The  following  sixteen  members  were  present : 

Professor  R.  E.  AUardice,  Dr.  E.  M.  Blake,  Professor  H.  F. 
Blichfeldt,  Professor  G.  C.  Edwards,  Professor  R.  L.  Green, 
Professor  L.  M.  Hoskins,  Dr.  D.  A.  Lehmer,  Dr.  J.  H.  Mo- 
Donald,  Professor  G.  A.  Miller,  Dr.  A.  C.  Moreno,  Dr.  C.  A. 
Noble,  Dr.  T.  M.  Putnam,  Professor  Irving  Stringham,  Dr.  S. 
D.  Townley,  Mr.  A.  W.  Whitney,  Professor  E.  J.  Wilczynski. 

A  morning  and  an  afternoon  session  were  held.  Professor 
Stringham  acting  as  chairman  at  both  sessions.  The  officers 
elected  at  the  May  meeting  were  reelected  for  one  year,  and 
the  by-law  relating  to  the  name  of  the  section  was  amended  by 
replacing  "  Pacific  "  by  "  San  Francisco." 

The  following  papers  were  read  at  this  meeting : 

(1)  Professor  R.  E.  Allardice:  "On  a  system  of  similar 
conies  through  three  points  and  its  transformation  group." 

(2)  Professor  H.  F.  Blichfeldt  :  "  On  a  property  of  conic 
sections." 

(3)  Professor  L.  E.  Dickson  :  "  Generational  relations  for 
the  abstract  group  G  simply  isomorphic  with  the  linear  frac- 
tional group  in  the  Galois  field  of  order  /)\" 

(4)  Professor  L.  M.  Hoskins  :  "  A  simple  method  of  de- 
termining the  free  nutation  of  a  yielding  spheroid.'* 

(5)  Dr.  D.  N.  Lehmer  :  "  On  the  parametric  representation 
of  the  tetrahedroid  surface." 

(6)  Professor  A.  O.  Leuschner  :  "  Elimination  of  aberra- 
tion and  parallax  in  calculating  preliminary  orbits." 

(7)  Mr.  W.  A.  Manning  :  "  The  positive  primitive  substi- 
tution groups  of  class  2p,  p  being  any  prime." 

(8)  Professor  G.  A.  Miller  :  "  On  the  holomorph  of  a  cyclic 
group." 

(9)  Dr.  C.  A.  Noble  :  "  A  problem  in  relative  minima." 
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(10)  Dr.  S.  D.  TowNLEY :  "  The  probability  of  collisions 
amongst  the  stars.^* 

(11)  Professor  E.  J.  Wilczynski:  "On  a  certain  congru- 
ence associated  with  a  given  ruled  surface." 

Professor  Dickson^s  paper  was  read  by  the  secretary.  In 
the  absence  of  Professor  Leuschner  his  paper  was  read  by 
title.  All  the  other  papers  were  read  by  their  authors  and  most 
of  them  aroused  considerable  discussion.  Professor  BHchfeldt's 
paper  appears  in  the  present  number  of  the  Bulletin.  Ab- 
stracts of  the  other  papers  are  given  below. 

1.  On  considering  the  loci  and  envelopes  connected  with  a 
system  of  similar  conies  through  three  fixed  points,  Professor 
Allardice  found  that  a  number  of  curves  occur  which  are  inti- 
mately associated  with  the  circle.  In  looking  for  an  explana- 
tion of  this  fact,  he  found  that  such  a  system  of  conies  possesses 
a  group  of  transformations  of  the  following  character ;  Each 
transformation  is  equivalent  to  a  quadric  inversion  (x=sl/x, 
etc.),  followed  by  a  rotation  about  the  circumcenter,  and  then  by 
a  second  quadric  inversion.  Any  transformation  of  the  group 
transforms  any  conic  through  the  given  points  into  a  similar 
conic  through  the  same  points ;  but  the  transformations  are 
themselves  independent  of  the  eccentricity  of  the  conic.  The 
path  curves  of  the  group  were  determined. 

3.  Professor  Moore  has  given  (see  Dickson's  Linear  Groups, 
page  300)  a  set  of  generational  relations  for  the  group  G  con- 
sidered by  Professor  Dickson.  The  object  of  the  present  paper 
is  to  give  a  simpler  set  of  such  relations,  the  proof  being  con- 
fined as  yet  to  the  twenty-two  cases  in  which  jp"  <  49.  Two 
cases  p  =  2  and  ^  >  2  are  essentially  diflerent. 

If  n  =  1  and  p  is  an  odd  prime,  a  complete  set  of  genera- 
tional relations  for  G  is 

T^  -  aS"  =  {STf  =  7,     {S-TS^'-Tf  =  I 

where  t  =  3,  •  •  •,  ^{p  —  1),  but  only  one  of  the  positive  resi- 
dues modulo  p  of  T,  2/t,  —  2/t  is  retained. 
For  p  =  3  or  5,  the  only  relations  are 

r«  =  /,     S'  =  J,     {STf=I. 
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Additional  relations  arc : 

p  =.  7,       (S'TS^ry  =  I. 

p=ll,    (S»J5»T)«  =  J,    {S*TS*Ty  =  L 

p  =  17,     (S*TS'*Ty  =  I,    (S*TS*Ty^I, 
{S'TS'Ty  =  J,     (Sr  TS">  Ty  =  /. 

p  =  19,  {s^Tsrry  =  /,    {s*TS"'Ty  =  /, 
(S'Tsory  =  7,    (.§»rs'»T)»  =  /. 

p  =  23,     {S^TS'*Ty  =  /,      (S'TS'*Ty  =.  J, 

(S'TS'Ty  =  J,  {S'Ts^ry  =/,  (s» j-s»r)*  =  /. 

p-29,  (S'Ts^Ty^i,  {s*TS"Ty=i,  (s»rs"r)*=j, 
{s*TS"'Ty=i,  (S'Ts^'Ty^i,  (S"7S"r)»  =  /. 

For  any  n  and  any  odd  prime  j>,  the  set  is 

r=/,    {8,T)'^I,   S,^I,    S.S^^S,^^    (X,  Many  marks), 
{S,TS,,,Ty^I      .    (t  any  mark  +  0). 

These  relations  are  somewhat  redundant.  For  p"  =  9,  the 
group  of  order  360  is  generated  by  T,  S^  and  Sj,  subject  only 
to  the  relations 

T*  =  /SJ  =  S;  =  7,     S.S^^SjS,,     {SJf  =  I,    {S^T8jTy  =  I, 

{SjSjs-'sjy^i. 

Its  isomorphism  with  the  alternating  group  on  six  letters  fol- 
lows from  the  correspondence  r'^(12)(34),  Si<^{l23)  5^-^(456). 
For  p  =  2,  the  set  of  relations  is 

^•^+^=J,     5^  =  7,     (ABf^I    {BA^BA'f^I, 

r  =  1,  2,  -.-,  2",  the  value  of  S  being  uniquely  determined 
modulo  2"+  1  by  r.     Among  the  pairs  r,  8  always  occur  1,2; 
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2,  1 ;  2^  2"  —  1 ;  2"  —  1,  2" ;  and  the  resulting  relations  fol- 
low from  those  giving  the  periods  of  J,  B,  and  AB.  For 
n  «s  1  or  2,  there  are  no  further  relations.  For  n  ss^  3,  the 
relations  are 

A'^I,  B^^I,    (ABf  =  7,     {BA'BAJ  ^  I. 

For  n  =  4,  the  relations  are 

A'^^I,  B^^I,     {ABf  =  7,     (5^455^7  =  7, 
(5A*£A*2)2  =  7,     {BA'BAy^  I. 

For  n  =  5,  we  may  restrict  r,  «  to  the  values  3,  25  ;  4,  10 ;  5, 
17;  6,  15;  7,  11;  9,  14;  12,  20.  The  papers  giving  the 
proofs  have  been  presented  to  the  American  and  London  Mathe- 
matical Societies. 

4.  The  paper  by  Professor  Hoskius  discusses  the  free  rota- 
tion of  a  nearly  spherical  body  whose  elastic  properties  and 
density  have  spherical  symmetry  about  the  center  of  mass.  By 
taking  as  axes  of  reference  the  lines  which  at  any  instant 
would  coincide  with  the  principal  axes  of  inertia  if  the  strain 
due  to  rotation  were  annulled,  the  equations  of  angular  momen- 
tum take  simple  forms.  If  A^y  B^,  C^  are  the  principal  mo- 
ments of  inertia  for  the  unstrained  body,  and  if  7  is  the  incre- 
ment produced  in  the  moment  of  inertia  about  the  instantaneous 
axis  by  the  centrifugal  forces  due  to  the  actual  angular  velocity, 
the  equations  of  motion  are  the  same  as  for  a  rigid  body  whose 
principal  moments  of  inertia  are  A^  -^- 1,  B^  -h  I  and  C^  -I-  7. 
Since  the  differences  of  these  quantities  are  the  same  as  those 
of  Aqj  Bq  and  C^,  and  since  7  is  a  small  fraction  of  each  of  the 
actual  moments  of  inertia  (though  not  necessarily  of  their  dif- 
ferences), the  period  of  the  free  nutation  is  to  a  close  approxi- 
mation the  same  as  for  a  rigid  body  whose  principal  moments 
are  A^,  B^  and  C^.  The  result  is  general  in  that  it  is  not  re- 
stricted to  the  case  in  which  the  axis  of  rotation  deviates  but 
slightly  from  its  mean  position,  nor  to  the  case  in  which  two 
of  the  principal  moments  of  inertia  are  equal. 

5.  Dr.  Lehmer  employed  the  a  functions  of  Weierstrass  in 
the  parametric  representation  of  the  tetrahedroid  surface  and 
showed  the  arrangement  of  the  singular  points,  the  singular 
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planes,  and  their  interrelations.  The  120  lines  joining  the  16 
singular  points  were  shown  to  be  the  120  lines  in  which  the 
16  angular  planes  intersect.  Each  of  these  lines  meets  12 
others  in  6  points  in  involution.  The  paper  has  appeared  in 
the  January  number  (volume  25,  number  1)  of  the  American 
Journal  of  Mathematics. 

6.  Professor  Leuschner's  paper  begins  with  a  discussion  of 
the  expediency  of  taking  into"  account  the  corrections  for  aber- 
ration and  parallax.  The  author  confirms  his  former  conclu- 
sions (Beitrage  zur  Kometenbahnbestimmung)  that  in  certain 
cases  the  resulting  orbit  will  be  considerably  improved  by  their 
elimination.  He  then  reviews  the  existing  methods  of  accom- 
plishing this  elimination  and  points  out  that  no  method  of 
eliminating  parallax  exists  which  is  applicable  in  all  cases,  as 
even  the  "  reduction  to  the  locus  fictus"  fails  for  small  geocen- 
tric latitudes.  The  author  then  proposes  some  very  simple  and 
general  formulas  for  eliminating  the  parallax  by  means  of  cor- 
rections to  the  rectangular  heliocentric  coordinates  of  the  sun. 
The  corrections  depend  upon  the  parallax  factors  and  naturally 
are  independent  of  the  geocentric  distance  of  the  body.  The 
paper  will  be  published  in  the  Bvlletin  of  the  Lick  Observatory. 

7.  Mr.  Manning  obtains  the  following  results.  All  positive 
primitive  groups  of  class  2p,  p  a  prime  >  3,  contain  a  primitive 
subgroup  of  degree  2p  +  I,  None  exist  unless  2p  +  1  is  a 
prime  or  a  power  of  3.  For  every  prime  number  >  3  satisfy- 
ing one  or  the  other  of  these  conditions  there  are  just  two 
groups,  one  of  degree  2p  -{-  1  and  the  other  of  degree  2p  +  2. 
When  2p  -f-  1  is  a  prime  the  group  of  that  degree  is  semimeta- 
cyclic  and  the  group  of  degree  2p  +  2  is  the  modular  group. 
When  2/)  4-  1  is  a  power  of  3  the  first  group  is  a  subgroup  of 
the  holomorph  of  the  abelian  group  of  order  3^   and   type 

S,  1, . . .).      The   group   of   degree    2;)  +  2  =  3^  +  1    is   the 
athieu  group  of  order  (3^  —  1)3^  (3^  +  1)  /  2.     The  paper 
will  be  offered  to  the  TVansactions  for  publication. 

8.  It  is  known  that  the  holomorph  A  of  a  cyclic  group  G  is  a 
complete  group  and  that  its  commutator  subgroup  is  G  when- 
ever the  order  ^  of  6?  is  odd.  When  g  is  even  and  greater 
than  2  the  commutator  subgroup  of  K  is  the  subgroup  of  G 
whose  order  is  g/2,  and  K  is  never  complete.     The  main  object 
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of  Professor  Miller^s  paper  is  to  determine  additional  useful 
properties  of  K,  In  particular  the  order  of  every  operator  of 
K  is  determined  and  also  the  degree  of  each  substitution  when 
K  is  represented  as  a  transitive  substitution  group  of  degree  g. 
It  is  pointed  out  that  the  properties  of  the  group  of  isomor- 
phisms of  G  furnish  a  very  simple  proof  of  Fermat's  theorem. 
Some  of  the  properties  of  the  group  of  isomorphisms  of  K  when 
g  is  even  are  developed.  This  paper  will  be  offered  to  the 
Transactions. 

9.  On  a  former  occasion  (dissertation,  Gottingen,  1901),  Dr. 
Noble  proved  the  existence  of  a  function  y  =  y{x)  which  would 
render  the  integral 


a  minimum,  provided  the  integrand  satisfied  the  conditions 


(k  arbitrary  constant), 


^jfc>0 


The  method  employed  in  this  existence  proof  was  new  — 
suggested  by  Hilbert  in  his  Gottingen  lectures — in  that  the 
minimizing  curve  was  progressively  constructed  from  cluster 
points,  and  finally  identified  with  the  solution  of  the  Lagrange 
differential  equation  by  means  of  the  appropriate  Weierstrass 
JB-function.  The  object  of  the  present  paper  is  to  extend  this 
existence  proof  to  the  case  of  an  integral 

f  f{y>yyy';x)^y 

under  analogous  restrictions  for  the  integrand  J{y,  y',  y';  x). 
Such  an  integral  arises  in  those  problems  of  relative  minima 
in  which  it  is  desired  to  minimize  an  integral 


r 


F{yy  y\  z,  z  ;  x)dx, 


by  functions  y  =  y(a;),  z  =  z{x)  which  satisfy  the  conditioning 
differential  equation  z  =  <^(y,  y'\  x).     The  method  is  the  same 
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as  in  the  existence  proof  for  the  simpler  case  cited  above,  the 
theory  of  the  Weierstrass  -E-f unction,  as  developed  by  SJermelo, 
serving  to  identify  the  resulting  minimal  curve  with  the  La- 
grange solution. 

10.  A  collision  between  two  stars  has  oflen  been  advanced  as  an 
explanation  of  the  phenomena  of  new  stars.  Dr.  Townley  has  com- 
puted the  probability  of  a  collision,  assuming  a  uniform  distribu- 
tion of  stars  in  a  finite  universe  of  radius  of  400  light  years.  The 
method  adopted  for  the  solution  of  the  problem  brings  in  two 
series  each  containing  over  two  million  terms.  Only  roughly 
approximate  values  of  the  sums  of  these  series  have  thus  far 
been  obtained,  but  it  is  hoped  to  obtain  more  accurate  values 
of  them  before  long.  The  computation  gives  an  exceedingly 
small  fraction  for  the  probability  of  a  collision  ;  so  small  indeed 
as  to  make  the  hypothesis  of  a  collision  between  two  stars  n6 
longer  tenable  as  a  rational  explanation  of  the  phenomena  of 
new  stars.  No  reasonable  modification  of  the  assumptions  upon 
which  the  computations  are  based  will  produce  a  probability 
sufiiciently  great  to  explain  the  observed  number  of  new  stars. 

11.  In  a  paper  recently  published  in  the  Transactions^  Pro- 
fessor Wilczynski  has  studied  a  congruence  made  up  of  all  of 
the  generators  of  the  first  kind  on  the  hyperboloids  osculating 
a  given  ruled  surface.  This  congruence,  which  there  made  its 
appearance  in  connection  with  the  theory  of  covariants  of  a 
system  of  linear  difierential  equations,  is  considered  more  fully 
in  the  present  paper.  It  is  found  that  its  focal  surfaces  are  the 
flecnode  surfaces  of  the  original  surface.  The  theory  of  the 
developable  surfaces  contained  in  the  congruence,  and  the 
theory  of  certain  other  characteristic  families  of  ruled  surfaces 
of  the  congruence  are  fully  developed.  Certain  theorems,  whose 
formulation  in  the  previous  paper  was  somewhat  inadequate, 
are  completed.  Incidentally  a  simple  interpretation  is  found 
for  the  canonical  form  previously  adopted  by  the  author  for  a 
system  of  differential  equations  of  the  kind  here  considered. 
The  paper  will  be  offered  to  the  Transactions  for  publication. 

G.  A.  Miller, 

Secretary  of  the  Section, 
Stanford  Univebsity. 
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THE  ABSTRACT  GROUP  G  SIMPLY  ISOMORPHIC 

WITH   THE  ALTERNATING  GROUP  ON 

SIX   LETTERS. 

BY  PROFBBSOR  L.    E.   DICKSON. 

(Read  before  the  American  Mathematical  Society,  December  29,  1902. ) 

1.  A  SLIGHT  correction  of  a  theorem  due  to  De  Siguier  *  leads 
to  the  result  that  O  is  generated  by  three  operators  a,  5,  c,  sub- 
ject only  to  the  relations 

(1)  a»=/,         5*  =  J,         (?^I,         (acf^Iy 

(2)  {ab-'abf  =  7,         {ab-^aby  =.  7, 

(3)  {cb-'abf  =  7,         (c6-«a6")* « 7. 

But  these  generators  are  not  independent,  since 

(4)  a  =  c6"'c6c. 

A  simple  verification  of  (4)  results  from  the  correspondence 

a  -^  (12)  (34),         5  -  (12)  (3456),         c  ^  (123) 

between  the  generators  of  the  simply  isomorphic  groups. 

It  is  shown  in  this  section  that  G  is  generated  by  the  two 
operators  5  and  c,  subject  to  the  complete  set  of  generational 
relations 

(5)  6*  =7,     c^=7,     (6-^c6c-7  =  7,     (6^0)^=7 

These  relations  follow  from  (1),  (2),  (3);  for,  by  the  above 
correspondence,  6-^c6c-^  ^  (14)(23),     b^c  -^  (1235)(46). 

If  a  be  defined  by  (4),  relations  (1),  (2),  (3)  follow  from  (5). 

a«  =  cb-'cbc-'b-'cbc  =  c{b-'cbc-'yc-'  =  7, 
(acf  :=  cb-'e'bc-'  =  L 

*J<mmalde  Math.y  1902,  p.  262.  For  y  =  2,  ...,  n— 3  in  his  formula  (6  , 
ahoald  stand  y=l,  ...,  n — 4. 
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As  an  auxiliary  result,  we  note  that 

(6)  c{bcb-'cb)  =  {bcb-'cby. 

The  condition  (6)  may  be  given  the  successive  forms 

cbch-'  cbc-'b-'  c-'bc-'b''  =  /, 

cbcb'' .  bcb-'c-'  c-'bc-'b''  =  (cbc-'b-'Y  ^  I      [by  (5 J] . 

Since  (6)  may  be  written  cbac~^  =  5a,  we  have 

(7)  e'ba=ba  c. 
In  view  of  (6)  and  (Sj),  we  get 

(8)  {cb-'cby  =  cb-' '  bcb-'cb  e^b-'cb  =  I. 
To  verify  (Sj)  we  note  that,  by  (8), 

cb^^ab  =  cb"^  cb~^cbc  b  =  c6~'c~^6c""*6~*c~*6^ 

In  the  indicated  square  of  the  latter,   we  replace  b^cb~^  by 
C^b^c'^bh'^,  in  view  of  (5^),  and  transform  by  c6^,  and  get 

c-^  •  bc-'b-'c .  ¥c-'b'  cbc-'b-'  •  c-'b^cb^ 

=  C-'  •  c-'bcb-'  ■  ¥cr-'V .  bcb-'c-"^  c-'b^cb^     [by  (5 J] 

=  cb  •  cbc^b"^  ■  cb~^cVcb^ 

==  c6  •  6c6-^c-^  •  cb-^cb^cb^  =  (c6»)^  =  I        [by  (5 J] . 

To  verify  (3,),  we  transform  by  b^c~  *  and  get 

c6*c6'  •  cb~^cb '  cbhb'  •  cb~^cb 
=  b'c-'b'c-' '  cb~'cb  ¥c-'b'c-'  •  cb-'cb 
=  b-\b-'c-'bcyb  =  J. 

To  verify  (2j),  we  note  that 

ab~hib  =  cb~^cb  •  c6~*c6~*c6c6 

=  cb''cb(cb-^cb-'cbcb)-'  =  cb'^-'bc-^bc-K 

Cubing  the  inverse  and  transforming  by  c,  we  get  (8). 
To  verify  (2^),  we  note  that 

=  cb-'cb-'c-'b-'c-'bc-'b'c-\ 
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TransformiDg  its  square  by  c6-,  we  get 


=  cbc-'b-^c-'b'c-'b-^c-'bc-K 

Transforming  by  cb  and  taking  the  inverse,  we  get  (bhy  =  /. 

2.  In  a  paper  entitled  "The  abstract  group  simply  iso- 
morphic with  the  group  of  linear  fractional  transformations  in 
a  Galois  field,"  communicated  November  2,  1902  to  the 
London  Mathematical  Society,  the  writer  shows  that  the  group 
G  is  generated  by  three  operators  subject  to  the  relations 

(9)  r»=/,    si^i,   «;  =  /,   8,S^=S^„ 

(10)  {8^Tf  =  I,    (S^Ty^I,    (SjS,TSj-'S,Ty  =  I. 

From  these  we  obtain  relations  (1),  (2),  (3),  if  we  set 

a  =  r,     b=  SjT,     c  =  «,. 

This  is  evident  for  relations  (1).     Also, 

{ab-'abf  =  (^7'  TSjTf  =  S-'  ■  TSjTSj  SjTSjT-  S"'  TS^T 

=  8-'  -S-'TSy'T-  TSfTS-'TSy'TSjT=  {SjTy  =  /. 

Also  (2,)  and  (3,)  follow  from  (9)  and  (SjT)*  =  /,  while  (3,) 
follows  from  (9)  and  the  first  and  third  relations  (10).  We 
thus  obtain  a  new  proof  that  (9)  and  (10)  define  G. 

We  may  readily  derive  directly  from  (9)  and  (10)  a  com- 
plete set  of  relations  between  the  two  generators  b  =  S.T  and 
c  =  yS",  of  G.     We  note  that,  from  (lOj, 

r=  S^TSJS^  =  S^  ■  TSj'  ■  8^  ■  8jTS^  =  cb-'cbe. 
We  therefore  have 

8^  =  c,     r=  c6-'c6c,     8j  =  6c-i6-'c-«6c-'. 

Then  {8.Ty  =  /  follows  from  (5,),  SJ  =  J  from  (5,),  T*=I 
from  (5,),  8,Sj  =  <S/,  from  (5J.     Thus 

8^8j  =  obe-'b-'  •  c-'6o-»  =  5c6-'c-'  •  o-'io"' 
=  be  ■  b-'ebe-'  =  be  ■  eb-'e-'b  =  -S^S,. 
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Since  8^T^  c'^b'^cbc  is  the  transform  of  c  by  be,  it  is  of  period 
three. 

The  final  relation  (10)  becomes 

(bc-'b-'c .  b-'cbcy  =  {c-'bcb-' .  b-'cbcf  =  {c-'bcb^cbcy 
=  c''b{cbyb''c^I. 

Since  8.  is  commutative  with  S^,  the  condition   /SJ  =  /  follows 
from  {b-'c-'¥c-'y  =  /  or  (cb^cby  =  /. 

The  Univebsity  of  Chicago, 
December  11,  1902. 


NOTE  ON  A  PROPERTY  OF  THE  CONIC  SECTIONS. 

BY  PROFESSOR  H.   F.    BLICHFELDT. 

(Read  before  the  San  Francisco  Section  of  the  American  Mathematical 
Society,  December  20,  1902. ) 

It  is  easily  proved  that  if  P,  §,  R  are  any  three  points  on 
the  conic  Ax'^  -f  By^  =  1,  and  0  the  center  of  the  conic,  then 
the  areas  of  the  triangles  OPQ^  OPR,  OQR  will  satisfy  an 
equation  independent  of  the  position  of  the  points  P,  §,  R. 
If  a,  6,  c  are  the  areas  in  question,  this  equation  is 

(1)     a*  4.  6^  +  c*  -  2a-62  -  2aV  -  26V  +  16^5a%V  =0. 

Now  we  can  prove  that  such  an  invariant  relation  is  possible 
for  no  plane  curves  except  the  central  conies  ;  i,  e.,  if  toe  seek  a 
plane  curve  C  and  a  point  0  in  its  plane  such  that,  if  P,  Qj  R 
are  any  three  points  on  C\  the  triangles  OQR,  ORP,  OPQ  are 
conneded  by  a  relation  independent  of  the  coordinates  of  the  points 
P,  Q,  R,  tee  find  C  to  be  a  central  conic  section  and  0  its  center. 

To  prove  this  theorem,  let  0  be  the  origin  of  coordinates,  and 
let  the  coordinates  of  P,  Q,  R  be  respectively  x^,  y^ ;  x^,  y^ ; 
x^,  y^.     Then  twice  the  areas  of  the  three  triangles  are 

2a  =  ±  (/•j-T,  -  y^^),     26  =  d=  {y^x^  -  y^x^), 
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which  expressions  are  functions  of  the  three  independent  vari- 
ables sCj,  jCj,  x^ ;  y  being  considered  a  given  function  of  x  for 
points  on  the  curve. 

As  a,  by  c  must  satisfy  a  relation  independent  of  Xj,  x^y  x^ 
the  Jacobian  5(a,  5,  c)/d(x^y  x^  x^)  must  vanish.  If  y[  repre- 
sents dyjdx^y  etc.,  we  find 

yz{yil^iy2  -  ^22^1  +  »^ia^2(y2  -  yi)]  +  »^3(»'2yiyl  -  ^iyy2)} 
+ a^3[(^iy2  -  «^2yi)yiyi  +  3/1^2(^2  -  yi)]  +  ysi^^^iVi  -  aj,ya3^;)=  0, 

say 

(2)  ysiyJ'  +  ^si)  +  ^,rn  +  y,l=Oy 

ky  I,  m  being  functions  of  x^y  x^  only,  and  therefore  independent 
of  as,. 

Two  cases  (a)  and  (^)  may  now  present  themselves  as  fol- 
lows: 

(a)  The  functions  k,  ly  m  are  not  all  identically  zero.  In  this 
case  the  equation  (2)  gives,  when  integrated, 

(3)  ylk  +  2y^T,l  +  x\m  =/(Xj,  x^. 

If  we  give  to  x^  and  x^  arbitrary  constant  values,  the  equa- 
tion (3)  represents  a  conic  section  with  its  center  at  0. 

{0)  The  functions  fc,  Z,.  m,  are  all  zero.  We  must  then  have 
xj^\  —3/2=0.  Giving  to  y\  a  definite  constant  value,  we  ob- 
tain the  equation  of  a  straight  line — a  special  case  of  (3). 

The  theorem  stated  above  is  therefore  proved. 

It  may  be  noticed  that  S(x^y  x^  in  (3)  may  be  multiple 
valued.  The  equation  will  then  represent  a  series  of  similar 
conies  similarly  placed.  If  these  are  finite  in  number,  say  ??, 
we  find  that,  if  P,  §,  i?  be  located  anywhere  on  this  system  of 
curves,  the  areas  a,  6,  c  of  the  three  triangles  considered  will 
satisfy  an  equation  of  degree 

6n  -f  18r?(n  -  1)  +  6n(n  -  l)(n  -  2) 

at  most,  whose  left-hand  member  is  composed  of  factors  of  form 
similar  to  (1),  as  the  reader  may  prove  without  much  difficulty. 

Stanford  University, 
Novemhery  1902. 
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THE  ANALYTIC   THEORY  OF   DISPLACEMENTS. 

BY  R.  W.  H.  T.  HUDSON,  M.A. 

IntrodiLction, 

The  subject  of  displacements  is  connected  with  several 
branches  of  pure  mathematics  and  can  be  approached  from 
many  sides.  The  most  comprehensive  point  of  view  is,  no 
doubt,  to  regard  the  subject  as  an  illustration  of  the  theory  of 
groups,  the  gnmp  here  involved  being  a  particular  case  of  the 
group  of  linear  homogeneous  transformations.  Again,  instead 
of  the  symbol  of  an  infinitesimal  transformation,  we  may  use 
the  matrix  of  the  corresponding  linear  substitution,  and  by  means 
of  elementary  properties  of  matrices  much  of  the  work  may  be 
shortened  and  simplified. 

By  a  generalization  of  the  ordinary  notion,  a  displacement 
may  be  defined  as  a  projective  point  transformation  which  does 
not  alter  distance  as  measured  with  reference  to  an  absolute 
quadric  locus,  and  which  further  is  capable  of  being  repre- 
sented as  the  result  of  an  infinite  number  of  infinitesimal  trans- 
formations of  the  same  kind.  The  analytic  representation  of 
a  displacement  must  be  a  linear  transformation  of  the  vari- 
ables which  leaves  the  absolute  unaltered.  Since  by  a  suitable 
choice  of  real  or  imaginary  coordinates  the  equation  of  the 
absolute  may  be  expressed  by  means  of  the  sum  of  the  squares 
of  the  coordinates,  the  problem  in  its  simplest  algebraic  form 
is  reduced  to  finding  the  most  general  orthogonal  transformation. 

The  main  object  held  in  view  throughout  this  paper  is  to 
obtain  the  general  parametric  representation  of  a  displacement 
in  two  or  three  dimensions  on  the  basis  of  the  definition  given 
above,  and  the  method  adopted  is  to  integrate  the  equations  of 
infinitesimal  transformation.  The  formulae  are  developed  in  a 
natural  manner  from  the  beginning  and  in  addition  to  elemen- 
tary processes  use  is  made  of  matrices  and  quaternions.  Not 
much  is  said  about  the  other  kind  of  transformation,  corre- 
sponding to  an  improper  orthogonal  matrix,  that  is,  one  whose 
determinant  is  negative,  because  the  general  transformation  of 
this  kind  can  be  obtained  by  combining  a  suitable  displacement 
with   any  particular   reflexion,  and   accordingly  the   analytic 
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representation  requires  no  further  development ;  again  since  an 
improper  ortliogonal  matrix  can  be  converted  into  a  proper  one 
by  adding  another  row  and  column,  so  a  transformation  which 
preserves  distance  but  changes  order  can  be  regarded  as  a  dis- 
placement in  a  space  one  dimension  higher. 

From  the  limited  nature  of  the  subject  it  is  not  to  be  ex- 
pected that  any  really  new  theorem  remains  to  be  discovered, 
but  the  method  of  obtaining  the  equations  of  finite  displace- 
ment, though  a  perfectly  obvious  one  to  those  who  are  accus- 
tomed to  work  with  matrices,  does  not  seem  hitherto  to  have 
been  successfully  applied  to  this  particular  purpose.*  It  is 
hoped  that  the  formulae  will  enable  the  reader  to  obtain  a 
clearer  grasp  and  easy  proofs  of  the  many  interesting  geomet- 
ric theorems  given  in  the  text-books ;  t  »"<!  also  to  illustrate 
that  aspect  of  the  subject  which  is  expounded  in  treatises  on 
continuous  groups.  J 

For  convenience  of  manipulation  the  subject  takes  the  form 
of  the  theory  of  screws  in  elliptic  space, §  and  may  form  an  in- 
troduction to  non-euclidean  kinematics.  This,  however,  is  not 
essential  and  the  analysis  is  intended  to  cover  all  systems  of 
measurement  with  the  help  of  known  methods  of  extension  and 
transition. 

I.  Displacements  in  Two  Dimensions. 

1.  In  space  of  two  dimensions  the  absolute  is  taken  to  be 

x]  +  xl  +  xl^O; 

and  since  the  coordinates  are  homogeneous  we  may  suppose 
that  for  points  not  on  this  locus 

x]  +  xl  +  xl=l. 


*Cf.  Beez,  SchBmikKs  Zeitsekrift,  vol.  43,  pp.  65,  121,  227.  Stringham, 
Compte  Itendu  du  ;?"**  Oon^r^  IntematioTuil  de  MathSmatieiena  tenu  d  FariSf 
1900,  p.  327.  Cole,  **  Rotations  in  space  of  four  dimensions,"  Amer.  Joum.f 
vol.  12,  p.  191. 

-f  E.  g.y  Schonflies,  **  Geometric  der  Bewegung"  ;  see  also  Study,  Matk, 
AnnaleUj  vol   39,  p.  441. 

XE.  g.,  Lie,  Transformationsgruppen,  III,  p.  198 ;  see  also  Proe.  L.  M,  S. 
Burnside,  vol.  26,  p.  33,  and  Baker,  vol.  34,  pp.  91  and  347  ;  these  two  papers 
appeared  after  the  above  was  written. 

{See  Buchheim,  Proc.  L.  M,  S.f  vol.  15,  p.  83,  where  Grassmann's 
methods  are  used,  and  vol.  16,  p.  15 ;  vol.  17,  p.  240. 


Digitized  by  VjOOQIC 


310  ANALYTIC   THEX)Ry    OF    DISPLACEMENTS.       [March, 

The  general  linear  transformation  is  represented  in  matrix 
notation  by 

X  aas  ^a?  =  xA\ 

where  ^  is  a  three-rowed  matrix  and  A'  is  its  conjugate.  The 
condition 

ar;'+a;;'+<  =  a;f  +  xj+x« 
gives 

xA' Axr=i  xEx, 

where  E  is  the  unit  matrix,  and  since  this  is  to  hold  for  all 
values  of  x, 

A'A^E) 

and  accordingly  A  is  an  orthogonal  matrix.*  Since  |-4|'s=  1, 
distinct  cases  arise  when  |^|  is  +  1  or  —  1.  Since  the  matrix 
of  an  infinitesimal  transformation  differs  only  slightly  from 
E  it  must  belong  to  the  former  class,  i.  e.,  be  proper.  We 
shall  find  that  the  most  general  matrix  of  this  class  can  be 
obtained  by  integrating  the  equations  of  infinitesimal  transfor- 
mation, and  the  finite  transformation  so  obtained  will  be  called 
a  dlsplacemerU. 

Putting  A  —  E  +  P8t  and  neglecting  8P  the  condition  for 
an  orthogonal  matrix  is 

{E+  P'BtXE-^PSt)^Ey 
giving 

P'  +  P=0, 

so  that  P  is  a  skew  matrix.  The  corresponding  infinitesimal 
transformation  is 

X  =  x  +  Pxhty 

which  may  be  written  in  the  form  of  a  differential  equation 

^..Px. 
(It 

Integrating  this  on  the  hypothesis  that  P  is  independent  of  <, 

*  For  a  somewhat  similar  development  of  the  subject  see  Study,  3ii«A«/- 
ungen  aus  dem  juUurwissensch.  Verein  Jur  Aeit-  Varpommern  und  Riigen  in  GreifS" 
wuld,  1899,  p.  1. 
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and  taking  x  for  initial  and  a?'  for  final  values,  we  find  that  the 
finite  transformation  is* 

x'  =  e'^'x. 

To  obtain  the  actual  formulae  we  must  expand  e*^  in  powers  of 

P  and  reduce  to  polynomial  form  by  means  of  the  equation 

satisfied  by  P. 

Let 


P  = 


and 


0     -c         61 
c         0     —a 
-6         a         0 


«» =  a*  +  6*  ^  c^ 
Then  the  matrix  P  satisfies  the  cubic  equation 
-P    -c         5 
c     -P  —a  =0 

-6         a  -P 
or 

P^  +  82P=0, 

whence 

(f''^E  +  tP+  |<*p2-|j^«2P-^j<VP2+  ... 

=  ^  +  8-^  sin  8tP-^  8-^  (1  -  cos  8t)  P\ 

Since  this  matrix  contains  three  independent  parameters  a  : 
b :  c  and  t  it  must  be  the  most  general  matrix  of  the  class  con- 
sidered, for  the  nine  elements  of  an  orthogonal  matrix  are  sub- 
jected to  six  relations. 

It  is  evident  that  the  point  given  by  Pa;  =  0  is  unaltered  by 
the  transformation,  which  may  therefore  be  called  a  rotation 
about  the  point  a  \  b  :c.  Let  r  be  the  distance  between  any 
point  X  and  the  centre  of  rotation  a  :  b  :  c;  then  by  the  ordi- 
nary formula  of  elliptic  geometry 

cos  r  =  8"^  (ax^  +  bx^  +  cx^), 

*By  repeated  difiterentiation  d^xjdt*  =  P^x^  and  the  integral  is  simply 
Taylor's  expansion.  The  expression  of  every  real  proper  orthogonal  substi- 
tution in  this  form  is  due  to  Taber,  BxdL  of  the  N.  Y,  Math.  Soc.f  vol.  3,  p.  251. 
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and  the  distance  between  x  and  x  +  UFx  is 

U{{jyx^  —  cx^  +  (cxj  —  ax^  +  {ax^  —  hx^Y  =  ^^  * «  sin  r. 

Hence  the  a-ngU  of  rotation  is  «^,  ==  5,  say.     We  may  now  for 
convenience  put  «  =s  1  and  then,  since 


£'+P^ 


c?  ah  QG 
oh  h^  he 
ac      be     c* 


the  first  equation  inchided  in  a:'  =  6*^a:  is 

a?i  =  a?j  cos  ^  +  sin  5  (—  cx^  +  bx^) 

+  (1  —  cos  5)  a(ax^  +  bx^  +  cx^, 

agreeing  with  the  known  formula  for  the  rotation  of  a  point 
in  three-dimensional  euclidean  space  about  the  direction 
a  :  6  :  c* 

2.  We  have  thus  obtained  the  general  displacement  in  terms 
of  three  parameters  ;  it  remains  to  be  shown  how  Euler's  para- 
meters arise  in  connection  with  Cayley's  expression  for  an 
orthogonal  matrix. 

The  matrix  of  the  finite  transformation  is 


e*^=  £  +  sin  ^P  +  (1  -  cos  0)  P* 


0 


( 


0 


J5?  +  2  cos* - 1  tan    ■P+  tan' 


..^ 


.4 


Put 


a  ^  a  tan     ,     p  =  6  tan  - ,     7  ==  c  tan  - , 
Jt  It  £t 


n=tan-P  = 
2 


0 

-7 

fi 

7 

0 

—  a 

-iS 

a 

0 

*For  other  methods  of  obtaining  this  formula  see  Messenger  of  McULt 
Bromwich,  vol.  29,  p.  41,  and  Hudson,  vol.  31,  p.  151. 
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Then 


tan*^  (£  -  n)  +  £  -  n»  =  sec' J-  E, 


(£  -  n) /^sec*  I  ^  +  n  +  nA  =  sec*  I  jB. 

.•.«•'=-£+  2(-E-n)-» 
=  (^+n)(£-n)-», 

which  is  Cayley's  form ;  the  elemente  of  11  are  the  parameters 
of  the  displacement.  This  expression  is  not  valid  when  0  ^  w  ; 
the  matrix  of  the  displacement  then  is  J5  +  2P*,  and  represents 
a  half-turn  about,  or  a  reflexion  in,  the  point  a,  6,  c. 

Conversely,  when  the  orthogonal  matrix  A  of  the  displace- 
ment is  given,  and  |^  +  £|  =^  0,  the  parameters  are  the  ele- 
ments of  the  skew  matrix  (A  +  -E)""^(^  —  E)  and  from  them 
the  centre  and  angle  of  rotation  can  be  found. 

3.  The  preceding  analysis  applies  equally  well  to  the  displace- 
ment of  a  point  in  a  plane  in  which  the  system  of  measurement 
is  elliptic  and  to  the  displacement  of  a  point  on  a  sphere  in  or- 
dinary space,  and  thence  by  a  limiting  process,  to  displacements 
in  a  euclidean  plane.  This  process  consists  in  putting  ic,  =  1 
and  neglecting  squares  and  products  of  the  other  co5rdinate8. 
Taking 

0-16 


1 
-6 


0   —a 
a        0 


E+P^ 


0 

0 

a 

0 

0 

b 

a 

b 

1 

we  easily  find  that  the  formulse  reduce  to 

x[=ia-^  cos  0  (x^  —  a)  --  sin  6  {x^  --  5), 
ajj  =  6  +  sin  6  (x^  —  a)  +  cos  0  {x^  --  5), 


which  are  the  ordinary  formulse  for  rotation  about  the  point  a,  6. 

Since   every  improper  orthogonal   three-rowed   matrix,  for 

which  the  determinant  is  —  1,  is  the  product  of  a  proper  mat- 
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rix  and  the  matrix  —  jE,  we  have  to  consider  the  meaning  of 
the  transformation  a;J  =  —  x^,  x^^  ^ x^j  xj  =  —  Xy  In  the 
elliptic  plane  the  points  x  and  —  x  are  not  distinct,  or  only 
nominally  so,  and  all  the  transformations  come  under  the  head  of 
displacements.*  On  the  euclideau  sphere  the  points  x  and  —x 
are  diametrically  opposite  and  the  transformation  a;'  =  —  a;  is  a 
reflexion  in  the  centre.  This  combined  with  any  rotation  gives 
the  most  general  transformation  of  the  second  kind. 

In  the  euclidean  plane  the  transformation  a?'  =  —  a?  is  ex- 
cluded by  the  hypothesis  x^s=\,  but  every  improper  orthogonal 
matrix  can  be  derived  from  a  proper  matrix  by  multiplying  it 
by  the  improper  matrix 

r-1     0     0 

0     1     0 

0     0     1 

which  corresponds  to  a  reflexion  in  the  line  x^  =  0. 

It  is  beyond  the  scope  of  this  paper  to  develop  the  many  in- 
teresting geometric  theorems  which  can  be  proved  very  easily 
from  these  formulae ;  we  are  concerned  rather  with  the  various 
methods  of  parametric  representation. 

4.  The  use  of  quaternions  as  a  convenient  method  of  formu- 
lating two-dimensional  displacements  may  now  be  explained,  for 
it  follows  easily  from  Cayley's  expression  for  an  orthogonal 
matrix.     Since 

(1  +  i«  +jfi  -f  ^7)  0'^,  +>2+  ^)=  -  K  +  fih  +  7^3) 

'+  *'(^i  -  y^2  +^h) +j(^2  -  «^3  +  y^i)  +  Kh  -  ^h+  ^2)} 

the  components  of  the  vector  part  are  the  quantities  {E  +  Tl)z; 
thus,  if  we  write 

5  =  1  4.  ia  4-^^  +  fcy,  5-=  i2j  ^j\  +  ^3, 

Vq^is  equivalent  to  {E  +  Tl)z,  and  similarly  T^ij  is  equivalent 
to  {E  —  n)z.     Now  the  general  orthogonal  transformation 

x'  =  {E+U){E-U)-'x 


*  For  a  discussion  of  this  peculiarity  of  the  elliptic  plane  see  Klein,  Nicht- 
Euklidische  Geometrie,  I,  p.  103. 


Digitized  by  LjOOQIC 


1903.]  ANALYTIC   THEORY   OF   DISPLACEMENTS.  315 

can  be  divided  into  two  parts 

X  ={E+  U)z,         a;  =  (J?  -  n)z, 
which,  when  expressed  in  quaternion  notation,  are 

f  »  Vq^=  qK-  Sq^,  f  =  Ffg  =  fg  -  Sq^, 

from  which,  on  eliminating  ^, 

We  notice  that  q  may  be  multiplied  by  any  scalar  without 
affecting  the  formula ;  one  of  the  most  convenient  forms  to 
take  is 

0  0  0 

a  =  cos  ^  9  =  cos  ^  +  (ta  +  j6  -f  fc^)  sin  ^, 

say,  so  that  Ta^  1  and  then 

0  0 

a-^  =  cos  2  —  (wi  +  jb  +  Jce)  sin  ^ 

=^  ^0  -  ^'«i  -  is  -  K- 

The  composition  of  rotations  is  effected  very  simply  when  the 
quaternion  notation  is  used ;  for  the  transformation  x'  =  fix^/3-^ 
following  x'  =s  axa-^  leads  to  x"  =  fiaxa-^fi-^  =  yxy~^j  where 
7  =  ^a. 

The  geometric  interpretation  of  this  is  the  well-known 
theorem  that  successive  rotations  27r  —  2i4,  27r  —  2B  about 
the  comers  -4,  -B  of  a  spherical  triangle  are  equivalent  to  a 
rotation  2C—  27r  about  the  corner  C. 

5.  One  other  important  representation  of  rotations,  namely  as 
a  linear  transformation  of  the  parameters  of  the  generators  of  a 
unit  sphere,  is  easily  deduced  from  the  quaternion  formula 

as  follows.*  We  have  at  once  f 'g  =  gf .  Now,  on  replacing 
k  by  ij  or  — y;, 

*See  Klein,  Lectures  on  the  Ikosahedron,  Chap.  II,  i  2,  and  Cayley, 
McUh,  AnnaleUf  vol.  15  (1879),  p.  238.  That  a  quaternion  is  equivalent  to  a 
two-rowed  matrix  was  recognized  by  Sylvester,  FhiL  Mag.^  vol.  16  (1883),  p. 
394. 
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f  =  ixj  +  (ar,  +  ir,)j,         q=l  +  ia  +j{fi  -  vy). 

After  multiplying  out  and  replacing  /by  —  1 ,  we  may  equate 
coefficients  ofj  and  obtain 

x[(i  -  a)  -  (x;  +  iriX^  -  iy)  =  (i  -  a>,  -  (^  +  iy){x,  -  ir,) 
-  ix;()8  -  17)  +  (a?;  -  ix'^){}  +  ia) 

=  (^  -  i7)ia;j  +  (1  -  ia){x^  -  ia:,), 

where  now  i  may  be  regarded  as  equivalent  to  1/  —  1  ;  these 
may  be  altered  to 

(1  +  x[)(i  -  «)  -  (a:;  +  ta:0(/8  -  iy) 

=  (i  _  «)(1  +  a:,)  -  (5  +  17)(^,  -  ia?3), 
(1  -  a;;)(^  -  iy)  -  (a?;  -  ix'^){i  -  a) 

=  (^  -  t7)(l  +  ^i)  -  (i  +  «)(^2  ~  ir,), 
whence  by  division 

^  a?;  — ta?;      (i  +  a){x^  --  ix^)  +  (/8  —  t7)(l  +  a?^) 
l+x[^  ($'+  iy){x,  ^  ia-3)  -  (i  -  a)(l  +  x,y 

which  is  the  linear  transformation  of  (ar,  —  ix^)/{l  +  x^)  referred 
to. 

II.     Infinitesimal  Displacements  in  Three  Dimensions, 

6.  Let  A  be  the  symmetric  matrix  associated  with  the  abso- 
lute, so  that  its  equation  is 

xAx  =  0. 

For  convenience  we  shall  suppose  that  {ilj  =  1  and  that  the 
actual  values  of  the  coordinates  of  any  point  not  on  the  abso- 
lute are  so  chosen  that  xAx  =  1. 

The  transformation  x'  =  Bx  leaves  the  absolute  unchanged 
if,  for  all  values  of  Xy 

X  Ax  =  xAx] 
this  requires 

B'AB  =  Ay 

where  B'  is  the  matrix  conjugate  to  B,  For  a  small  displace- 
ment, B  differs  slightly  from  the  unit  matrix,  so  Jet  J9  =  ^ 
+  cC,  where  €*  may  be  neglected  ;  then 

C'A  +  AC^Oy 
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showing  that  AO  is  a  skew  matrix  P,  say,  and  then  C==  A'^F 
and  the  general  infinitesimal  displacement  is 

a:'  =a  a;  +  ^A'^Fx 

where  P  is  any  skew  matrix. 

In  this  displacement  the  point  x  moves  a  small  distance  in 
the  direction  of  the  point  A^^Px,  Now  with  any  skew  matrix 
P  may  be  associated  a  certain  screw,  or  linear  complex,  such 
that  Px  is  the  null  plane  of  x.  Hence  A'^Px  is  the  absolute 
pole  of  the  null  plane  of  x. 

The  polar  screw  Q  is  obtained  by  reciprocating  with  respect 
to  the  absolute.  Thus  A^^Px  is  the  null  point  of  the  plane 
Ax  with  reference  to  Q,  whence 

A->p=  q-^A, 

so  that  the  motion  of  x  may  be  described  as  being  towards  the 
null  point  with  reference  to  the  polar  screw  of  its  absolute 
polar  plane 

The  motion  of  any  plane  I  is  given  by 

I'x'  ^Ix,         x'  =,  {E  +  €A-'P)x ; 
whence 

r  =  l(E+  eA-'Py  =  l(E^  eA-'P)  =  I  +  ePA'H, 

on  forming  the  conjugate  matrix,  so  that  the  plane  I  turns  about 
its  intersection  with  PA~^l,  which  is  the  null  plane  of  the  pole 
of  /,  and  is  the  same  as  A  Q~H  which  is  the  polar  of  the  null 
point  of  i  with  reference  to  the  polar  screw.* 
7.  The  transformation 

y^A-'Qx,         y'^A-'Qx' 

transforms  the  line  xx  into  the  polar  line  of  the  intersection  of 
the  null  planes  u  =  §j?,  u  ==  Qx.  If  xx'  is  a  ray  of  the  com- 
plex Qy  i,  6.,  if  X  Qx  =^0  then  uu  is  the  same  line  ;  so  this 
transformation  has  the  property  of  transforming  every  line'  of  a 
certain  complex  into  its  polar  line.  Consequently  if  a  ruled 
surface  is  generated  by  lines  belonging  to  the  screw  Q  the  linear 
point  transformation  whose  matrix  is  A~^Q  transforms  the  sur- 
face into  its  reciprocal  with  respect  to  the  quadric  A.  f 

*  These  theorems  are  given  bj  Buchheim,  Pi-oc  L,  M.  S.j  voL  16,  p.  15. 
fThis  is  a  more  general  statement  of  a  theorem  contained  in  a  note  in  the 
Messenger  of  Math,  f  voL  29,  p.  191. 
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If  we  are  reciprocating  with  respect  to  the  surface 
7^,  +  x\  +  xl  +  x\  =  0, 
we  have  A^  E and  the  transformation  is 

8.  We  shall  consider  next  in  some  detail  the  case  when 
\P\  =  0  and  the  screw  associated  with  the  motion  degenerates 
into  a  line.  We  cannot  immediately  apply  the  formulas  for 
polar  screws  because  the  inverse  matrices  do  not  now  exist. 
It  is  convenient  to  use  two  matrices  in  connection  with  a  line. 
Let* 


rP  = 


where  J9,  q,  r,  p',  q  ,  r  are  the  coordinates  of  the  line  ;  then 

PP^  s  -  (pp'  +  qq  -^rr')  £==0. 

Hence  if  Q,  Q'  are  the  matrices  associated  with  another  line, 
the  two  lines  intersect  if 

PQ'  -f  QP'  =  0. 
The  lines  are  polar  if 

Q  =  AP'A,         q  =  A-'PA-'  (since  |^|  =  1), 

for  then  the  pole  of  any  plane  through  one  line  lies  on  the  other. 
Hence  the  line  P  touches  the  absolute  if  it  cuts  §,  i.  e.,  if 

PA-'PA-'  +  AP'AP'  =  0. 

For  any  other  line  we  shall  take  this  expression  to  be  equal  to 
-  1. 

*Thi8  must  not  be  confused  with  Frobenius's  notation   for  conjugate 
matrices ;  in  the  case  of  a  skew  matrix  P  the  conjugate  is  simply       P. 
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To  find  the  distance  from  a  point  x  to  a  line  P  we  notice  that 
the  plane  Px  cuts  the  polar  line  Q  in  the  point  Q'Px  and  the 
distance  between  this  and  x  is 

_.        xAQ'Px 


VxPQ'AQ'Px 
Now 

xPA''\PA-'PA-')Px  =  ^  xPA-'Px  -  xPA-\AP'AP')Px 

=  -  xPA-'Px ; 
hence  the  distance  from  a?  to  P  is 


in-*  V  -  xPA-^Px. 


sin 


The  distance  between  x  and  its  displaced  position  given  by 
the  transformation 

a?'  a=  .T  -f  eA^^Px 
is 


V{eA-'^'Px)A(€A-'Pi)  =  €  i/  -  xPA-'Px  =  €  sin  p; 

hence  €  is  the  small  angle  of  rotation  about  P.  As  in  the  case 
of  two  dimensions,  so  also  here  the  general  finite  displacement 
is  obtained  by  integrating 

dx  .      ,    ,  ^ 

9.  Returning  to  the  general  screw  motion,  let  P  be  the  screw 
and  L  any  line;  then  it  is  possible  to  choose  k  so  that  P  —  kL 
is  a  line,  =  k' M  say.     Thus, 

€A-'P^€kA-'L  +  €k'A-'M 

and  the  motion  consists  of  two  small  rotations  ek  about  L  and 
ek'  about  M,  The  most  important  case  is  when  L  and  M  are 
polar  lines  ;  they  are  then  the  axen  of  the  screw  and  are  of 
the  form  P  -^-XQ  where  |P  -f  X^j  =  0.  Discussion  of  this 
and  other  methods  of  resolution  is  simplified  by  taking  the 
absolute  in  the  form  used  in  elliptic  space.  This  will  be  done 
in  connection  with  finite  displacements. 
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III.     Finite  Displacemenis  in  Three  Dimensions.* 

10.  We  have  seen  that  the  general  infinitesimal  displacement 
is 

X  ^  x+  eA-^Px, 

where  €  is  a  small  constant,  A  is  the  matrix  of  the  absolute, 
and  P  is  any  four-rowed  skew  matrix.  In  what  follows  we 
shall  take  the  absolute  to  be 

x\  +  xl-i-xl  +  xl  =  0, 

so  that  A  ^  E.  By  a  suitable  change  of  coordinates  the  abso- 
lute can  be  reduced  to  this  form,  and  by  admitting  the  possi- 
bility of  imaginary  coordinates  we  are  able  to  include  all  kinds 
of  space  in  one  investigation. 

The  above  transformation  can  be  written  as  a  differential 
equation 

where  Ms  a  quantity  on  whose  variation  the  motion  of  the 
point  X  depends.  As  in  the  case  of  two  dimensions  the  most 
general  proper  orthogonal  transformation  is  obtained  by  inte- 
grating this  on  the  hypothesis  that  the  elements  of  P  are  con- 
stant. Taking  x  for  the  initial  and  x  for  the  final  position  of 
the  moving  point,  we  can  integrate  this  equation  in  the  sym- 
bolic form 

X  =  ^% 

and  it  remains  to  express  ^^  in  a  non-transcendental  form. 
This  may  be  done  by  a  general  method  applicable  to  matrices 
of  any  order,  t 

For  if  the  identical  equation  satisfied  by  a  matrix  P  is 

/(P)  s  (P  -  \E)  (P  -  \E) . . .  (P-  \E)  =  0, 

we  have,  by  division,  assuming  the  latent  roots  to  be  distinct, 

p-  ^  (P"-"  + . .  .)/(P) + U-)  ^. 

''^Equivalent  to  rotationn  about  a  fixed  point  in  fourdimeniions  ;  from  this 
point  of  view  the  subject  has  been  treated  by  Cole,  Amer,  Journey  vol.  12,  p. 
191,  and  Jahnke,  Jahre^>erieht  der  deuiachen  Matk-Vereinigungy  April,  1902. 

fSee  Bromwich,  Proc.  Camh.  Phil,  Soc.y  vol.  11,  p.  75,  and  the  referenc€fc 
there  given. 
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whence^  using /(P)  =  0, 

<l>  being  any  function  expansible  in  ascending  powers.*     In  the 
present  instance  the  four-rowed  matrix 


0 

—  r 

9 

P' 

r 

0 

-P 

9' 

-? 

P 

0 

r' 

-P' 

-9 

-r' 

0 

satisfies  the  equation 

or  say 

Then,  applying  the  rule  given  above, 


P'—n*E/  1  \ 

^i— ^  ( cosh  \^  +  ^sinh  \ P\ 


cosh  /i^  +  -  sinh  /iP 


■> 


and  this  is  the  required  matrix  of  the  finite  transformation 
after  we  have  put  ^  =  1. 

11.  It  is  evident  that  when  the  identical  equation  for  P 
reduces  to  a  binomial  form,  the  evaluation  of  c*^  can  be  effected 
much  more  easily.  This  happens  in  two  cases  which  will  now 
be  discussed,  and  the  general  case  can  be  reduced  to  either  of 
them. 

*  This  fonnnlft  was  first  given  by  Sylvester,  Johns  Hopkins  Univ,  Circulars^ 
3(1SS2),  pp.  9  and  210. 
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Let  P'  be  the  matrix  obtained  from  P  by  interchanging  p 
and  p\  q  and  q,  r  and  r.  Then  P  and  P'  correspond  to 
polar  screws.     It  is  easily  verified  by  actual  multiplication  that 

PP'  ^P'P^^  (pp'  +  qq'  +  rr')E, 

p»  +  P'^  =  _  (p2  +  ^  ^_  ^  +  p'^  ^  q'^  +  ^'»)^. 

The  first  special  case  to  be  considered  is  when 

Then  P  is  called  a  right-vector  and  the  identical  equation  takes 
the  simple  form 

p2  +  (p2  +  g«  +  r^)^=0. 

Putting  

0  =  ti/p'  +  q'  +  r^ 
we  have 

.._i+,i.-|-_«;'p+..._«,»+i^V 

and  in  the  corresponding  displacement  every  point  moves 
through  the  same  distance  6  along  a  right  parallel  of  the 
system.* 

Similarly  if  P=  —  P\  P  is  called  a  lefi  vector,  and  the 
matrix  of  the  displacement  has  the  same  form  as  before. 

Now  the  general  screw  P  can  be  expressed  as  the  sum  of  a 
right  vector  and  a  left  vector,  for  we  have  only  to  write 

2C7=P-f  P',         2F=P-P', 
and  then 

P=  U^V. 
Further 

C7F=  VU, 

so  that  the  matrices  U,  V,  and  therefore  also  the  correspond- 
ing finite  transformations,  are  commutative.  Hence  the  gene- 
ral displacement  e*^  can  be  resolved  into  the  succession  of 
vector  displacements  e'^,  c"^  taken  in  either  order.  Accord- 
ingly, if  we  put 

*  For  a  discussion  of  vector  displacements  see  Whitehead,  Universal  Alge- 
bra, p.  472. 
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4o?=(p+  pj  +{q  +  q'f  +  (r  +  rj, 
4/3*  =  (p-/)'+(g-g7  +  (r-r7, 

then 

^^  =  (cos  otE  +  sin  at  U^)  (cos  ^tE  +  sin  jSt  FJ 
or 

e^  s=  cos  a  cos  jSE  +  sin  a  cos  ^  t/j  +  cos  a  sin  $  V^ 

-f  sin  a  sin  /3  U^  Fj, 

and  this  form  may  easily  be  made  to  agree  with  the  preceding 
by  putting 

a  +  /8  =  iX,     a  —  fi^ifi. 

12.  The  second  special  case  is  when 

Pp'  +  99  +  rr'  =  0, 

so  that  P  represents  a  line.  The  corresponding  displacement 
is  a  rotation  about  this  line,  and  since  PP'  =  0  we  deduce  at 
once  that  rotations  about  polar  lines  are  independent.     Writing 


cF^p'  +  q^  +  r'  +  p''  +  q''  +  r', 


c-  =  /?-  -t-  ^-  -I-  r-  -f-  j»     -f-  y     -r  r 
we  have 

P'  +  P''  +  e^E=^0, 
and  therefore 

P^+c2p=0. 

Integration  in  this  case  is  precisely  the  same  as  in  two  dimen- 
sions and  we  obtain  for  the  finite  equation  of  rotation  through 
an  angle  0 

aj'  =  e^^a:  =  {  1+  c' sin0P+  c-\l  -  cos 0)P'}x. 

Now  the  general  screw  Pcan  be  expressed  as  the  sum  of  two 
polar  lines,  its  axes.*     These  are  the  lines  L,  1/  where 

i  =  aP  +  o->P',     L'  =  o->P  +  crP', 


^  Whitehead,  Universal  Algebra,  p.  401. 
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and  LL'  =  0 ;  giving 

(cr»  +  cr-^(p;>'  +  q(j[  +  rr')  +  c^  =  0. 
Write  for  abbreviation 

60  =»pp' +  55' +  rr', 
then  the  sum  of  the  squares  of  the  six  elements  of  X  is 

(o-»  +  o-y  +  4a),      =-a)((r2-o-«)«; 
accordingly  it  is  convenient  to  introduce  a  new  matrix  M  given 


by  i  =  (o-»-o-*)l/-a)Jlf. 

Then  ^  _  o-X  -  <t'^L' 


«=  cr  l/  —  ©if  —0-^1/  —  ©if'. 

Accordingly  the  displacement  defined  by  P  is  equivalent  to 
rotations  about  the  lines  Jf,  JT,  the  angles  being  ^  =  cr  1/  —  o) 
and  ^'  =  —  o-^  V  —  ft).  The  matrix  ^  of  the  finite  trans- 
formation has  the  form 

E  +  sin  OK  +  sin  O'W  +  (1  -  cos  «)1P  +  (1  -  cos  «')3f' ', 

which  may  be  compared  with  either  of  the  preceding  forms. 

13.  As  in  the  case  of  two  dimensions,  when  Q  ^  iTy  t^^  can 
be  expressed  in  the  form 

(^X;  +  tan  ^  3/ Vx;  -  tan  |  m\\ 
Hence,  since  MM'  =  0, 

=  [^  +  tan  I^Z-h  tan^  if' ^  (^X;  -  tan  |ilf-  tan|  ilfV', 

so  that  in  Cayley's  expression  for  an  orthogonal  transformation 
the  skew  matrix  used  is 

tan^l/+  tan  -M\ 
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This  matrix  is  closely  connected  with  Burnside's  theorem 
that  the  general  screw  displacement  can  be  resolved  into  two 
half  turns  about  lines  cutting  the  axes  of  the  screw  at  right 
angles. "^  If  P  and  Q  are  the  matrices  associated  with  any  two 
lines  whose  shortest  distances  are  ^,  0\  and  if  3f,  Jf'  are  their 
common  normals,  it  is  easy  to  verify  thatf 

PQ^  QP^  ^  3f  sin  ^  cos ^'  +  if'  sin  ^'  cos  ^; 

on  the  other  hand  the  succession  of  half  turns  is  represented 
by  the  matrix 

and  it  may  lefl  as  an  exercise  in  matrix  notation;};  to  verify  that 
this  is  the  same  as 

and  that  this  is 

(E  -  tan  0M+  tan  0'M'){E+  tan  «Jlf-  tan  ^'if)-^ 

which,  as  was  shown  above,  is  the  matrix  of  a  displacement  on 
a  screw  whose  axes  are  M,  M\  the  angles  of  rotation  being 
—  20,  +  20'  respectively.  § 

14.  We  must  now  establish  the  connection  between  quater- 
nions and  the  parametric  representation  of  the  general  displace- 
ment. ||  Taking  as  before  the  skew  matrix  P  of  the  displace- 
ment to  be 

'      "       —  r  q 


0 
r 


0       — p 
p  0 


r' 
0 


*Me»miger  of  Math.,  vol.  23,  p.  19;  Proc,  L.  M.  5.,  vol.  26,  p.  33, 
where  a  simple  geometric  proof  is  given.  A  very  short  analytic  proof  can  be 
given  by  taking  the  axes  of  the  screw  to  be  opposite  edges  of  a  tetrahedron 
of  reference  self -con  jugate  with  respect  to  the  absolute. 

fThe  formulffi  for  common  normals  are  given  in  the  Metaenger  of  M(Uh,f 
vol.  32,  p.  31. 

t  Hudson,  Messenger  of  Math,  y  vol.  32,  p.  61. 

i  This  theorem,  treated  geometrically,  has  formed  the  subject  of  papers  by 
Wiener,  Leipxiyer  Berichte,  vol.  42  (1890),  Gale,  Annals  of  Maih,  Oct,  1900 ; 
Wood,  Annals  of  Math.,  July,  1901. 

II  The  fact  that  a  special  four-rowed  matrix  is  equivalent  to  a  quaternion  is 
due  to  Frobenius,  Oc/Zc,  vol.  M,  p.  59. 
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and  putting 

a^  =  COS  a,     Oj  =  am  a  -^^  ,      a,  =  sin  a  —^^ , 


80  that 


al^al  +  al  +  al^  1, 
the  matrix  of  the  right  vector  displacement 


f'  =s  (  cos  a 


E  +  sina 


2a 


18 


«o      -«s 


-S  «1  «0  S 

and  that  of  the  left  vector  displacement 

2^     ) 

A  /3j  /8,  /3^ 


/  P^P" 

«'  =  (  COS  )8^  +  sin  ^  — Tws—  I  a? 


18 


where 


^^  =  co8^,     ^,  =  sin^L^_,     ^,  =  sin^^      ' 


and 


2/3 


^3  =  s^°  ^  ~2/3~  ^ 
fil  +  ^,  +  fi\  +  fi\^  1. 


2^    * 
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Expressed  in  quaternion  notation  these  transformations  are 

and 

=  (x,  +  ix,  -^jx,  +  kx,)  {fi,  -  ifi,  ^jfi,  -  kfi,) 

respectively,  which  may  be  written 

x'  =iax     and      x'  =  a:6""^, 

all  the  letters  representing  unit  quaternions.  Combining  these 
two  vector  displacements,  we  find  for  the  general  displacement 
either 

a?'  =  axy  x"  5=  x'hr^  giving  x"  =  (ixb~\ 
or 

x'  =  cc6~*,  x'  =  ax'  also  giving  a;"  =  axb^^, 

showing  once  more  that  right  and  left  vector  displacements  are 
commutative.* 
Now  put 

v  =  ip  +jq  +  kr^     v  =  vp   +jq'  +  Jcr', 

then  the  formula  x'  =  axb~^ 

is  the  same  as 


=  I  cos  a  +  sin  a \x{  cos  p  —  sin  p  "~o o~  I 

-■-(^)>)("-i^y-. 


or, 

and  it  may  be  noticed  that 

2a  =  T{v  +  v\     2/3  =  !Zl[t?  -  v'). 

To  pass  to  euclidean  or  hyperbolic  space,  replace  x^  by  xjto 
and  v'  by  cov',  and  ultimately  put  o)  =  0  or  f  respectively.f     In 

*  Klein,  Nicht-Euklidische  Geometrie,  II,  d.  123. 

t  For  further  explanation  see  Messenger  of  Math.  ^  vol.  31,.  p.  161,  where  the 
application  of  biquatemions  is  considered. 
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the  former  case  we  may  at  once  neglect  ft)*,  and  then  the  quater- 
nion a  takes  the  form  q  +  o>q\  where  g  is  a  unit  quaternion  and 
q'  is  connected  with  q  only  by  the  relation 

Sq'q-'  =  0, 

since  Ta  =  1.  Evidently  b  takes  the  form  q  —  iwg'  and  so,  if 
we  put 

f  =  iTj  +jx^  +  kxy     f  ^  ix[  +jx'^  +  feci, 

the  general  displacement  is  given  by 

^+f  =  (9  +  «5')(5  +  f)(?-«9')-' 

=  (9 +  «9')(^^  +  f)(<Z-' +  <»»•), 
where  qr  —  q'q"^  =  0 ;  and  this  is  equivalent  to 

^4  =  ^v     f  =  9^9"'  +  (?^  +  9'9"'K> 

In  this  we  may  put  x^==  I  and  so  obtain  the  general  displace- 
ment in  euclidean  space  in  terms  of  8  homogeneous  para- 
meters, the  constituents  of  q  and  g',  connected  by  the  two  rela- 
tions * 

Tq  =  1,      Sq'q-'  =  0. 

The  ends  set  forth  in  the  introduction  have  now  been  achieved. 

St.  John's  College, 
Cambridge,  England. 

*Cf.  Study,  Math.  Annalen,  vol.  39,  p.  636. 
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NOTES. 

The  January  namber  ( second  series,  volume  4,  number  2  ) 
of  the  Annals  of  McUhematicd  contains  the  following  papers : 
"  The  logarithm  as  a  direct  function/'  by  J.  W.  Bradshaw, 
with  an  introduction  by  W.  F.  Osgood  ;  "  On  positive  quad* 
ratio  forms,"  by  Paul  Saurel  ;  "  Multiple  points  on  Lissa- 
jous's  curves  in  two  and  three  dimensions,"  by  E.  A.  Hook  ; 
^'  A  special  quadri-quadric  transformation  of  real  points  in  a 
plane,"  by  C.  C.  Engbero. 

The  editorial  staff  of  the  Annals  have  recently  added  Dr. 
E.  V.  Huntington  to  their  number. 


At  the  recent  meeting  of  Section  A  of  the  American  asso- 
ciation for  the  advancement  of  science,  held  at  Washington, 
D.  C,  twenty-three  papers  were  read,  of  which  the  following 
related  to  pure  mathematics :  By  Professor  L.  G.  Weld  : 
"  Saint  Loup's  linkage."— By  Dr.  Paul  Carus  :  "  The  foun- 
dations of  mathematics." — By  Professor  G.  B.  Halsted  : 
"The  teaching  of  geometry";  "The  Bolyai  centenary." — ^By 
Professor  E.  O.  Lovett  :  "  Special  periodic  solutions  of  the 
problem  of  n  bodies " ;  "  The  problems  of  three  or  more 
bodies  with  prescribed  orbits." — By  Mr.  J.  J.  Quinn  :  "  A 
development  of  conic  sections  by  kinematic  methods-" — By 
Professor  J.  S.  Miller  :  "  Note  on  a  geometrical  analysis " 
(by  title). — By  Dr.  C.  J.  Keyser:  "Concerning  Bolzano's 
contributions  to  assemblage  theory  "  (by  title). 

At  the  meeting  of  the  London  mathematical  society  held  on 
January  8,  the  following  papers  were  read  :  By  Professor  A. 
Lodge  :  "  A  method  of  representing  imaginary  points  by  real 
points  in  a  plane." — By  Dr.  J.  Larmor  :  "  On  the  mathemat- 
ical expression  of  the  principle  of  Huygens." — By  Professor 
A.  E.  H.  Love  :  "  Wave  motion  with  discontinuities  at  wave 
points." — By  Dr.  H.  F.  Baker  :  "  Functions  of  several  vari- 
ables."— By  Mr.  W.  H.  Young  : "  On  non-uniform  convergence 
and  term-by-term  integration  of  series." — By  Professor  L.  E. 
Dickson  :  "  Generational  relations  for  the  abstract  group  sim- 
ply isomorphic  with  the  linear  fractional  group  in  the  Galois 
field  [2"]  ."—By  Rev.  F.  H.  Jackson  :  "  Series  connected  with 
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the  enumeration  of  partitions  (second  paper)." — By  Mr.  J. 
Brill  :  "  On  the  minors  of  a  skew-symmetrical  determinant.'^ 
— By  Professor  W.  S.  Burnside  :  "  On  the  Jaoobian  of  two 
binary  quantics  considered  geometrically  "  ;  "  On  the  resolu- 
tion of  some  skew  invariants  of  binary  quantics  into  their  factors 
in  terms  of  their  roots." 

At  the  meeting  of  November  13,  Professor  Horace  Lamb 
was  elected  president,  and  Prof^sors  A.  E.  H.  Love  and  W. 
Burnside  were  elected  secretaries  of  the  Society. 

Harvard  University:  At  the  summer  school,  held  in 
July  and  August,  there  will  be  offered  for  the  first  time  an  ad- 
vanced mathematical  course,  the  subject  being :  The  theory  of 
functions  of  a  complex  variable.  The  course  is  given  by  Pro- 
fessors Osgood  and  BScher.  Like  the  other  courses  given  in 
the  summer  school,  it  is  intended  to  occupy  the  students'  entire 
working  time  during  the  six  weeks  of  its  continuance. 

The  Macmillan  Company  announce  the  early  publication 
of  the  following  mathematical  works  :  Elements  of  the  theory 
of  inters,  by  Joseph  Bowden  ;  The  principles  of  mathe- 
matics. Volume  1,  by  Bertrand  Russell  ;  A  treatise  on  de- 
terminants, by  R.  F.  Scott,  new  edition  edited  by  G.  B. 
Mathews  ;  The  algebra  of  invariants,  by  J.  H.  Grace  and 
A.  Young  ;  A  treatise  on  spherical  astronomy,  by  R.  8.  Ball. 
Longmans,  Green  and  Company  have  in  press  :  A  first  course 
in  the  infinitesimal  calculus,  by  D.  A.  Murray. 

The  Hungarian  academy  of  sciences  aimounces  two  mathe- 
matical prizes  of  2000  crowns  each,  the  first  being  offered  for 
a  manual  of  absolute  geometry,  of  about  25  folios,  to  be  sub- 
mitted before  December  31,  1904  ;  the  second  for  a  study  of  a 
class  of  differential  invariants,  to  be  submitted  before  December 
31,  1903. 

The  annual  register  of  the  German  Mathematiker-Vereinig- 
ung,  issued  in  January,  shows  that  forty-nine  Americans  are 
members  of  the  society,  thirteen  having  been  elected  during 
the  year  1902. 

Professor  H.  Poincar6  has  been  made  a  commander  of 
the  Legion  of  honor. 
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Professor  A.  R.  Forsyth  has  been  elected  president  of 
the  Mathematical  association. 

The  College  entrance  examination  board  has  appointed  as 
examiners  in  mathematics  for  1903  Professor  Charlotte  A. 
Scott,  Professor  W.  H.  Metzler  and  Mr.  J.  S.  French. 

Dr.  O.  D.  Kellogg  has  been  appointed  instructor  in  mathe* 
matics  at  Princeton  University. 

Sir  George  Gabriel  Stokes,  master  of  Pembroke  college, 
Cambridge,  Lucasian  professor  of  mathematics  since  1849,  died 
on  February  1.  He  was  born  at  Skreen,  Ireland,  in  1819,  and 
was  educated  at  Pembroke,  taking  his  degree  in  1841,  being 
senior  wrangler.  He  was  president  of  the  Royal  society  from 
1885  to  1890,  and  from  1887  to  1892  he  represented  Cam- 
bridge University  in  parliament. 

James  Glaisher,  the  meteorologist,  aeronaut  and  mathe- 
matician, died  at  London  on  February  8.  He  was  born  at 
London  April  7,  1809.  In  1829  he  was  employed  in  the 
ordnance  survey  of  Ireland,  in  1833  he  became  assistant  at 
the  Cambridge  observatory,  in  1836  he  was  appointed  assistant 
in  the  Greenwich  observatory,  and  in  1840  he  became  super- 
intendent of  the  magnetical  and  meteorological  department. 
He  was  a  fellow  of  the  Royal  society  (1849)  and  president  of 
the  Meteorological  society,  and  was  connected  with  various 
other  learned  associations.  In  mathematics  he  is  chiefly  known 
for  his  work  on  factor  tables. 

Rev.  H.  W.  Watson,  D.Sc,  F.R.S.,  at  one  time  mathe- 
matical lecturer  at  King's  College,  London,  and  Trinity  Col- 
lege, Cambridge,  died  on  January  11,  aged  seventy-five  years. 

Lawrence  Sluter  Benson,  for  many  years  an  ardent  ex- 
pounder of  perverse  mathematical  doctrine,  died  at  an  advanced 
age  at  Newark,  N.  J.,  January  27. 

A  sixth  edition  of  his  catalogue  of  mathematical  models 
for  use  in  advanced  mathematical  instruction,  haa  just  been 
issued  by  Martin  Schilling,  Halle  a.  S. 
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NEW    PUBLICATIONS. 

I.     HIGHER    MATHEIVIATICS. 

BoHREN  (A.).  Ueber  die  Fresnelschen  Integrale.  Bern,  1901.  8vo. 
48  pp. 

Echols  (W.  H.).  An  elementary  text-book  on  the  differential  and 
integral  calculus.   New  York,  Holt,  1902.    Svo.    10  +  480  pp.   Cloth. 

$2.00 

Fbege  (G.).  Grundgesetze  der  Arithmetik,  begriffsschriftlich  abge- 
leitet.     Vol.  II.     Jena,  Pohle,  1903.     Svo.     16  +  266  pp.      M.  12.00 

Jeckun  (L.).  Historisch-kritische  Untersuchung  iiber  die  Theorie  der 
hypergeometrischen  Reihe  bis  zu  den  Entdeckungen  von  E.  E. 
Kummer.     Bern,  1901.     8vo.     87  pp. 

Junker  (F.).  Hohere  Analysis.  Teil  I:  Differentialrechnung.  2te, 
verbesserte  Auflage.  2ter  Abdruck.  Leipzig,  Goschen,  1902.  12mo. 
231  pp.      Cloth.      (Sammlung  Goschen,  No.  87.)  M.  0.80 

Krebs  (A.).  Konstriiktionen  gleichschenkliger  Dreiecke  mit  Hilfe  von 
Kurven  hoherer  Ordnung.      Bern,  1902.      Svo.      95  pp. 

Kummer  (M.).  Darlegung  der  Weberschen  und  verwandter  Integrale, 
ihre  Theorie  und  Anwendung.      Bern,  1902.     Svo.      63  pp. 

Macfarlane  (A.).  A  report  on  recent  progress  in  the  quaternion 
analysis.  (Proceedings  of  the  American  Association  for  the  Ad- 
vancement of  Science,  Vol.  51,  pp.  305-326.      1902.)      Svo. 

Newson  (  M.  B.  ) .  Report  on  the  theory  of  coUineations.  ( Proceedings 
of  the  American  Association  for  the  Advancement  of  Science,  Vol. 
61,  pp.  579-699.      1902.)      Svo. 

PalAgyi  (M.).  Kant  und  Bolzano.  Eine  kritische  Parallele.  Halle, 
1902.      Svo.      11  +  124  pp.  M.  3.00 

REPERTOIRE  bibliographique  des  sciences  math^matiques.  2e  s^rie :  fiches 
1101  a  1200.      Paris,  Gauthier-Villars,  1902.      ISmo.  Fr.  2.00 

Salmon  (G.).  Traits  de  gfem^trie  analytique  (courbes  planes), 
destine  a  faire  suite  au  trait€  des  sections  coniques.  Ouvrage 
traduit  de  Tanglais  par  O.  Chemin,  et  suivi  d*une  4tude  sur  les 
points  singuliers  par  G.  Halphen.  2e  tirage.  Paris,  Gauthier- 
Villars,  1903.      Svo.      19  +  667  pp.  Fr.   12.00 

ScHOUTEN  (G.).  Inleiding  tot  de  studie  der  elliptische  functien  van 
Weierstrass.      Delft,  1902.      Svo.      162  pp.  3  fl.  90c. 

SiTZUNQSBERiCHTE  der  Berliner  Mathematischen  Gesellschaft.  Heraus- 
gegeben  vom  Vorstand  der  Gesellschaft.  Ister  Jahrgang.  Leipzig, 
Teubner,  1902.      Svo.      4  +  66  pp.  M.  2.40 

Spiess  (O.).  Die  Grundbegriffe  der  Iterations-Rechnung.  Basel,  1902. 
Svo.      34  pp. 


Digitized  by  VjOOQIC 


1903.] 


NEW   PUBLICATIONS.  333 


Staeble  (F.).  Untersuchung  der  Flttchen,  deren  Krtimmimgslinien  bei 
orthogonaler  Projektion  auf  eine  andere  FlUche  wieder  Krlim- 
mungslinien  werden.      (Diss.)      Miinchen,  1901.     8vo.      31  pp. 

Stouff  (X.).  Sur  la  premiere  lettre  arithm^ique  d'Hennite  k  Jacobi. 
(Bulletin  des  sciences  math^matiquesy   (2)   26,  1902.)     8vo.     7  pp. 

Study  (E.).  Geometrie  der  Dynamen.  Die  Zusammensetzung  von 
Krfiften  und  verwandte  Gegenstande  der  Geometric.  Leipzig, 
Teubner,  1903.     8vo.      13  +  603  pp.  M.  21.00 

Thue  (  a.  ) .  Om  en  pseudomekanisk  methode  i  geometrien.  Kristi- 
ania,  1902.      8vo.      Ill  pp.  1  kr.  76  6. 

II.     ELEMENTARY    MATHEMATICS. 

Adam  ( V. ) .  Taschenbuch  der  Logarithmen  f  (ir  Mittelschulen  und 
hohere  Bildungsanstalten.  31ste  Auflage.  Stereotypausgabe.  Wien, 
Mejstrik,   1903.      4to.      10  +  100  pp.      Cloth.  M.   1.00 

AsHTON  (C.  H.)  and  Marsh  (W.  R.).  Five  place  logarithmic  tables 
together  with  a  four  place  table  of  natural  functions.  New  York, 
Scribner,  1902.      12mo.      21 -f  93  pp.      Cloth.  $0.60 

Barbisch  (H.).     See  Jahne  (J.). 

Blaine  (R.  G.).  Some  quick  and  easy  methods  of  calculating:  a  sim- 
ple explanation  of  the  theory  and  use  of  the  slide-rule,  logarithms, 
etc.  2d  edition,  revised  and  enlarged.  London,  Spon,  1902. 
12mo.      164  pp.      Cloth.  28.  6d. 

Bos  (H.).  G^m^trie  ^l^mentaire.  21e  edition.  Paris,  Hachette, 
1903.      16mo.      288  pp.  Fr.  2.00 

Comas  y  Muntaneb  (J.).  Programa  de  nociones  y  ejercicios  de 
aritm^tica  y  geometrla.  Santiago,  Tipograffa  Galaica,  1902.  8vo. 
16  pp.       (Instituto  general  y  t^cnico  de  Santiago.)  Fr.  0.60 

Dekkeb    (P.).      See   Niemoller    (F.). 

Dessenon  (  E.  ) .  Traits  de  trigonometric  rectiligne,  ft  Tusage  des  ^Ifeves 
de  seconde  et  de  premiere  (C  et  D),  de  math^matiques  (A  et  B), 
et  des  candidats  au  baccalaur^at  et  aux  ^coles.  3e  ^ition.  Paris, 
Nony,  1903.      8vo.      2  -f  304  pp.  Fr.  1.00 

DiETRiCHKEiT  (0.).  7stellige  Logarithmen  und  Antilogarithmen  aller 
48telligen  Zahlen  und  Mantissen  von  1000-9999,  bezw.  0000-9999, 
mit  Rand-Index  imd  Interpolations-Einrichtung  filr  4-  bis  7stellige3 
Schnellrechnen.      Berlin,  Springer,  1903.      8vo.      64  pp.      Cloth. 

M.   3.00 

Eyss^bic  et  Pascal.  Elements  d'algfebre,  avec  des  complements,  ft 
Tusage  des  ei^ves  de  Tense ignement  secondaire  et  des  candidats  aux 
baccalaur^ats.  21e  edition,  enti^rement  refondue,  conforme  aux 
programmes  du  31  mai  1902.  Paris,  Delagrave,  1902.  12mo. 
256  pp. 

Habebl  (J.).  Lehrbuch  der  allgemeinen  Arithmetik  und  Algebra. 
Zum  Gebrauche  fUr  Oberrealschulen  und  verwandte  Lehranstalten. 
8t€  Auflage.      Wien,  Braumiiller,  1902.     8vo.     6  +  387  pp.      Cloth. 

M.  3.80 
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Jahne  (J.)  und  Babbtsch  (H.).  lieitfaden  der  Geometrie  und  dea 
geometrischen  Zeichnens  fflr  Mftdchen-Bttrgerschulen.  3te  Stufe. 
Wien,  Manz,  1902.      8vo.      46  pp.,  7  plates.  M.  1.20 

Kleinschmidt  (E.).  Leitfaden  der  Geometrie  und  des  geometrischen 
Zeichnens  fiir  Mftdchen-Btirgerschulen.  Teil  I:  Ite  Klasse.  3te 
Auilage.  Inhaltlich  unverilnderter,  nach  der  neuen  Rechtschreibung 
hergestellter  Abdruck  der  2ten  Auflage.  Wien,  HSlder,  1902.  8vo. 
3  +  67  pp.      Cloth.  M.  1.00 

K5LTZSCH  (A.).  Grundzlige  der  Raumlehre.  Ein  Lem- und  Uebungsbuch 
zuni  Gebrauche  in  Volksschulen,  Fortbiidungschulen,  Prftparanden- 
Anstalten  und  Mittelschulen.  Heft  I.  Mit  etwa  600  Uebungsauf- 
gaben.  3te,  verbesserte  Auflage.  Leipzig,  Merseburger,  1903.  8vo. 
78  pp.  M.  0.60 

London  University  intermediate  mathematics;  guide  to  intermediate 
examinations  in  arts  and  science.  6th  edition.  London,  Clive,  1902. 
8vo.      120  pp.  29. 

Milne  (  W.  J. ) .  Advanced  algebra  for  colleges  and  schools.  New  York, 
American  Book  Co.,  [1902.]     12mo.     608  pp.     Leather.  $1.60 

MoLENBBOEK  (P.).  Leerboek  der  meetkunde.  2ter  druk.  Deel  I  en 
II:  Planimetrie;  Stereometric.  Leiden,  1902.  8vo.  322  +  211 
pp.  M.  4.80 

NiEMOLLEB  (F.)  und  Dekkeb  (P.).  Arithtnetisches  und  algebraisches 
TJnterrichtsbuch.  FUr  den  mathematischen  Unterricht  in  der 
Mittel-  und  Oberstufe  hoherer  Lehranstalten  nach  den  Bestimmungen 
der  neuesten  preussischen  Lehrplftne  bearbeitet.  (In  4  Heften.) 
Heft  3:  Pensum  der  Obersekunda  und  der  beiden  Primen  des  Gym- 
nasiums. Neue  Auflage.  Breslau,  Hirt,  1902.  8vo.  96  pp. 
Boards.  M.   1.40 

Pascal.     See  Eyss£bic. 

Pesch  (A.  J.  VAN).  Logarithmentafels  met  6  decimalen.  6ter  druk. 
Leiden,  1902.      8vo.      22  +  96  pp.  M.  2.00 

Pons  y  Mebi  (B.).  Programa  de  aritm^tica.  Valladolid,  Montero, 
1902.     4to.     20  pp.    (Instituto  general  y  t^cnico  de  Valladolid.) 

Fr.  1.00 

.      Programa  de  geometrfa.     Valladolid,  Montero,  1902.     4to.     30 

pp.      (Instituto  general  y  t^nico  de  Valladolid.)  Fr.  1.00 

Rawlins  (J.  M.).  Key  to  Lippincott's  Elementary  algebra,  in  which 
are  given  solutions  in  full  or  in  part  to  the  more  difficult  exercises 
and  problems.  Philadelphia,  Lippincott,  [1902.]  12mo.  6  + 
192  pp.      Cloth.  $1.00 

Salomon  (A.).  Lecons  d'arithm^tique,  k  Tusage  de  Tenseignement 
secondaire  des  jeunes  filles  (classes  de  deuxi^me  et  troisifeme 
ann^s).      3e  Mition.      Paris,  Nony,  1903.      18mo.      8  +  223  pp. 

Fr.  2.00 

.      Lecons  de  g^om^trie,  k  Tusage  de  I'enseignement  secondaire  des 

jeunes  filles.     G^om^trie  plane    (classes  de  troisi^me  et  quatri^me 
ann^es).     Paris,  Nony,  1903.      18mo.     230  pp.  Fr.  2.00 
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ScnuLTZ  (E.).  Ausftihrlicher  Leitfaden  der  KSrperberechnung  mit 
Musterbeispielen  und  einer  Aufgabensammlung  fttr  gewen>liche 
Lehranstalteiii  BOwie  zum  Selbstunterricht  fflr  den  Maschinentech- 
niker.  2te  Auflage.  Essen,  Baedeker,  1903.  Svo.  4+192  pp. 
Boards.  M.  2.00 

Wb6bijcwski.  Trigonometry.  A  collection  of  problems  set  at  the  ex- 
aminations for  admission  to  various  technical  institutions.  St. 
Petersburg,   1903.      Svo.      144  pp.       (Russian.)  M.   3.00 

Wboitecki  (T.).  Tables  trigonom^triques  oentteimales  pour  le  trac6 
des  courbes  des  voies  de  communications,  augment^es  de  tables 
tachtem^triques.      Constantinople,   1902.      Svo.      400   pp.      Cloth. 

M.  11.00 

Zeissio  (E.).  Die  Raumphantasie  im  Geometrieunterrichte.  Ein 
Beitrag  zur  methodischen  Ausgestaltung  des  Geometrieunterrichts 
aller  Schulgattungen.     Berlin,  1902.        Svo.      108  pp.  M.  2.40 

III.    APPLIED   MATHEMATICS. 

Appell  (P.)  et  Chafpuis  (J.).  Lecons  de  m^ani<]^ue  ^l^mentaire,  A 
Tusage  des  £l6ves  des  classes  de  premiere  ( latin-sciences  ou  sciences- 
langues  vivantes),  conform^ment  aux  programmes  du  31  mai  1902. 
Paris,  Gauthier-Villars,  1903.      16mo.      8  +  177  pp.  Fr.  2.76 

Abmbbusteb  (R.)>  Des  questions  de  survie.  De  la  valeur  legale  et 
scientifique  des  prteomptions.  (Th^se.)  Lyon,  Storck,  1902.  Svo. 
192  pp.  Fr.  0.85 

Chappuis  (J.).     See  Appell  (P.). 

DoiEZAL  (E.).  Trigonometrische  Punktbestimmung  durch  Einschneiden 
und  Hansens  Problem.  Loben,  NUssler,  1902.  Svo.  75  pp.,  1 
plate. 

.       Erklfirungen,    Formeln,    und    Tabellen    aus    dem    Gebiete    der 

sphftrischen  Astronomie  zum  Zwecke  von  Meridian-  und  Zeitbestim- 
mungen  ftir  das  Jahr  1903.     Wien,  Fromme,  1902.     8vo.     33  pp. 

Dbessel  (A.).  Formeln  zur  christlichen  Zeit-  und  Festrechnung. 
Feldkirch,   1902.      Svo.      24  pp. 

Eude  (E.).  Histoire  documentaire  de  la  m^anique  frangaise  (frag- 
ments), d'apr^s  le  mus^  centennal  de  la  m^canique  k  Texposition 
universelle  de   1900.      Paris,   1902.      Svo.      323  pp.,  42  portraits. 

Fr.  15.00 

Gallusseb  (H.).  Beitrag  zur  Vorausberechnung  der  Kommutations- 
verh&ltnisse  bei  Gleichstrommaschinen.  Stuttgart,  1902.  Svo. 
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[April,  1903.]    JANUARY  MEETING  J0d^0ft(5tGa 


THE  JANUARY  MEETING 
SECTION. 

The  twelfth  regular  meeting  of  the  Chicago  Section  of  the 
American  Mathematical  Society  was  held  at  the  Uni- 
versity of  Chicago,  on  Friday  and  Saturday,  January  2-3, 
1903,  the  first  session  opening  at  10:30  A.  M.  About  thirty 
persons  were  in  attendance,  including  the  following  members 
of  the  Society : 

Professor  Oskar  Bolza,  Professor  D.  F.  Campbell,  Professor 
E.  W.  Davis,  Professor  J.  F.  Downey,  Professor  Thomas  F. 
Holgate,  Dr.  H.  G.  Keppel,  Professor  Kurt  Laves,  Professor 
H.  Maschke,  Professor  E.  H.  Moore,  Dr.  F.  R.  Moulton, 
Professor  H.  B.  Newson,  Miss  Ida  M.  Schottenfels,  Professor 
J.  B.  Shaw,  Dr.  S.  E.  Slocum,  Professor  Henry  S.  White. 

In  the  absence  of  the  President  or  a  Vice-President  of  the 
Society,  Professor  H.  B.  Newson  was  elected  chairman  of  the 
Section.  At  the  first  session  the  Secretary  reported  that  since 
the  organization  of  the  Section  in  1897,  one  hundred  and  sixty- 
three  papers  had  been  read  before  it,  by  sixty-three  different  per- 
sons; and  of  these,  seventy -two  papers  had  been  published. 
Later,  during  the  meeting,  the  retiring  President  of  the  Society, 
Professor  Moore,  favored  the  Section  with  the  presentation  of 
his  presidential  address  which  had  been  delivered  at  the  annual 
meeting  in  New  York  on  December  30. 

The  following  officers  of  the  Section  were  elected  for  the 
ensuing  year : 

Secretary,  Professor  Thomas  F.  Hoi^ate. 

Additional  members  of  the  programme.  commiUee,  Professor  E. 
B.  Skinner,  Dr.  S.  E.  Slocum. 

The  report  of  the  committee  appointed  at  the  last  Christmas 
meeting  to  devise  a  scheme  of  equivalent  requirements  for  can- 
didates proceeding  to  their  second  academic  degree,  with  math- 
ematics as  their  major  subject,  was  taken  up  and  discussed, 
final  action  being  postponed  until  the  April  meeting.  The  re- 
port deals  with  the  undergraduate  programme  which  should  be 
accepted  as  a  basis  for  graduate  work,  and  outlines  in  general 
terms  the  character  of  the  work  which  should  be  demanded 
during  the  first  year  of  graduate  study.     Copies  of  the  report 
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are  in  the  hands  of  the  Secretary  for  distribution  to  members  of 
the  Society. 

The  following  papers  were  read  : 

(1)  Dr.  Saul  Epsteen  :  "Determination  of  the  group  of 
rationality  of  a  differential  equation." 

(2)  Professor  E.  W.  Davis  :  "  A  group  in  logic." 

(3)  Professor  H.  B.  Newson  :  "  On  the  generation  of  finite 
from  infinitesimal  transformations ;  a  correction." 

(4)  Professor  L.  E.  Dickson:  "The  ternary  orthogonal 
group  in  a  general  field." 

(5)  Professor  L.  E.  Dickson  :  "  The  group  defined  for  a 
general  field  by  the  rotation  groups." 

(6)  Professor  A.  S.  Hathaway  :  "  Vector  analysis." 

(7)  Professor  J.  B.  Shaw  :  «  On  nilpotent  algebras." 

(8)  Professor  D.  P.  Campbell  :  "  On  homogeneous  quad- 
ratic relations  in  the  solution  of  a  linear  differential  equation  of 
the  fourth  order." 

(9)  Dr.  S.  E.  Slocum  :  "  Relation  between  real  and  com- 
plex groups  with  respect  to  their  structure  and  continuity." 

(10)  Professor  Arnold  Emch  :  "  On  the  involution  of 
stresses  in  a  plane." 

(11)  Mr.  R.  E.  Wilson:  "Polar  triangles  of  a  conic  and 
certain  circumscribed  quartic  curves  "  (preliminary  communi- 
cation). 

(12)  Professor  H.  S.  White  :  "Orthogonal  linear  transfor- 
mations and  certain  invariant  systems  of  cones  "  (preliminary 
communication). 

(13)  Professor  R.  E.  Allardice  :  "  On  the  envelope  of  the 
axes  of  similar  conies  through  three  fixed  points." 

Mr.  Wilson  was  introduced  by  Professor  White  and  Dr. 
Epsteen  by  Professor  Maschke.  In  the  absence  of  the  authors. 
Professor  Emch's  paper  and  Professor  Dickson's  two  papers 
were  read  by  title;  Professor  AUardice's  paper  was  read  by 
Professor  White,  and  Professor  Hathaway's  by  Professor  Shaw. 

Professor  Davis's  paper  appears  in  the  present  number  of 
the  Bulletin.  Professor  Allardice's  paper  was  published  in 
the  January  number  of  the  Transactions,  Abstracts  of  the 
other  papers  are  as  follows  : 

1.  Dr.  Epsteen  pointed  out  that  when  a  special  algebraic 
equation  is  given,  its  group  can  be  theoretically  determined  1" 
by  constructing  a  n !  valued  function  and  finding  the  Gralois 
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resolvent,  or  2°  by  applying  the  characteristic  double  property 
of  the  group,  viz.:  every  rational  function  of  the  roots  which 
remains  unaltered  by  all  the  substitutions  of  G  lies  in  B ;  and 
conversely.  Both  of  these  methods  are  generally  impracticable, 
and  in  practice  some  device  is  resorted  to  in  order  to  obtain  the 
group.  When  a  single  rational  function  is  known  the  follow- 
ing theorem  has  been  found  very  useful :  ^^  If  a  rational  func- 
tion VK^p  * '  >  ^'n)  i*emains  formally  unaltered  by  the  substitutions 
of  a  group  &  and  by  no  other  substitutions,  and  if '^  equals  a 
quantity  lying  in  R  and  if  the  conjugates  of  -^  under  G^,  are 
all  distinct,  then  the  group  of  the  given  equation  for  the  domain 
i?  is  a  subgroup  of  G'  (cf.  Dickson,  Theory  of  algebraic 
equations,  which  is  soon  to  appear,  page  56). 

The  situation  is  exactly  the  same  when  we  deal  with  linear 
differential  equations.  When  a  special  linear  differential  equa- 
tion is  given,  its  group  may  be  found  :  1°  by  constructing  the 
Picard  resolvent,  or  2°  by  applying  the  Picard-Vessiot  charac- 
teristic double  property  of  the  group,  viz.:  every  rational  dif- 
ferential function  (of  a  fundamental  system)  of  the  integrals 
which  remains  unaltered  as  a  function  of  a;,  by  the  most  gen- 
eral transformation  of  G  lies  in  R  and  conversely.  In  this 
case  these  methods  are  even  more  impracticable  than  for  the 
algebraic  equations,  and  in  order  to  determine  the  group  a  device 
should  be  resorted  to.  With  this  end  in  view  the  author  has 
proved  the  following  theorem  :  "  If  a  rational  differential  func- 
tion (of  a  fundamental  system)  of  the  integrals 

^{yv'yyn'>yv'"fyn>  •  •  • ;  yl""^ •  •  •. yi""'0 

remains  formally  unaltered  by  the  transformations  of  a  com- 
plex r-parameter  linear  homogeneous  group  G^  and  if,  when  y^ 
is  transformed  by  the  most  general  linear  homogeneous  trans- 
formation, the  resulting  function  contains  n^  ^r  essential  para- 
meters, then  the  group  of  the  given  equation  (r  is  a  subgroup 
of  G,." 

4.  The  first  paper  by  Professor  Dickson  is  a  study  of  the 
structure  of  the  ternary  orthogonal  group  in  an  arbitrary  realm 
of  rationality.  The  problem  had  been  solved  in  two  cases  :  for 
continuous  fields  by  Weber  (Algebra,  II,  second  edition,  pages 
244—54);  for  finite  fields  by  the  writer  (Linear  Groups,  page 
164).     The  group  of  all  ternary  orthogonal  transformations  of 
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determinant  unity  in  a  field  F  is  designated  0(3,  F).  If 
t  =  ;/  —  i  belongs  to  F^  0(3,  -P)  is  simply  isomorphic  with 
the  group  of  all  linear  fractional  transformations  in  F,  The 
latter  has  as  an  invariant  subgroup  the  simple  group  of  all 
linear  fractional  transformations  in  F  of  determinant  unity. 
Simple  generators  of  0(3,  F)  are  given.  If  i  extends  i^  to  a 
larger  field  i^i),  then  0(3,  F)  is  simply  isomorphic  with  the 
group  of  all  transformations 


—  a^z  +  aa 


/a,j8ini^t),\ 


The  transformations  with  aa  +  /8/8  =  1  form  a  subgroup,  the 
fractional  binary  hyperorthogonal  group  (compare  Linear 
Groups,  page  132).  Certain  theorems  on  this  group  are  estab- 
lished. 

5.  The  second  paper  by  Professor  Dickson  is  a  contribution 
to  the  theory  of  group  matrices  and  group  determinants,  in- 
vestigated by  Frobenius  and  further  developed  by  Bumside  for 
continuous  fields  and  by  the  writer  for  an  arbitrary  field.  The 
paper  employs  only  very  elementary  methods  and  is  quite  inde- 
pendent of  the  papers  cited.  For  the  cyclic  group  g^^^  the  dihe- 
dron  group  g^  the  alternating  and  symmetric  groups  on  four 
letters,  and  the  alternating  group  on  five  letters,  the  group  matrix 
is  reduced  to  a  simple  canonical  form  of  the  type  shown  to  exist 
by  Frobenius,  the  reducing  transformation  being  exhibited  ex- 
plicitly. In  particular,  the  irreducible  factors  of  the  group 
determinant  are  given.  Both  papers  (printed  October  1)  are 
to  appear  in  the  University  of  Chicago  Decennial  PMicationa, 
Volume  9. 

6.  Professor  Hathaway  contends  that  if  a  vector  analysis 
short  of  quaternions  is  desired,  then  all  attempts  at  bringing 
in  conceptions  of  products  of  vectors  should  be  avoided  as  nec- 
essarily incomplete  and  uselessly  metaphysical.  Any  quantity 
whose  value  depends  upon  and  is  determined  by  the  values  of 
given  arguments  zyz  is  simply  a  function  of  those  arguments, 
and  the  ordinary  form  of  notation  fxjz  should  suffice. 

The  requisite  analysis  is  afforded  by  the  linear  functions, 
defined  with  respect  to  any  argument  x,  by 

/(x  +  x')yz  ^Jxyz  +/x'yz. 
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In  consequeDoe,  a  scalar  factor  of  an  argument  of  a  linear 
function  is  simply  a  &ctor  of  the  function ;  and  we  have  gen- 
eral expansions  of  the  type 

/(x  +  x'Xy  +  y')z  =/^z  +/xy'z  +/x'yz  +/x'y'z. 

The  similarity  of  this  to  distributive  multiplication  is  evi- 
dent ;  and  any  symmetric  or  alternate  properties  of  the  func- 
tion concerned  impose  corresponding  commutative  laws.  Only 
three  linear  functions  (a  scalar  and  vector  alternate^  and  a  scalar 
symmetric)  need  be  permanently  defined  : 

/Skbc  ==  volume  of  parallelepiped  whose  edges  are  abc  in  order. 
Fab  =  vector  of  the  area  of  the  parallelogram  whose  edges  are 

ab  in  order. 
/Sab  =s  volume  of  parallelepiped  of  edge  a  and  vector  base 

area  b. 

7.  In  Professor  Shaw's  paper  it  was  shown  that  the  general 
form  of  any  number  of  a  nilpotent  algebra  is 

where  X^^X^,^,,  =  X.^^,,,  \^^X^,^,  «  0(j  +/),  and  in  any  case 
X^,^  does  not  exist  unless  t  is  positive  or  zero,  and  /i^  —  /i^  —  1 
<<<Mr«  The  numbers  /i^,  /i^,  etc.,  are  certain  "multi- 
plicities "  in  the  expressions.  The  units  of  the  algebra  may 
be  expressed  in  the  form 

where  

<^>.  =  a<f>^^,  +  6<^^^  +  . . .  +f^^^^  +  g^^^^^^  +  . . . 

Certain  typical  cases  are  given  as  examples. 

8.  Professor  Campbell's  paper  is  in  abstract  as  follows  :  Let 

be  a  homogeneous  quadratic  form  in  the  solutions  y^  y,,  y^  y^ 
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of  the  linear  differential  equation  y*^  +  ^PJH"  +  ^Pjn'  +  PJ/ 
=5  0 .     It  can  be  written  symbolically  as 


(S'^'^0*- 


If  successive  derivatives  be  taken  of  this  form  and  use  be  made 
of  the  fact  that  y7=  -  6pj^;'  -  4p,y;  -pj,  (i  =  1,  2,  3,  4). 
any  derivative  will  be  composed  of  terms,  each  of  which  consists 
of  a  constant  or  a  rational  integral  function  of  the  coefficients 
of  the  given  differential  equation,  and  their  derivatives,  multi- 
plied by  the  symbolic  factors 

S^'^0  (5"'^0  (?."<*•)  (S"'"') 

where  r^  +  r^  +  r^  +  r^^  2.  These  factors  may  be  kept  in 
the  order 

"°>y/^)  0--l,2,3), 

and  indicated  by  the  exponents  [r^,  r^,  r^ .  Then  the  deriva- 
tive of  the  symbolic  part  of  each  term  of  any  derivative  will  be 
given  by  the  formula 

^^—-r,[r,  -  1,  r,  +  1,  ^J  +  r,[r,,  r,  -  l,r,+  1] 

The  following  theorems  are  used  in  the  investigations : 
First.  If  there  are  g  functions  C/".,  i  =  1,  2,  •  •  •  ^  of  an  inde- 
pendent variable  among  which   v  and  only  v  linearly  inde- 
pendent relations  exist,  then 

a.  arbitrary  constants,  is  the  general  solution  of  a  linear  differ- 
ential equation  of  order  g  -~v. 
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Second.  Tlie  necessary  and  sufficient  condition  that  the  n 
functions  of  x,  fJ.,  (i  =  1,  2, .  •  •,  n)  are  linearly  independent  is 
that  the  determinant 


«t     «1 

• 

•  ", 

«:    < 

•  «. 

.         . 

. 

• 

«("-'>  u("- 

-»>  .. 

•  «l 

(n-1) 

vanishes. 

Third.  In  any  homogeneous  quadratic  relation  u  =  [000] 
that  may  exist  in  the  solutions  of  the  given  differential  equa- 
tion, the  expression  [200]  cannot  vanish. 

Fourth.  The  relations  [000]  =  0,  [000]  =0,  ...  in  the 
solutions  of  the  given  differential  equation  are  linearly  inde- 
pendent if  [200],  [200],  * . .  are  linearly  independent. 

By  successive  differentiation  of  w  =  [000]  there  result  ten 
equations  in  the  expressions  [^'j^j^j]  whose  coefficients  are  con- 
stant or  rational  integral  functions  of  the  coefficients  of  the 
differential  equation  and  their  derivatives,  and  whose  right 
hand  members  are  u,  u\  u\  .  •  • ,  w**.     Arrange  the  terms  so  that 

-        -  1,[200], 

be  deter- 
any  determinant  formed 
from  the  matrix  derived  from  A  by  omitting  the  last  n  rows, 
n  =a  1,  2,  3,  by  the  numbers  indicating  the  columns  chosen  for 
the  determinant.     It  is  shown  that : 

The  necessary  and  sufficient  conditions  that  one  and  only 
one  homogeneous  quadratic  relation  exists  in  the  solutions 
of  the  given  differential  equation  are  that  A  vanishes  and 
(1235678910)  does  not  vanish.  The  necessary  and  sufficient 
conditions  that  two  and  only  two  linearly  independent  homo- 
geneous quadratic  relations  exist  in  the  solutions  of  the  given 
differential  equation  are  that  (1235678910)  vanishes  and  not  all 
(123478910),  (123578910)  and  (123678910)  vanish.  The  nec- 
essary and  sufficient  conditions  that  three  linearly  independent 
homogeneous  quadratic  relations  exist  in  the  solutions  of  the 
given  differential  equation  are  that  (123478910),  (123578910) 
and  (123678910)  vanish.  There  cannot  be  more  than  three 
linearly  independent  homogeneous  quadratic  relations  in  the 
solutions  of  the  given  differential  equation. 
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9.  The  first  part  of  Dr.  Slocum's  paper  finds  the  form  of 
the  infinitesimal  transformation  U^  by  which  any  given  finite 
transformation  T^  of  a  group  with  continuous  parameters  is 
generated  when  the  equations  defining  this  finite  transformation 
are  in  their  non-canonioal  form.  For  certain  values  of  the 
parameters  the  transformation  U^  may  not  be  infinitesimal,  in 
which  case  the  corresponding  finite  transformation  T  is  not 
generated  by  an  infinitesimal  transformation  of  the  group. 

Associated  with  each  r-parameter  structure  is  a  certain  de- 
terminant the  constituents  of  which  are  functions  of  the  r-para- 
meters.  If  any  system  of  values  of  the  parameters  can  be 
found  for  which  this  determinant  vanishes,  the  parameter  group 
belonging  to  that  type  of  structure  is  discontinuous. 

A  group  may  be  continuous  as  a  real  group  but  discontinuous 
as  a  complex  group.  Consequently  the  idea,  as  developed  by 
Lie,  of  the  relation  between  the  transitivity  of  the  real  and 
complex  groups  which  have  the  same  symbols  of  infinitesimal 
transformation,  requires  modification. 

There  being  more  types  of  structure  possible  for  real  groups 
than  for  complex  groups,  if  we  have  given  two  structures 
which  are  of  the  same  type.  A,  for  complex  groups,  but  which 
constitute  distinct  types,  B  and  C,  for  real  groups,  it  is  shown 
by  means  of  examples  that  one  of  the  following  cases  may 
occur  with  respect  to  the  continuity  of  the  real  groups  of  types 
B  and  C:  1°  All  real  groups  of  both  types  B  and  Pare  con- 
tinuous. 2°  All  real  groups  of  both  types  B  and  C  are  dis- 
continuous. 3^  All  real  groups  of  one  type,  5,  are  continuous, 
and  one  or  more,  but  not  all,  real  groups  of  the  other  type,  C, 
are  discontinuous.  4°  All  real  groups  of  one  type,  B,  are 
continuous,  and  all  real  groups  of  the  other  type,  C,  are  dis- 
continuous. 

10.  Through  Culmann's  investigations  in  graphical  statics 
it  is  known  that  the  directions  corresponding  to  the  sections 
and  the  resultant  stresses  upon  these  sections  at  every  point  of 
a  thin  strained  plate,  form  an  involutoric  pencil.  This  involu- 
tion is  hyperbolic  or  elliptic  according  as  the  plate  is  either 
subject  to  tensions  and  compressions,  or  to  tensions  or  compres- 
sions only.  Professor  Emch  briefly  discusses  these  cases,  estab- 
lishes the  equation  of  the  stress  ellipse  and  the  difierential 
equation  of  the  tension  and  compression  curves,  and  finally 
applies  the  results  to  the  linear  infinitesimal  deformation  of  the 
plane. 
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11.  Following  a  plan  outlined  by  Professor  White,  in  a 
paper  read  before  the  Society  in  September,  1902,  an  attempt 
is  made  by  Mr.  Wilson  to  investigate  the  number  of  independ- 
ent relations  that  must  exist  among  the  coefficients  in  order 
that  a  quartic  curve  shall  contain  an  infinity  of  triangles  self- 
conjugate  with  respect  to  a  given  conic. 

The  binary  quartic  and  conic  were  taken  in  the  form 

The  condition  that  two  roots  of  the  quartic  shall  separate  two 
roots  of  the  conic  harmonically  is 

{{aa)XAay}  {{ABf(ahy{al3y  -  (a/9)«(^a)* 

+  4(afiy{aay{Aa)\Aay  -  4{aay{Aay}  -  0 

(see  Clebsch,  Binare  Formen.)  Reducing  and  expressing  in 
terms  of  invariants  of  /*  =  0  and  <^'  =  0,  this  becomes 

JP-JiA»-Jf.lA*sO, 

where  i  and  j  are  invariants  of  /*  =  0  alone,  A  of  0J  =  0, 
and  A  a  simultaneous  invariant  of  /  and  <f). 

By  bordering,  the  condition  is  obtained  that  a  line  /i^  =  0 
(ternary)  shall  satisfy  the  harmonic  division.  By  considering 
the  locus  of  the  poleof /i^=:  0,  a  12th-ic  is  obtained  which  breaks 
down  to  a  sextic  C^  =  0.  The  general  sextic  contains  28  co- 
efficients, and  hence  the  maximum  number  of  conditions  is  28. 

The  curves 

Jl^4axlx^+4bxlx^  +  4ca:\x,^0,     <I>1^  x\  +  xl  +  xl^  0 

have  been  examined  and  show  that  the  quartic  above  cannot 
contain  infinitely  many  inscribed  triangles  self-conjugate  with 
respect  to  a  conic  which  has  the  triangle  x^x^^  »  0  as  a  self- 
conjugate  triangle. 
The  forms 

f,^6'La,xlxl  + 12^,^x1x^,^0,     <I>1^  xl  + xl  +  x]^  0 

have  also  been  examined.  Although  the  result  is  not  in  com- 
plete form,  it  has  disclosed  properties  that  promise  to  lend  in- 
terest to  investigations  other  than  the  one  in  hand. 
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12.  The  formulas  of  Euler  (and  Rodrigues),  which  give  ra- 
tionally in  terms  of  three  parameters  the  nine  coefficients  of 
an  orthogonal  transformation  in  space,  are  available  for  express- 
ing the  vertices  of  any  polar  triangle  of  the  conic 

»J  +  a?J  +  ajj  «  0. 

This  gives  a  means  of  discussing  curves  of  the  second  and 
third  orders,  at  least,  which  contain  infinitely  many  inscribed 
polar  triangles  of  a  conic.  Professor  White's  preliminary  com- 
munication exhibited  the  method  as  applied  to  conies.  The 
further  question  was  raised,  what  sort  of  curve  is  the  locus  of 
points  whose  co5rdinates  are  the  eulerian  parameters  of  polar 
triangles  inscribed  in  a  single  conic,  or  of  orthogonal  trans- 
formations which  rotate  the  axes  through  the  surface  of  an 
Orthogonal  quadric  cone. 

Thomas  F.  Holgate, 
Secretary  of  the  Section, 

EvANBTON,  Illinois. 


SOME  GROUPS  IN  LOGIC. 

BY  PR0FES80B  E.    W.    DAVIS. 

(Bead  before  the  Chicago  Section  of  the  American  Mathematical  Society, 
January  2,  1903. ) 

De  Morgan  has  pointed  out  '*'  that  his  eight  forms  of  propo- 
sition identical  Mrith  the  A,  E^  /,  0,  and  their  contranominals 
of  the  older  logic,  can  be  derived  from  any  one  by  the  three 
operations  of  reversing  the  subject,  reversing  the  predicate,  de- 
nying the  copula.  If,  in  fact,  we  denote  the  operations  in 
question  by  »,  pj  and  /  respectively,  we  have 

Ap^E,     Af^O,     Afp^I; 

while  sp  changes  any  proposition  to  its  contranominal  X«<  F 
to  Y^X;  or,  what  is  the  same  thing  to  X«<  F.  Here  «<  is 
the  sign  of  implication  and  the  bar  written  over  a  letter  or  sym- 

*  Formal  Logic,  p.  63  et  aeq. 
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bol  reverses  or  denies  the  meaning  of  the  same.     All  the  rela- 
tions can  be  simply  expressed  by  a  diagram 


X<  Y- 


This  scheme  differs  from  De  Morgan's  in  that  he  assumes 
always  the  existence  of  both  a  subject  and  its  contrary,  whereas 
our  assumption,  following  Mr.  C.  8.  Peirce,*  is  that  X-^Y 
means  *  not  X  or  else  F/  while  JT  <  F  means  ^X  but  not  F.' 

There  is  also  a  group  of  order  32  which  operating  upon  any 
one  of  24  forms  of  valid  syllogism  will  produce  the  rest,  to- 
gether with  8  non-valid  syllogisms.  To  see  this,  start  with 
Barbara 

{x<Y){r^z)<{x<z), 


or  say 


A^A^  -<  -4j 


Let  now  a^  mean  the  operation  of  performing  sfp  upon  A^ 
and  A^y  with  similar  significations  for  a^  and  a^  Then,  B  stand- 
ing for  Barbara^  Ba^  and  Ba^^  are  valid,  while  Ba^  is  not.f 
Moreover 

(?,=  {\,a^,a^,a;\ 

is  a  4-group.  Were  5,  instead  of  Barbara^  any  valid  syllogism 
it  would  still  be  true  that  of  Ba^^  Bn^y  and  jBa,,  two  would  be 
valid  while  one  was  invalid.  If  B  were  invalid  the  operations 
a  might  lead  to  none  that  were  valid,  could  at  most  lead  to  one 
that  was. 

*  Amer,  Joum.  of  Math,  j  vol.  3,  p.  18. 

t  Conversion  of  the  propositions  with  negative  copula  reveals  the  fact  that 
£,  Buif  BUff  Bc^f  are  in  the  four  ligures  of  the  older  logic. 
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Suppose  a;  to  be  the  operation  of  interchanging  X  and  X,  with 
like  significations  for  y  and  z.  These  3  operations  generate  a 
group  6rg,  such  that  when  performed  upon  any  syllogism  B 
the  resulting  8  syllogisms  are  valid  or  invalid  according  as 
B  is. 

The  group  is  commutative  with  G^  and  the  product  of  the 
two  is  the  Gjj  referred  to  above. 

Let  «.,  p.,  J.  be  the  operations  of  performing  «,  p,  /  upon  A.. 
It  is  evident  that 

These  9  operations  generate  a  group  (r^j^,  the  product  of  G^^ 
by  the  group 

^16=   {^1*U   PV   Pvf}}' 

The  new  syllogisms  got  by  operating  with  this  upon  the  32 
syllogisms  derived  from  Barbara  above  are  all  invalid. 

The  operation  called  conversion  interchanges  the  subject  and 
predicate  of  a  proposition^  at  the  same  time  reversing  each. 
The  meaning  is,  of  course,  left  unchanged.  Immaterial  to  the 
argument  likewise  is  it  whether  the  order  of  the  propositions 
be  A^A^  or  A^^,  Let  the  operation  of  converting  A.  be  de- 
noted by  c.  while  the  interchange  of  A^  and  A^  is  denoted  by  t. 
Then  {Cj,  c^,  c^  t}  is  of  order  16.     We  call  it  i/,^.     Finally 

^612   ^   -"l6  ~   "^8182> 

whereof 

^S2   X   -^16  =  ^512 

contains  the  operations  which  performed  upon  Barbara  lead  to 
all  the  valid  syllogisms  of  BG^^^  taking  account  of  conversion 
and  the  order  of  the  premises,  viz.,  to  384. 

The  same  sort  of  group  building  can  of  course  be  applied  to 
more  complicated  sets  of  statements,  and  is  a  very  simple  con- 
sequence of  the  binary  character  of  deductive  logic. 

University  op  Nebraska, 
Jant*<iry  11,  1903. 
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CESAK(yS  INTKINSIC  GEOMETRY. 

Lezioni  di  Geometria  IifUrinseoa.  By  Ernesto  CesAro,  pro- 
fessor of  mathematics  at  the  Royal  University  of  Naples. 
Published  by  the  author,  Naples,  1896.  8vo.,  264  pp.,  48 
figures. 
Ernesto  Cesdro,  Vorlemingen  uber  naturliche  Geometric.  Author- 
ized German  translation  by  Dr.  Gerhard  Kowalewski, 
docent  at  the  University  of  Leipzig.  Teubner,  1901.  8vo., 
vi  +  341  pp.,  48  figures. 

The  subject  of  intrinsic  geometry  is  almost  unknown  among 
American  mathematicians,  yet  it  has  quite  an  extensive  litera- 
tui:e,  which  has  been  recently  collected  and  published  by  Wolf- 
fing.*  The  name  Ces^ro  occurs  more  frequently  than  any 
other  in  this  report. 

The  work  here  under  consideration  contains  considerable 
new  matter,  but  its  principal  mission  is  to  provide  a  systematic 
treatment  of  the  subject  from  the  beginning.  The  success  of 
the  effort  is  attested  to  by  the  fact  that  the  work  received  hon- 
orable mention  at  the  awarding  of  the  Lobachevsky  prize  in 
1897. 

The  German  translation  differs  but  little  from  the  Italian 
original,  except  that  it  corrects  a  considerable  number  of  typo- 
graphical and  other  errors,  and  embodies  in  the  text  a  number 
of  notes  appended  to  the  original.  The  further  changes  will  be 
mentioned  later. 

The  work  is  divided  into  seventeen  chapters,  of  which  eight 
treat  of  plane  geometry,  two  of  twisted  curves,  three  of  sur- 
faces, one  of  line  congruences,  and  finally  the  last  three  of 
three-dimensional  space,  of  curves  in  hyperspace,  and  of  hyper- 
spaces,  respectively.  There  is  also  an  appendix  giving  a  gen- 
eralization of  Grassmann's  numbers,  a  discussion  of  the  equi- 
librium of  flexible  but  non-extensible  wires,  and  the  equations 
of  elasticity  in  hyperspace. 

The  physical  improvements  in  the  German  edition,  the  spaced 
paragraphing,  the  full  index  (wholly  lacking  in  the  original) 

*  B«richt  iiber  den  gegenwiirtigen  Stand  der  Lehre  yon  den  natiirlichen 
Coordinaten,  Bibliotheca  XfaUiematioOy  Ser.  3,  vol.  1,  pp.  142-159. 
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and  the  more  distinctive  type  used  for  printing  the  illustrative 
examples^  are  all  of  great  assistance  to  the  reader. 

The  subject  matter  proper  of  the  book  is  not  preceded  by  an 
introduction,  and  no  references  are  given,  both  of  which  omis- 
sions greatly  limit  the  usefulness  of  the  work.  The  lack  has 
now  to  a  large  extent  been  supplied,  so  far  as  the  plane  is  con- 
cerned, by  Wolfl&ng's  report  mentioned  above. 

In  the  first  five  chapters  a  curve  is  defined  by  a  relation  be- 
tween «,  the  length  of  arc  measured  from  any  point  of  the 
curve  and  />,  the  radius  of  curvature.  Frequently  rectangular 
coordinates  (u,  v)  referred  to  the  tangent  and  normal  are  used. 
The  first  chapter  gives  a  good  sample  of  the  methods  em- 
ployed, by  deriving  a  large  number  of  interesting  properties  of 
certain  curves  in  a  brief  and  strikingly  elegant  manner. 

Let  M{o,  6)  and  M'(u,  v)  be  two  points  on  a  curve.  Since 
l/u'  +  v'  <  &  <  u  +  17,  and  lim  v/u  =  0,  it  follows  that 
lim  Sa/u  =1.  If  JOf '  makes  an  angle  8<t>  with  the  tangent  at 
M,  1  //>  ===  lim  S<f>/S8^  lim  v/u^  =  1  //>.  These  ideas  suffice  to 
obtain  the  forms  of  the  circle  p^a^  the  catenary  />  =  a  +  «*/a, 
and  the  catenary  of  uniform  resistance  p  =  Ja(e~'/*  +  c^''*").  It 
is  to  be  observed  that  the  origin  and  axes  are  variable  and  are 
only  intermediate  steps  in  the  analysis. 

Inflexions  and  cusps  appear  according  as 

^2-*      (2  — n)  (1  —  n)       p 

is  less  or  greater  than  zero.  Asymptotes  are  characterized  by 
«=  00  when  !//>=  0  and  Hm  <^  is  finite.  Asymptotic  circles 
result  when  lim  />  =  a,  as  <^  =  oo ,  and  asymptotic  points  appear 
when  a  =  0.     The  study  of  these  points  closes  the  chapter. 

The  examples  discuss  the  involute  of  the  circle  />*  =  2a»,  the 
form  of  the  tractrix,  the  proof  that  the  segment  of  the  tangent 
cut  off  by  the  asymptote  is  constant,  and  a  simple  construction 
for  the  center  of  curvature  of  any  point.  The  German  edition 
compares  the  forms  of  the  two  catenaries,  and  shows  that  the 
catenary  of  uniform  resistance  has  two  parallel  asymptotes. 
The  cycloids  are  defined  by  the  equation 

the  hypocycloid  or  epicycloid  is  defined,  according  as  a  is 
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greater  or  less  than  6,  and  the  common  cycloid  is  the  inter* 
mediate  form^  when  a  »  6.  The  whole  discussion,  including 
eight  figures,  occupies  less  than  two  pages.  Its  directness  must 
be  admitted,  but  the  periodic  form  of  the  curve  is  not  estab- 
lished until  an  auxiliary  variable  is  employed.  From  the  form 
of  the  equation,  no  direct  knowledge  of  the  form  of  the  curve 
beyond  a  cusp  is  given.  The  author  makes  no  further  mention 
of  the  matter,  but  ignores  the  fact  that  he  departs  from  his 
otherwise  consistent  procedure  to  establish  the  result.  This 
departure  is,  however,  unnecessary  if  account  be  taken  of  the 
change  of  sign  which  the  arc  undergoes  when  passing  a  cusp. 
The  same  scheme  will  apply  to  all  the  curves  which  have  cusps, 
whether  periodic  or  not.  This  excellent  list  of  examples  closes 
with  a  discussion  of  the  curves 

which  include  the  involute  of  the  circle  (n  =  }),  the  loga- 
rithmic spiral  (n  =  1)  and  the  double  spiral  (n  =  2)  which 
Cesltro  calls  the  clotoid.* 

The  second  chapter  discusses  the  fundamental  formulas 

dx       y  dy  x 

ds  '^  p         '     ds  "       p 

which  are  necessary  and  sufficient  for  the  immovability  of  the 
point  {x,  y)  not  on  the  curve.  These  formulas  are  all  that  are 
needed  for  expressing  the  equation  of  any  locus  which  is  inva- 
riantly  connected  with  the  curve.  Here  envelopes,  evolutes, 
parallel  curves  are  discussed  and  a  rich  collection  of  examples 
is  given  which  illustrate  how  to  derive  the  intrinsic  equations 
of  curves  defined  as  a  geometric  locus.  The  method  is  rather 
too  abstract,  and  not  sufficient  use  is  made  of  coordinate  axes. 
For  example,  it  is  proved  that  the  evolute  of  a  cycloid  is  a 
similar  cycloid,  but  an  indirect  procedure  is  necessary  to  de- 
termine the  relative  positions  of  the  two  curves.  The  same 
fact  is  still  more  evident  in  case  of  the  hypocycloid  and  epi- 

*  For  a  further  discossion  of  the  clotoid,  and  the  literature  upon  it,  see 
Loria's  recent  work,  Le  <-.urve  plane  algebriche  e  transcendenti,  teoria  e  storia  ; 
German  bj  Schiitte,  Specielle  algebniische  und  transcendente  Curven  in  der 
Ebene,  Theorie  und  Geschichte,  Leipzig,  Teubner,  1901,  p.  457.  It  would 
be  interesting  to  compare  the  various  double  spirals  with  the  stereographic  pro- 
jection of  the  logarithmic  spiral. 
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cycloid.     The  relation  between  p^  the  radius  of  curvature  of 
the  nth  evolute^  is  shown  to  satisfy  the  equation 

The  third  chapter  is  devoted  to  the  discussion  of  particular 
curves.  It  begins  with  a  review  of  five  pages  on  the  ordinary 
properties  of  conies,  derived  by  the  well  known  methods,  after 
which  the  equation  between  s  and  p  is  expressed  by  means  of 
an  elliptic  integral  of  the  second  kind.  The  equation  of  the 
cassinian  oval  is  expressed  as  a  hyperelliptic  integral  of  the  first 
kind,  for  which  p  =  3.  A  family  of  curves  is  also  discussed 
for  which  Wolffing  has  suggested  the  name  Ces^ro  curves. 
They  are  defined*  by  the  following  property :  the  radius  of 
curvature  at  any  point  is  proportional  to  the  segment  on  the 
normal  between  the  point  of  tangen^y  and  its  intersection  with 
the  polar  of  the  point  of  tangency  with  regard  to  a  fixed  circle. 
When  the  circle  reduces  to  a  point  the  curve  becomes  a  sinuous 
spiral.  When  the  circle  becomes  a  straight  line,  the  locus  is 
called  a  Ribaucour  curve.  Although  various  curious  properties 
are  derived,  the  method  does  not  seem  adapted  to  the  study  of 
the  general  topology  of  the  curves ;  no  figures  are  given  except 
of  the  well  known  forms.  The  German  edition  has  added  one 
more  paragraph  [§  46]  to  this  chapter,  dealing  with  the  investi- 
ecation  of  those  curves  whose  osculating  circles,  dilated  from  the 
point  of  contact,  all  belong  to  a  linear  complex  of  circles.  The 
locus  of  centers  is  a  Ces^ro  curve. 

In  the  fourth  and  fifth  chapters,  contact  and  osculation,  and 
roulettes,  the  power  of  the  method  again  becomes  apparent. 
The  ordinary  properties  of  contact,  curvature,  successive  evo- 
lutes,  maximum  and  minimum  curvature,  etc.,  are  very  skilfully 
derived.  In  the  chapter  on  roulettes  a  more  detailed  study  of 
the  cycloid  is  given,  and  a  number  of  elegant  relations  between 
various  Ces^ro  curves  are  derived. 

Thus  far  the  procedure  has  been  successive ;  a  small  num- 
ber of  formulas  was  first  derived  and  a  large  number  of  conse- 
quences drawn  from  them.  The  remaining  chapters  (except  the 
ninth  and  tenth)  use  many  auxiliary  coordinates. 

Chapter  VI  deals  with  barycentric  coordinates.  It  would 
grace  any  work  on  modern  geometry,  and  the  analysis  seems  to 
lend  itself  readily  to  the  method  in  question.    Centers  and  lines 
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of  gravity  are  discussed  at  length  and  applied  to  a  large  num- 
ber of  curves.  Chapter  VII,  barycentric  analysis,  is  a  direct 
continuation  of  the  preceding.  Equations  of  a  line,  pair  of 
lines,  conic  section,  tangent,  normal,  pole  and  polar,  are  derived 
in  much  the  same  manner  as  in  the  ordinary  texts  on  trilinear 
coordinates.  The  chapter  closes  with  a  well  written  paragraph 
on  the  symmetric  triangular  curves  and  the  anharmonic  curves. 
The  lack  of  references  here  seems  particularly  unfortunate,  for 
it  is  of  considerable  value  to  compare  the  treatment  here  given 
with  that  of  Laguerre,  Halphen,  Klein  and  Ijie. 

The  last  chapter  in  the  part  on  plane  geometry  is  devoted  to 
pencils  of  plane  curves.  Let  w  be  a  function  of  position  in  the 
plane.  If  u  changes  by  the  amount  duy  when  the  point  moves 
through  the  distance  ds, 

du  du        ,       du 

-j-=cosa)^^^ hsino)-.    , 

da  c«j  €8^^ 

in  which  cfej,  da^  represent  orthogonal  components  of  da.  The 
expression 


AU: 


is  called  the  first  differential  parameter.  If  the  pencil  us  k 
consists  of  parallel  curves,  Au  is  a  function  of  u  alone.  The 
second  differential  parameter 

/  5       da)\  da       f  d        d<o\du 

vanishes  for  an  isothermal  system,  provided  u  is  the  isometric 
parameter.  These  considerations  furnish  a  good  introduction 
to  curvilinear  coordinates,  their  fundamental  formulas,  and  the 
conditions  for  integrability  which  follow.  Then  are  added  the 
relations  among  curvilinear  coordinates,  which  were  first  de- 
rived by  Lam6  and  by  Bonnet,  but  which  are  usually  found  in 
works  on  the  theory  of  surfaces. 

The  remainder  of  the  book  is  devoted  to  geometry  of  more 
than  two  dimensions.  Chapter  IX  treats  of  twisted  curves 
and  ruled  surfaces.  In  the  first  part  pure  intrinsic  geometry 
again  becomes  prominent,  but  the  digression  on  the  straight  line 
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and  the  application  of  the  results  to  scrolls,  developables,  and 
associated  surfaces  makes  a  wide  departure  from  the  otherwise 
consistent  development.  One  has  the  feeling  that  the  arrange- 
ment is  far  from  natural  in  the  sense  of  each  result  suggesting 
the  following  one,  and  the  deductions  frequently  leave  several 
steps  unnoticed  or  assumed.  The  proof  of  the  theorem  that  a 
developable  must  be  the  envelope  of  tangents  of  a  twisted  curve 
is  direct  and  elegant.  In  establishing  Chasles's  correlation 
between  tangent  planes  and  points  of  tangency  on  a  scroll  the 
two  lines  g,  g  +  Bff  bltb  confused ;  the  tangent  plane  should 
contain  the  generator  through  the  point  of  tangency.  The 
next  chapter  discusses  some  particular  twi«t^  curves.  Spher- 
ical curves,  helices,  and  conical  loxodromes  are  treated  at  some 
length  and  a  number  of  miscellaneous  examples  are  added.  A 
discussion  of  the  Bertrand  curves,  defined  by  a  linear  relation 
between  curvature  and  torsion,  is  followed  by  a  study  of  the 
curves  satisfying  the  quadratic  relation 

A      B       C_P       Q 

Although  the  various  properties  mentioned  are  all  derived,  the 
method  of  deduction  is  so  briefly  outlined  and  explanations  are 
so  sparingly  used  that  the  text  would  prove  to  be  almost  im- 
possible reading  to  any  one  not  fairly  familiar  with  the  results 
of  the  ordinay  theory. 

Chapter  XI,  general  theory  of  surfaces,  is  largely  geo- 
metric in  character  and  not  so  materially  different  from  the 
treatment  in  the  ordinary  books,  except  that  it  is  remarkably 
brief  and  direct.  Most  of  us  are  not  satisfied  with  these  con- 
siderations as  proofs,  but  they  are  of  immense  value  when  ac- 
companied by  the  lively  geometric  interpretation.  There  are 
no  natural  coordinates  here  as  in  the  case  of  curves,  but  both 
this  treatment  and  the  ordinary  one  would  be  greatly  improved 
by  drawing  from  each  other.  One  interesting  theorem  is  the 
determination  of  the  curvature  in  the  tangent  plane  in  a  hyper- 
bolic point  (theorem  of  Beltrami),  as  the  theorems  of  Euler  and 
Meusnier  do  not  apply  to  this  case.  The  result  shows  that 
the  curvature  of  the  section  made  by  the  tangent  plane  is  two 
thirds  that  of  the  asymptotic  line  which  it  touches. 

The  next  statement  seems  trivial ;  it  says  that  two  curves 
may  touch  each  other  and  have  the  same  osculating  plane  at 
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the  point  of  contact  without  having  the  same  curvature  at  that 
point. 

Clairaut's  theorem  regarding  geodesies  on  surfaces  of  revo- 
lution is  very  neatly  proved. 

The  German  edition  adds  a  theorem  regarding  the  curvature 
of  a  normal  section  of  the  circumscribing  cylinder  of  a  sur- 
face (curve  of  apparent  contour). 

A  good  discussion  of  surfaces  of  constant  curvature  is  given, 
and  figures  of  the  various  types  are  discussed.  Asymptotic 
lines  on  the  pseudosphere  are  derived  and  the  form  of  the  lines 
obtained.  Applicability^  minimum  surfaces  and  the  Weingarten 
surfaces  are  briefly  treated. 

These  two  chapters  are  very  valuable  when  read  in  connec- 
tion with  the  older  treatment  of  the  subject ;  but  the  outlook  is 
by  no  means  hopeful  that  the  later  method  will  prove  sufficiently 
powerful  to  secure  many  new  results  from  the  theory  of  sur- 
faces. The  chapter  closes  with  rather  a  full  discussion  of  sur- 
faces of  the  second  order. 

Chapter  XIII,  infinitesimal  deformations  of  a  surface,  dis- 
cusses the  possible  deformations  and  the  consequent  changes  of 
curvature.  It  is  skilfully  proved  that  the  mean  curvature  of  a 
mimimum  surface  must  be  everywhere  zero,  a6d  that  the  curva- 
ture of  any  surface  is  not  changed  by  deformation. 

The  next  chapter  is  devoted  to  rectilinear  congruences.  It 
is  a  rapid  review  of  the  work  of  Kummer,  which  is  so  well 
presented  in  the  work  of  Bianchi.  A  certain  arbitrariness  is  here 
apparent  and  a  strong  suspicion  is  unavoidable  that  all  the  results 
were  known  beforehand ;  moreover,  one  feels  that  the  present 
method  is  forced  somewhat  in  reproducing  those  results.  The 
results  of  Sturm  on  the  configuration  of  the  normals  of  a  surface 
near  a  given  point  are  added  to  the  older  theorems  of  Hamil- 
ton and  Kummer,  and  some  new  relations  among  the  deriva- 
tives are  obtained  analogous  to  those  of  Codazzi  for  surfaces. 
By  means  of  these  there  is  given  a  noteworthy  proof  of  the 
theorem  that  the  mean  envelope  of  an  isotropic  congruence  is 
a  minimum  surface.  The  second  half  of  this  chapter  is  con- 
siderably altered  in  the  German  edition. 

Chapter  XV  treats  of  three  dimensional  space.  The  dis- 
cussion is  very  similar  to  the  introduction  of  curvilinear  coordi- 
nates in  the  plane.  All  the  tangent  lines  to  a  surface  at  a 
particular  point  lie  in  a  plane.  In  any  triply  orthogonal  sys- 
tem the  curves  of  intersection  are  lines  of  curvature.     Every 
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pencil  of  parallel  surfaces  belongs  to  a  triple  orthogonal  system. 
Several  paragraphs  are  devoted  to  the  derivation  of  formulas 
analogous  to  Codazzi^s. 

Thus  far  the  space  is  considered  linear,  so  that  the  element 
of  arc,  referred  to  the  tangents  of  the  three  orthogonal  lines  of 
curvature,  is  expressed  in  the  form 


d8*  =  dxl  4-  dxl  +  dx 


If  the  space  is  not  linear  but  has  a  constant  curvature  1  /i2, 
it  is  shown  that  the  element  of  arc  is  defined  by 


l+4^(?f  +  ?J  +  ?J) 

Apart  from  giving  the  impression  of  being  rather  overloaded, 
this  chapter  is  very  interesting  and  the  power  of  the  methods  is 
made  particularly  apparent  in  all  of  the  geometric  part  of  it. 

Chapter  XVI  treats  of  curves  in  space  of  n  dimensions. 
The  various  normals  are  first  defined,  the  conditions  for  ortho- 
gonality deduced,  and  then  the  analagons  to  Frenet's  formulas 
are  derived,  which  are  called  the  fundamental  formulas  for  the 
intrinsic  analysis  of  curves  in  hyperspace. 

In  the  German  edition  an  article  is  added  which  is  interest- 
ing because  it  discovers  a  fundamental  difference  in  the  nature  of 
spaces  having  an  even  number  of  dimensions  from  those  having 
an  odd  number.  The  locus  of  a  point  having  first,  second,  •  •  •, 
nth  curvatures  all  constant  is  spherical  or  helical,  according  as 
n  is  even  or  odd. 

The  last  few  pages  of  this  chapter  are  devoted  to  barycentric 
analysis  of  hyperspace,  quite  analogous  to  the  projective  system 
of  Professor  Stringham. 

The  last  chapter  preceding  the  appendix  is  on  hyperspaces. 
The  generalizations  of  the  theorems  of  Euler  and  Dupin  are 
first  derived,  then  the  formulas  of  Codazzi  and  the  criteria  for 
infinitesimal  deformation.  The  volume  closes  with  the  remark- 
able theorem  of  Beez  that  a  non-extensible  hypersurface  can- 
not be  deformed. 

The  book  represents  an  important  and  a  beautiful  work,  and 
the  reader's  admiration  is  constantly  excited  for  the  author's 
versatility  and  power  of  assimilating  the  existing  literature. 
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Two  general  defects  seem  to  be  patent,  one  in  presentation, 
one  in  range.  It  is  the  author's  aim  to  emphasize  the  force 
and  directness  of  the  analysis  by  having  the  results  appear 
after  a  minimum  of  intermediate  work,  but  this  work  has  fre- 
quently been  so  abbreviated  that  the  reading  is  at  times  ex- 
tremely difficult.  Again,  the  author  was  naturally  ambitious 
to  have  his  method  apply  to  as  large  a  range  of  subjects  as 
possible,  but  its  applicability  seems  but  questionably  successful 
when  applied  to  projective  properties. 

For  the  differential  analysis  of  curves  and  surfaces  the  work 
of  Cesltro  is  certainly  a  powerful  instrument  and  can  be  used 
with  profit  by  every  student  of  the  subject. 

Virgil  Snyder. 

CORNKLL^NrVKBfilTY, 
Detemitcr,  1902. 


GAUSS'S  COLLECTED  WORKS. 

Carl  Friedrich  Gauss  Werke.  Achier  Band.  Herausgegeben 
von  der  koniglichen  Gesellschaft  der  Wissenschaften  zu 
Gottingen.  In  Commission  bei  B.  G.  Teubner  in  Leipzig, 
1900.     4to.,  458  pp. 

With  the  death  of  Ernst  Schering,  the  venerable  editor  of 
the  first  six  volumes  of  Gauss's  collected  works,  it  became  in- 
cumbent on  younger  hands  to  continue  the  labor  of  studying, 
selecting  and  preparing  for  the  press  everything  of  interest  that 
still  remained  in  the  great  mass  of  manuscript  that  Gauss  left 
behind.  Professor  Klein,  with  customary  energy  and  dis- 
patch, has  made  the  necessary  arrangements  to  bring  Schering's 
labor  to  a  prompt  termination. 

Four  new  volumes  are  planned.  Professor  Brendel,  of  Got- 
tingen, is  editor-in-chief,  having  the  editorial  supervision  of 
the  entire  undertaking.  He  has  also,  in  particular,  the  prepa- 
ration of  volume  VII.  This  is  to  contain  the  final  edition  of  the 
Theoria  motus  and  Gauss's  voluminous  work  on  the  theory  of 
perturbation  of  the  smaller  planets,  the  theory  of  the  moon,  etc. 

Volume  VIII  is  the  volume  under  review  and  will  be 
spoken  of  later. 

The  contents  of  volume  IX  fall  into  two  parts.  One  of  these 
18  to  be  devoted  to  mathematical  physics,  and  is  in  charge  of 
Professor  Wiechert,  director  of  the  magnetic  observatory  in 
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Gottingen.  The  other  part  in  charge  of  Professors  Borsch 
and  Kruger  of  the  geodetic  Centraliustitut  in  Potsdam,  is  to 
contain  matter  relating  to  geodesy. 

Volume  X  will  contain  extracts  frpm  Grauss's  very  exten- 
sive scientific  correspondence,  also  biographical  notes.  Finally 
a  supplementary  volume  is  planned  to  give  a  complete  index  of 
the  preceding  ten  volumes. 

In  this  connection  it  is  interesting  to  learn  that  the  move- 
ment inaugurated  by  Professor  Klein  to  collect  letters  written 
by  or  to  Gauss,  copies  of  his  lectures,  scattered  manuscripts, 
note  books,  in  short  anything  and  everything  which  will  help 
posterity  to  understand  and  appreciate  Gauss's  genius,  has  been 
eminently  successful.  The  so-called  Gauss  rooms  in  the  ob- 
servatory at  Gottingen  now  serve  to  house  Gauss's  papers,  and 
memorabilia  relating  to  him.  These,  when  finally  arranged, 
will  without  doubt  be  made  accessible  to  the  public  and  form  a 
fresh  inducement,  if  indeed  any  were  needed,  for  the  student  of 
mathematics  to  visit  Gottingen. 

We  turn  now  to  the  consideration  of  volume  VIII,  the  first 
of  the  new  series  to  appear.  Its  contents  may  be  regarded  as 
addenda  to  the  first  three  volumes  of  Schering's  edition,  and  to 
the  fourth,  excluding  geodesy. 

The  new  material  falls  under  the  following  heads  :  Arithme- 
tic and  algebra,  pp.  3-32  ;  Analysis  and  function  theory,  pp. 
36-117  ;  all  under  the  charge  of  Professor  Fricke,  of  Braun- 
schweig. Numerical  cdculation,  pp.  121-130;  Calculus  of 
probabilities,  pp.  133-156,  in  care  of  Professors  Borsch  and 
Kruger,  of  Potsdam.  Foundations  of  geometry,  pp.  159-268 ; 
•Geometria  situs,  pp.  271-286;  Problems  and  theorems  in 
•elementary  geometry,  pp.  289-300 ;  Application  of  complex 
numbers  to  geometry,  pp.  303-362 ;  Theory  of  surfaces,  pp. 
365^49,  all  under  the  care  of  Professor  Stackel,  in  Kiel,  with 
the  exception  of  a  single  paper  on  developable  surfaces,  three 
pages  in   length,  by  Professor  Weingarten,  of  Charlottenburg. 

As  the  reader  may  know,  the  first  three  volumes  of  Scher- 
ing's edition,  devoted  chiefly  to  the  theory  of  numlers  and 
algebra,  the  elliptic  and  hypergeometric  functions,  contained  a 
very  large  amount  of  material  taken  from  Gauss's  posthumous 
palmers.  It  is  not  astonishing,  then,  that  a  second  gleaning 
does  not  bring  to  light  much  new  matter  on  these  topics.  In- 
teresting however  are  the  following.  First  we  note  two  short 
fragments    mi  cubic  and    biquadratic  residues.     In    the  two 
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epoch-making  memoirs  on  biquadratic  residues  published  in 
1828  and  1832  Gauss  took  the  momentous  step  of  introducing 
imaginary  numbers  into  the  theory  of  numbers.  In  two  places 
in  these  memoirs  Gauss  states  that  he  began  to  study  the 
higher  laws  of  reciprocity  in  1805  and  was  soon  led  to  intro- 
duce the  roots  of  unity  into  his  speculations  as  the  true  basis  of 
this  theory.  The  above  notes  have  now  an  especial  interest  to 
the  devotees  of  the  sublime  science,  as  Gauss  often  styled  the 
higher  arithmetic,  because  they  belong  to  this  early  epoch,  1805- 
1808.  Let  us  observe  in  passing  that  the  ideas  contained  in 
the  memoir  of  1832,  properly  generalized  by  Kummer,  Dede- 
kind  and  Kronecker,  have  led  to  the  modern  theory  of  algebraic 
numbers. 

In  the  section  devoted  to  Analysis  and  theory  of  functions, 
three  papers  attract  our  attention.  One  is  the  celebrated  letter 
of  181 1  to  Bessel.  Here  Gauss  discusses  summarily  the  nature 
of  a  function  and  an  integral  taken  between  complex  limits. 
In  the  first  place,  he  advocates  warmly  the  introduction 
of  the  complex  variable  into  analysis.  He  urges  :  *  "Es  ist 
hier  nicht  von  praktischem  Nutzen  die  Rede,  sondern  die 
Analysis  ist  mir  eine  selbstandige  Wissenschafl  die  durch 
Zuriicksetzung  jener  fingirten  Grossen  ausserordentlich  an 
Schonheit  und  Kundung  verlieren  und  alle  Augenblick  Wahr- 
heiten,  die  sonst  allgemein  gelten,  hochst  lastige  Beschrankungen 
beizufiigen  genotigt  sein  wurde." 

After  stating  Cauchy's  theorem  that  ff(x)dx  around  a  closed 
contour  containing  no  singular  points  is  zero  he  remarks  f: 
'*  Dies  ist  ein  sehr  schoner  Lehrsatz  dessen  eben  nicht  schweren 
Beweis  ich  bei  einer  schicklichen  Gelegenheit  geben  werde, 
Er  hangt  mit  schonen  andern  Wahrheiten,  die  Entwickelungen 
in  Reihen  betreflTend,  zusammen." 

The  latter  part  of  this  quotation  suggests  at  once  far-reach- 
ing consequences  :  Does  Gauss  have  in  mind  the  developments 
of  Taylor,  Laurent  and  Fourier?  In  this  letter  Gauss  also 
emphasizes  the  importance  of  those  functions  which  we  call 
to-day  one  valued  integral  transcendental  functions.  In  place 
of  the  function  Soldner  had  introduced,  viz.,  f(\og  x)~^dxy  he 

suggests  /"(e*  —  l)x''^dx. 

*  P.  90.    We  take  this  occasion  to  remark  that  all  references  without  indi- 
cation of  the  title  refer  to  Gauss's  Works,  Vol.  VIII. 
fP.  91. 
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The  second  paper,  which  Fricke  dates  aboat  1800,  relates  to 
the  inversion  of  the  elliptic  integral 


»-/ 


dx 


l/(l-a:2)(l-/iV) 


We  find  to  our  surprise  that  the  development  given  by  Gauss 
is  nothing  more  nor  less  than  Weierstrass's  celebrated  expres- 
sion of  a;  as  the  quotient  of  two  integral  transcendental  func- 
tions, viz.,  Al^(u),  Alj(u). 

The  third  interesting  feature  in  the  section  are  three  frag- 
ments on  elliptic  modular  functions.  If  the  mathematical 
world  was  filled  with  astonishment  in  1827-28  when  it  became 
gradually  known  that  Gauss  had  had  in  his  possession  for 
thirty  years  a  good  part  of  AbeFs  and  Jacobi's  results,  we  to-day 
are  hardly  less  astonished  to  learn  that  Grauss  certainly  knew 
some  of  the  modern  theory  of  the  elliptic  modular  functions. 
In  fact,  on  page  104  we  find  for  example  a  modular  figure  with 
the  angles  7r/4,  7r/4,  7r/4,  complete  with  its  orthogonal  circle. 
It  is  worthy  of  note  that  on  page  478  of  volume  III  appears 
another  figure  very  familiar  to  students  of  the  modular  func- 
tions, viz.,  the  fundamental  domain  of  the  modulus  —  t^. 
But  as  this  volume  was  published  in  1876,  while  Fuchs^s  and 
Dedekind's  papers,  which  gave  birth  to  the  modular  functions, 
did  not  appear  till  the  following  year,  the  figure  last  mentioned 
could  not  mean  much  to  Schering,  otherwise  he  would  have 
searched  the  manuscripts  of  Gauss  more  carefully  for  other  frag- 
ments of  this  nature. 

The  section  devoted  to  the  calculus  of  probabilities  contains 
some  interesting  letters  of  Gauss.  The  theory  of  least  squares, 
so  important  in  the  adjustment  of  observations,  was  discovered 
independently  by  Legendre  and  Gauss.  The  first  published  ac- 
count of  it  is  found  in  Legendre's  Nouvelles  m^thodes  pour  la 
determination  des  orbites  des  comMes,  which  appeared  in  1806. 
In  the  Theoria  motus,  published  in  1809,  Gauss  claimed  to  have 
discovered  it  in  1795.  A  controversy  arose,  very  painful  to 
the  friends  of  Gauss.  For  example,  Legendre  in  a  letter*  to 
Jacobi  dated  1827,  speaking  of  Gauss's  claims  of  priority  in  the 
elliptic  functions,  breaks  out :  "  Comment  se  fait-il  que  M.  Gauss 
ait  os6  vous  faire  dire  que  la  plupart  de  vos  th^or^mes  lui  etait 
connus,  et  qu'il  en  avait  fait  la  decouverte  d^s  1808?  *  *   *  Get 

♦Jacobi,  Werke,  Vol.  I,  p.  398. 
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exc^  d'impudeDce  n'est  pas  croyable  de  la  part  d'un  homme  qui 
a  assez  de  m6rite  personnel  pour  n'avoir  pas  besoin  de  s'appro- 
prier  les  d^couvertes  des  autres  *  *  *  Mais  c'est  le  m^me 
homme  qui  en  1801  voulut  s'attribuer  la  d^oouverte  de  la  loi 
de  reciprocity  publi^e  en  1785  et  qui  voulut  s'emparer  en  1809 
de  la  m6thode  des  moindre  carr^  publi^e  en  1805.  D'autres 
exemples  se  trouveraient  en  d'autres  lieux^  mais  un  homme 
d'honneur  doit  se  garder  de  les  imiter.'' 

Such  direct  accusatfons  were  of  course  not  published,  but 
they  were  circulated  in  private.  Enough  was  said  in  print  and 
in  private  to  cause  Gauss's  friend  Schumacher  to  write  him 
(1831)  as  follows :  *  "DaSiedieResultatelhrer  Eechnunggeben, 
so  scheint  es  mir,  ist  es  leicht  zu  zeigen  dass  diese  durch  die 
Methode  der  kleinsten  Quadrate  abgeleitet  sind.  Zach  lebt. 
zudem  noch,  und  hat  gewiss  Ihren  Brief  aufgeho'ben.  Finden 
Sie  es  nicht  der  Miihe  werth  endlich  die  Sache  einmal,  selbst 
gegen  die  mir  vor  alien  widerlichen  hoflichen  Zweifel  der  Fran- 
zosen  unwidersprechlich  abzumachen ''?  To  this  Gauss  replies :  f 
^^  Ich  glaube  Ihnen  schon  einmal  geschrieben  zu  haben,  dass  ich 
auf  keinen  Fall  diese  Stelle  worin  die  Methode  zum  erstenmale 
offentlich  angedeutet  ist  releviren  werde,  auch  nicht  wiinsche, 
dass  einer  meiner  Freunde  mit  meiner  Zustimmung  es  thue. 
Diess  hiesse  anerkennen  ale  bedurfe  meine  Anzeige  (Theoria 
Motus  CoqK)rum  Coelestium)  dass  ich  seit  1794  diese  Methode 
vielfach  gebraucht  habe,  einer  Eechtfertigung,  und  dazu  werde 
ich  mich  nie  verstehen.  Als  Olbers  attestirte  dass  ich  ihm 
1803  die  ganze  Methode  mitgetheilt  habe,  war  diess  zwar  gut 
gemeint :  hatte  er  mich  aber  vorher  gefragt,  so  wiirde  ich  es 
hautement  gemissbilligt  haben." 

The  grandeur  and  inflexibility  of  Gauss's  nature  is  finely 
illustrated  by  this  passage.  In  a  later  letter  J  (1840)  to 
Schumacher  we  find  Gauss's  own  estimate  of  the  importance  of 
the  discovery  of  least  squares.  He  writes  :  "Sie  wissen  dass 
ich  selbst  auf  das  von  rair  seit  1794  gebrauchte  Verfahren 
*  *  *  niemals  grossen  Werth  gelegt  habe.  Verstehen  Sie  mich 
recht;  nicht  in  Beziehung  auf  den  grossen  Nutzen  den  sie 
leistet,  der  ist  klar  genug,  aber  danach  taxi  re  ich  die  Dinge 
nicht.  Sondern  desbalb  oder  in  so  fern  legte  ich  nicht  viel 
Werth  darauf,  als  vom  ersteu  Anfang  an  der  Gedanke  mir  so 
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natiirlich,  so  ausserst  nahe  liegend  schien  dass  ich  nicht  im 
Greringsten  zweifelte,  viele  Personen,  die  mit  Zahlenrechnung 
zu  verkehren  gehabt,  miissteu  von  selbst  auf  einen  solchen 
Kunstgviff  gekommeu  sein  imd  ihn  gebraucht  haben  ohne 
deswegen  es  der  Miihe  werth  zu  halten  viel  Aufhebens  von 
einer  so  naturlichen  Sache  zu  machen/' 

The  precocious  genius  of  Gauss  will  stand  forth  when  we 
recall  that  he  was  but  seventeen  years  old  when  he  discovered 
his  method  of  least  squares. 

Before  passing  on  to  the  next  section  we  must  call  attention  to 
a  curious  mishap  which  has  befallen  the  editors.  Thirty  of  the 
hundred  pages  given  to  the  section  of  analysis  and  theory  of 
functions  are  occupied  by  a  memoir  entitled :  "  De  integra- 
tione  formulae  differentialis  (1  4-  ncos  <f>yd<f)"  The  manuscript 
of  this  memoir  was  discovered  in  1893  and  published  by 
Scheriug  with  explanatory  notes  in  the  Gottlnger  Nachrichten. 
Fricke  in  a  note  *  remarks  :  "  Es  fehlt  in  der  Urschrift  der 
Name  des  Verfassers  und  eben  so  auch  eine  Angabe  iiber  Ort, 
und  Zeit  der  Abfassung.  In  dessen  beseitigte  der  Vergleich 
sonstiger  Mauuscripte  von  Gauss  mit  der  vorliegenden  Hand- 
schrift  jeden  Zweifel  welcher  sonst  vielleicht  an  Guuss'  Autor- 
schaft  bestehen  konnte."  Fricke  places  it  in  the  year  1795  or 
before,  i,  <?.,  before  or  at  the  beginning  of  Gauss's  student  days 
in  Gottingen.  It  turns  out  now,  however,  that  the  memoir 
was  not  written  by  Gauss  at  all,  but  by  a  certain  Thibaut,  who 
presented  it  to  the  Academy  of  Gottingen  in  the  year  1799.t 

We  come  now  to  the  most  interesting  section  of  the  book,  the 
Foundations  of  Geometry,  or  the  Non-Euclidean  Geometry. 
Here  as  in  the  case  of  the  elliptic  functions  Gauss  had  ex- 
plored far  into  a  territory  a  quarter  of  a  century  or  more 
in  advance  of  his  contemporaries  and  for  years  was  in 
possession  of  epoch-making  results.  But  he  never  published 
anything  on  this  subject.  In  letters  to  a  few  of  his  intimate 
friends  he  would  occasionally  explain  some  of  his  views  or 
indicate  in  a  fragmentary  manner  some  of  his  results.  Also 
on  several  occasions  he  reviewed  in  the  Gbtiinger  Anzeigen 
works  touching  on  the  theory  of  parallels.  All  that  is  known 
of  Gauss's  views  relating  to  the  non-euclidean  geometry  has 
been  collected  and  put  in  this  section. 

*P.  64. 
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Gauss's  reason  for  not  publishing  his  results  will  be  made 
clear  from  the  following  extracts.  In  a  letter  *  to  his  student 
friend,  W.  Bolyai  (1799),  he  writes:  ^*Mach'  doch  ja  Deine 
Arbeit  bald  bekaunt ;  gewiss  wirst  Du  dafur  den  Dank  nicht  zwar 
des  grossen  Publicums  (worunter  auch  mancher  gehort,  der  fur 
einen  geschickten  Mathematiker  gehalten  wird)  einernten,  denn 
ich  iiberzeuge  mich  immer  mehr  dass  die  Zahl  wahrer  Geome- 
ter ausserst  gering  ist,  und  die  meisten  die  Schwierigkeiten  bei 
solchen  Arbeiten  weder  beurtheilen  noch  selbst  einmal  sie  ver- 
stehen  konnen  —  aber  gewiss  den  Dank  aller  derer,  deren 
Urtheil  Dir  allein  wirklich  schatzbar  sein  kann." 

In  1818  Gerling  writes  f  Gauss  that  he  intends  to  prepare 
a  new  edition  of  Lorenz's  Heine  Mathematik  and  wishes  to 
know  Gauss's  opinion  **wie  es  mit  der  Parallelentheorie  wohl 
am  besten  zu  halten  ist."  Gauss  replies:!  "Ich  freue  mich, 
dass  Sie  den  Muth  haben  sich  so  auszudr^ucken,  als  wenn  Sie 
die  Moglichkeit,  dass  unsere  Parallelentheorie,  raithin  unsere 
ganze  Geometric,  falsch  ware,  anerkennten.  Aber  die  Wespen, 
deren  Nest  Sie  aufstoren  werden  Ilinen  um  den  Kopf  fliegeu." 

In  a  letter  to  Bessel  (1 829)  Gauss  writes  :  §  "Auch  hier  habe 
ich  manches  noch  weiter  consolidirt  und  meine  Uberzeugung 
dass  wir  die  Geometric  nicht  vollstiindig  a  priori  begriinden 
Jkonnen,  ist,  wo  moglich,  noch  fester  geworden.  Inzwischen 
werde  ich  wohl  noch  lange  nicht  dazu  kommen  meine  sehr  aua- 
gedehnten  Untersuchungen  daruber  zur  offentlichen  Bekannt- 
machung  auszuarbeiten,  und  vielleicht  wird  dies  auch  bei 
meinen  Lebzeiten  nie  geschehen,  da  ich  das  Geschrei  der 
Bootier  scheue,  wenn  ich  meine  Ansicht^an2aussprechen  wollte." 

The  wasps  and  the  Boeotians  that  Gauss  here  refers  to 
are  probably  not  so  much  the  mathematicians  as  the  philoso- 
phers. As  will  be  recalled,  Kant  in  his  Kritik  der  reinen 
Vernunft  (1781)  had  endeavored  to  show  that  our  notions  of 
space  were  essentially  k  priori,  /.  e.,  independent  of  all  experi- 
ence. In  fact  his  demonstration  of  the  possibility  of  synthetic 
judgments  k  priori,  otie  of  the  corner  stones  of  his  philosophy, || 
depends  largely  on  this  view  of  space. 

t  P.  178. 
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Grauss's  opinion  regarding  the  k  priori  character  of  our  notions 
of  space  is  perhaps  seen  best  from  the  following  extract  of  a 
letter  to  Bessel  (1830).  He  writes  :*  "  Wahre  Freude  hat  mir 
die  Leichtigkeit  gemacht,  mit  der  Sie  in  meine  Ansichten  liber 
die  Geometric  eingegangen  sind,  zumal  da  so  wenige  ofienen 
Sinn  dafur  haben.  Nach  meiner  innigsten  Uberzeugung  hat 
die  Raumlehre  in  unserem  Wissen  a  priori  eineganz  andere  Stel- 
lung  wie  die  reine  Grossenlehre ;  es  geht  iinserer  Kenntniss 
von  jener  durchaus  diejenige  vollstandige  Uberzeugung  von 
ihrer  Notwendigkeit  (also  auch  von  ihrer  absoluten  Wahrheit) 
ab  die  der  letzern  eigen  ist ;  wir  miissen  in  Demuth  zugeben 
dass,  wenn  die  Zahl  blo»8  unsers  G^istes  Product  ist,  der  Eaum 
auch  ausser  unserm  Geiste  eine  Realitat  hat  der  wir  k  priori 
ihre  G^setze  nicht  vollstandig  vorschreiben  konnen." 

His  scorn  for  the  philosophers  is  manifested  in  a  letter  to 
Taurinus  (1824)  ;  he  writes,!  speaking  of  some  of  the  peculiari- 
ties of  the  non-euclidean  geometry  :  "  Aber  mir  deucht,  wir 
wissen,  trotz  der  nichtssagenden  Wort-Weisheit  der  Meta^ 
physiker  eigentlich  zu  wenig  oder  gar  nichts  fiber  das  wahre 
Wesen  des  Raumes,  als  dass  wir  etwas  uns  unnaturlich  vor- 
kommendes  mit  Absolut  Unmoglich  verwechseln  durfen." 

Again  in  a  letter  to  Schumacher  (1846),  speaking  of  the  no- 
tion of  right  and  left,  he  writes  :  J  "  Welche  Geltung  diese  Sache 
in  der  Metaphysik  hat,  und  dass  ich  darin  die  schlagende 
Widerlegung  von  Kants  Einbildung  finde,  der  Raum  sei  blosa 
die  Form  unserer  aussern  Anschauung  habe  ich  succinct  in 
den  Gottingischen  Gelehrten  Anzeigen  1881,  S.  635  ausge- 
sprochen." 

We  have  expressed  our  astonishment  at  Gauss's  reluctance  to 
prepare  for  publication  the  results  of  his  speculations.  We 
now  wish  to  cite  a  couple  of  passages  which  exhibit  another 
trait  of  his  character,  the  utter  lack  of  envy  he  displays  when 
his  results  have  been  discovered  by  others  and  the  carelessness 
he  constantly  manifests  in  establishing  his  rights  of  priority. 

In  a  letter  (1804)  to  W.  Bolyai,§  speaking  of  his  and  Bolyai's 
investigations  in  non-euclidean  geometry,  he  writes :  "  Ich 
habe  zwar  noch  immer  die  Hoffnung  dass  jene  Klippen  einst 
und  noch  vor  meinem  Ende,  eine  Durchfart  erlauben  werden. 
Indess  habe  ich  jetzt  so  manche  andere  Beschiiftigungen  vor 
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der  Haud  daas  ich  gegenwartig  daran  nicht  denken  kann,  und 
glaube  mir  es  soil  mich  herzlich  freueu  wenn  Du  mir  zuvor- 
kommst,  and  es  Dir  gelingt  alle  Hindernisse  zu  iibersteigen. 
Ich  wiirde  daun  mil  der  innigsten  Freude  alles  thun^  um  Dein 
Verdienst  gelten  zu  machen  und  ins  Licht  zu  stellen  so  viel  in 
meinen  Kraften  steht." 

Again  on  the  same  subject  in  a  letter  to  Gerling  (1819)  he 
writes  :  *  "  Die  Notiz  von  Herrn  Professor  Schweikart  hat  mir 
ilngemein  viel  Vergniigen  gemacht  und  ich  bitte  ihm  daruber 
von  mir  recht  viel  Schones  zu  sagen.  Es  ist  mir  fast  alles  aus 
der  Seele  geschrieben." 

Finally,  the  following  extract  f  from  a  letter  to  W.  Bolyai 
(1 830)  :  "  Jetzt  Einiges  iiber  die  Arbeit  Deines  Sohnes.  Wenn 
ich  dam  it  anfange  '  d(i88  ich  ifolche  nicht  loben  darf:  so  wirst  Du 
wohl  einen  Augenblick  stutzen  :  aber  ich  kann  nicht  anders  ;  sie 
loben  hiesse  mich  selbst  loben  :  denn  der  ganze  Inhalt,  der  Weg, 
den  Dein  Sohn  eingeschlagen  hat,  und  die  Besultate,  zu  denen  er 
gefuhrt  ist,  kommen  fast  durchgehends  mit  meinen  eigenen,  zum 
Theile  seit  30-35  Jahren  angestellten  Meditationen  uberein. 
In  der  That  bin  ich  dadurch  auf  das  Aeusserste  uberrascht. 
Mein  Vorsatz  war  von  meiner  eigenen  Arbeit,  von  der  iibrigens 
bis  jetzt  wenig  zu  Papier  gebracht  war,  bei  meinen  Lebzeiten 
gar  nichts  bekannt  werden  zu  lassen.  Die  meisten  Menschen 
haben  gar  nicht  den  rechten  Sinn  far  das,  worauf  es  dabei  an- 
kommt,  und  ich  habe  nur  wenige  Menschen  gefunden,  die  das, 
was  ich  ihnen  mittheilte,  mit  besonderm  Interesse  aufnahmen. 
Um  das  zu  konnen,  muss  man  erst  recht  lebeudig  gefiihlt 
haben,  was  eigentlich  fehlt,  und  daruber  sind  die  meisten  Men- 
schen ganz  unklar.  Dagegen  war  meine  Absicht,  mit  der  Zeit 
alles  so  zu  Papier  zu  bringen,  dass  es  wenigstens  mit  mir  der- 
einst  nicht  unterginge.  Sehr  bin  ich  also  iiberrascht,  dass 
diese  Bemiihung  mir  nun  erspart  werden  kann,  und  hochst 
erfreulich  ist  es  mir  dass  gerade  der  Sohn  meines  alten  Freundes 
es  ist  der  mir  auf  eine  so  merkwiirdige  Art  zuvorgekom- 
men  ist.'* 

Before  leaving  this  section  we  must  mention  two  fragments 
which  give  rise  to  bold  surmises.  We  recall  that  the  advance 
that  Riemann  made  in  his  Habilitationsschrift  (1854)  "Uber 
die  Hypothesen  welche  der  Geometric  zu  Grunde  liegen"  X  was 
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due  in  part  to  his  introduction  of  differential  geometry  into  his 
investigations,  whereas  the  Bolyais,  Lobachevskv  and  Gauss 
(certainly  in  his  early  work)  employed  the  synthetic  methods  of 
Euclid. 

Now  in  one  of  the  above  mentioned  fragments  Gauss  treats 
this  problem :  Assuming  that  the  geometry  of  Euclid  is  valid 
for  infinitely  small  triangles,  determine  the  relations  between 
the  sides  and  the  angles  of  finite  triangles.  This  leads  to  a 
differential  equation  whose  constant  of  integration  Gauss  repre- 
sents by  fc,  which  is  precisely  the  letter  he  employs  in  his  Dis- 
quisitiones  generales  circa  superficies  curvas  to  represent  the 
measure  of  curvature.  In  the  second  fragment  we  have  a  de- 
duction of  the  equations  of  the  pseudosphere  which  Gauss  calls 
"  das  Gegenstiick  der  Kugel."  There  is  in  these  two  fragments 
no  direct  evidence  that  Grauss  saw  that  his  non-euclidean 
geometry  found  in  the  pseudosphere  a  geometric  substratum, 
nor  that  he  saw  the  intimate  relation  between  the  non-euclidean 
geometry  and  his  theory  of  developable  surfaces ;  but  the  suppo- 
sition lies  very  near  and  is  not  improbable. 

We  pass  over  the  intermediate  sections  in  order  to  employ 
the  remaining  space  at  our  disposal  to  touch  on  a  topic  of  great 
interest  to  the  English-speaking  race,  viz.,  Gauss's  relation  to 
linear  associative  algebra  in  general  and  to  quaternions  in  par- 
ticular. 

We  are  all  familiar  with  Hamilton's  efforts,  extending  over 
a  period  of  fifteen  years,  to  discover  a  system  of  numbers  in 
three  units  which  would  bear  the  same  relation  to  space  as  the 
ordinary  complex  numbers  x  +  iy  do  to  the  plane,  and  which  at 
the  same  time  obey  the  formal  laws  of  ordinary  algebra. 
Finally  in  1843  he  discovered  the  quaternions.  Meantime, 
G^uss  had  considered  the  same  problem.  In  his  report  in  the 
Gotfinger  Ameigen  (1831)  of  his  memoirs  on  biquadratic 
residues  which  we  have  already  referred  to,  G^uss  after  dis- 
cussing the  nature  of  the  complex  numbers  x  +  iy  in  a  masterly 
manner  of  closes  his  remarks  with  the  following  oracular  state- 
men  :  *  "  Wir  haben  geglaubt,  den  Freunden  der  Mathematik 
durch  diese  kurze  Darstellung  der  Hauptmomente  einer  neuen 
Theorie  der  sogenannten  imaginaren  Grossen  einen  Dienst  zu 
erweisen.  Hat  man  dipsen  Ge^enstand  bisher  aus  eiuem 
falschen  Gesichtspunkt  botrachtet,  nnd  eine  greheimnissvolle 
Dunkelheit  dabei  gefnnden,  so  ist  diess  erossentheils  den  wenig 

♦Volume  II,  pp.  177. 
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Bchicklichen  Benennungen  zuzuschreiben.  *  *  *  DerVerfasser 
hat  sich  vorbehalten  den  Gegenstand  welcher  in  der  vorlie- 
genden  Abhandlung  eigentlich  nur  gelegentlich  beruhrt  ist, 
kunftig  vollstandiger  zu  bearbeiten,  wo  dann  auch  die  Frage 
wanim  die  Relationen  zwischen  Dingen  die  eine  Mannigfaltig- 
keit  von  mehr  als  zwei  Dimensionen  darbicten^  nicht  noch. 
andere  in  der  allgemein  Arithmetik  zulassige  Arten  von  Gros- 
sen  liefern  konnen^  ihre  Beantwortung  finden  wird.'' 

From  this  passage  we  see  that  (jauss  already  in  1831  had 
recognized  the  non-existence  of  a  number  system  such  as 
Hamilton  so  long  vainly  sought  to  find.  The  question  at  once 
suggests  itself:  If  Grauss  was  able  to  state  a  theorem  of  such 
fundamental  importance  in  the  theory  of  higher  complex  num- 
ber systems,  how  far  did  his  researches  reach,  what  was  their 
nature  ?  The  new  volume  of  the  Werke,  while  it  still  leaves  us 
entirely  in  the  dark  on  this  subject,  brings  however  one  great 
surprise.  In  a  fragment*  entitled  Transformationen  des 
Raumes  we  find  the  multiplication  table  of  quaternions.  This 
note  is  dated  by  Stackel,  1819.  That  the  multiplication  is  not 
commutative  is  noted  page  360  and  the  relation  between  quater- 
nions and  spherical  triangles  is  noted  pages  360-361.  To  pre- 
vent a  possible  disappointment  to  any  one  referring  to  these 
passages  we  observe  that  Gauss  does  not  employ  the  usual 
quaternion  notation  a  +  bi  +  ej  +  dk  but  the  earlier  notation  of 
Hamilton  (a,  6,  c,  d).  The  introduction  of  certain  symbols  for 
the  units  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1)  is 
entirely  unnecessary  and  is  made  merely  for  convenience.  From 
a  theoretical  standpoint  the  subject  even  wins  in  clearness  by 
leaving  them  out  at  the  start. 

Apropos  of  quaternions  we  cannot  resist  the  temptation  to 
cite  a  passage  from  a  letter  f  to  Schumacher  (1843)  relating  to 
Mobius's  Barycentric  Calculus.  What  Gauss  here  says  of  the 
barycentric  calculus  can  be  applied  directly  to  quaternions 
and  the  vector  analysis,  a  subject  dear  to  many  English  and 
American  mathematicians.  After  mentioning  the  prejudice  he 
first  had  toward  Mobius's  work  and  his  doubt  "ob  es  der 
Miihe  werth  sei,  eine  recht  artig  ausgesonnene  Kechnungs- 
weise  sich  anzueignen,  wenn  man  durch  dieselbe  nichts  leisten 
konne  was  sich  nicht  eben  so  leicht  ohne  sie  leisten  lasse/*  fol- 
lows this  remarkable  passage  which  Hamilton  and  Gibbs  would 
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doubtless  subscribe  to  most  cordially  :  "  Ueberhaupt  verhalt  es 
sich  mit  alien  solchen  ueuen  Calculs  so,  dass  man  durch  sie 
nichts  leisten  kann,  was  nicht  ohne  sie  zu  leisten  ware ;  der 
Vortheil  ist  aber  der,  dass,  wenn  eih  solcher  Calcul  dem  inner- 
sten  Wesen  vielfach  vorkommender  Bediirfnisse  correspond! rt, 
jeder,  der  sich  ihn  ganz  angeeignet  hat,  anch  ohne  die  gleich- 
sam  unbewussten  Inspirationen  des  Genies  die  niemand  er- 
zwingen  kann,  die  dahin  gehorigen  Aufgaben  losen,  ja  selbst  in 
so  verwickelten  Fallen  gleichsam  mechanisch  losen  kann,  wo 
ohne  einesolcheHulfeauch  das  Grenieohnmachtigwird.  *  *  * 
Es  werden  durch  solche  Conceptionen  unzahlige  Aufgaben^  die 
sonst  vereinzelt  stehen,  und  jedesmal  neue  EflTorts  (kleinere 
oder  grossere)  des  Erfindungsgeistes  erfordern,  gleichsam  zu 
einem  organischen  Reiche," 

In  closing,  we  wish  to  praise  the  care  the  editors  have  taken 
in  preparing  the  contents  of  the  present  volume  for  publica- 
tion. As  far  as  possible  the  dates  of  the  various  papere  have 
been  ascertained.  Obscure  passages  have  been  explained  and 
errors  either  corrected  or  pointed  out.  There  are  instances 
where  the  editors  have  been  too  spfu*ing  with  their  commentary, 
but  they  have  doubtleas  preferred  to  err  on  the  side  of  brevity 
rather  than  difiuseness. 

Only  one  oversight  has  been  noticed  by  the  reviewer.  In 
the  extract  printed  on  page  247,  Gauss  makes  reference  to  his 
"  schlagende  Widerlegung "  of  Kant's  theory  of  space  which 
appeared  in  the  Gottinger  Anzeigen  for  1831.  This  is  cer- 
tainly a  matter  of  some  importance  and  a  reference  should  have 
been  given  where  readers  who  have  not  the  files  of  the  An- 
zeigen at  hand — and  their  number  is  relatively  small — c^n  find 
it  in  the  Werke.  The  passage  Gauss  has  in  mind  is  to  be 
found  in  volume  2,  page  177  and  footnote  of  the  Werke.  In 
this  connection  we  wish  to  express  the  hope  that  further  vol- 
umes will  give  exa^U  references  to  the  places  where  each  par- 
ticular paper  was  first  published.  This  is  only  partially  done 
in  the  volumes  which  have  so  far  appeared.  Indeed  it  seems 
desirable  that  this  deficiency  in  the  early  volumes  be  made 
good  in  the  supplementary  volume. 

In  regard  to  misprints,  we  have  observed  but  one,  viz.,  page 
160,  last  line  :  omit  one  herzlich.        y^ft^i  fr^^S    '^4J^  Ofit^^^^ 

To  sum  up,  we  may  say  that  the  volume  under  review  takes      • 
its  place  worthily  besides  the  six  preceding  volumes  which 
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enjoyed  the  loving  attention  of  one  who  sacrificed  a  large  part 
of  his  scientific  activity  in  erecting  a  lasting  monument  to  the 
memory  of  Germany ^s  princeps  mathematicorum. 

James  Pierpont. 
Yale  University. 


ANALYTIC  PROJECTIVE  GEOMETRY. 

Lehrbuoh  der  aiialytischen  Geometrie  in  homogenen  Koordinaten. 
Von  WiLHELM  Killing.  2  Teile,  8vo.  Paderborn,  F. 
Schoningh.  Teil  1 :  Die  ebene  Geometrie,  1900.  xiii  + 
220  pp.  Teil  2 :  Die  Geometrie  des  liaumes,  1901.  viii  + 
361  pp. 

The  first  and  perhaps  the  most  noticeable  feature  of  Profes- 
sor Killing's  text-book  on  the  analytic  geometry  of  homogeneous 
coordinates  is  the  elaborately  methodical  arrangement.  The  line 
of  march  has  been  laid  out  with  extreme  care.  Notice,  for  ex- 
ample, the  titles  and  page  numbers  of  the  first  few  sections  of 
the  two  volumes : 


In  the  plane,  Vol.  1. 
§  1.  Theory  of  cross  ratio,  p.  1. 

§  2.  The  coordinate  triangle,  p. 

8. 
§  3.  The  straight  line,  p.  13. 

§4.  The  perpendiculars  dropped 
upon  a  straight  line  from 
the  vertices  of  the  coor- 
dinate triangle,  p.  1 9. 

§  6.  The  most  general  trimetric 
coordinates,  p.  25. 

§6.  The  ratios  of  the  coordinates 
as  cross  ratios,  p.  37. 

§  8.  The  elements  at  infinity,  p. 
48. 

Total  number  of  pages,  49. 


In  space.  Vol.  2. 

§  1.  Division  of  dihedral 
angles,  p.  1. 

§2.  The  coordinate  tetrahe- 
dron, p.  7. 

§  3.  The  straight  line  and 
plane,  p.  13. 

§4.  The  perpendiculars 
dropped  upon  a  plane 
from  the  vertices  of  the 
coordinate  tetrahedron, 
p.  21. 

§  6.  The  most  general  tetrahe- 
dral  coordinates,  p.  29. 

§  6.  The  elements  at  infinity, 
p.  38. 

§  7.  The  quotients  of  the  coor- 
dinates as  cross  ratios, 
p.  44. 
Total  number  of  pages,  52. 
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There  is  no  necessity  of  stopping  the  parallel  column  here. 
It  might  run,  with  very  few  exceptions,  to  the  end  of  the  two 
volumes.  Each  closes  with  the  treatment  of  confocal  quadrics ; 
the  treatment  in  space  is,  of  course,  more  elaborate  than  that 
required  in  the  plane,  but  otherwise  exactly  parallel  to  it.  The 
differences  between  the  texts  of  Volume  1  and  Volume  2  in 
the  first  fifty  pages  are  of  about  the  same  order  as  the  differ- 
ence in  the  sectional  headings  quoted  above.  The  changes  are 
of  two  kinds:  Those  that  are  necessitated  by  the  subject  —  the 
substitution  of  "  line  and  plane ''  for  "  line,"  of  four  variables 
or  four  equations  for  three;  and  those  changes  which  seem  un- 
necessary —  the  substitution  of  the  word  "  quotient "  for  "  ratio  " 
in  the  sectional  headings  6  and  7,  and  the  rearrangement  of  the 
order  of  the  sections  where  it  is  of  no  particular  importance. 

This  is  carrying  method  to  a  painful  extreme.  There  can  be 
little  excuse  for  spending  52  pages  of  Volume  2  upon  those 
sections  which  correspond  exactly  to  the  49  pages  of  Volume  1. 
The  author  might,  at  least,  have  economized  in  Volume  2 
enough  to  save  the  three  extra  pages  needed  by  the  constantly 
recurring  fourth  variable  and  fourth  equation.  One  could  throw 
away  the  first  part  and  commence  on  the  second  without  ex- 
periencing any  particular  diflSculty.  So  much  elaboration  of 
method  is  quite  unnecessary.  The  book  is  well  named  a 
Lehrbuehj  and  one  can  almost  hear,  almost  see  the  Le/irmeister 
as  he  reaches  the  second  part  say  to  his  pupils  :  "I  have  ex- 
plained the  first  volume  with  all  care.  Here  is  the  second. 
Read  it.  It  is  like  the  first  volume.  Toward  the  end  there 
are  a  few  new  things — no,  not  new,  only  a  little  less  familiar, 
a  little  harder  to  generalize.  If  you  find  diflBculty,  wake  me." 
And  it  would  be  a  worthless  student  who  need  wake  his 
master.  More  likely  he  would  himself  fall  asleep  over  the 
monotony,  the  lack  of  opportunities  to  employ  his  wits  and 
imagination. 

Apart  from  this  feature  and  from  its  antiquated  typography, 
with  spaced  letters  instead  of  italics  and  formulae  in  the  same 
font  as  the  text,  the  book  is  good.  The  general  plan  is  excel- 
lent ;  the  scope  has  been  chosen  with  judgment.  The  subjects 
treated  are  not  too  many  nor  too  few.  The  methods  of  analysis 
are  for  the  most  part  neat.  The  author  has  exercised  great  care 
in  treating  the  matter  of  sign,  which  is  so  confusing  to  the  begin- 
ner in  connection  with  the  coordinate  triangle.  Although  the 
book  is  confessedly  analytic  there  is  often  a  glimmer,  unfortu- 
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nately  only  a  glimmer,  of  truly  geometric  reasoning.  The  large 
numbers  of  exercises  distributed  through  the  text,  some  at  the 
end  of  each  section,  have  been  selected  with  especial  care,  as- 
sorted, and  graded.  For  this  reason  the  book  must  be  more  than 
usually  helpful  to  a  teacher,  especially  a  young  and  inexperienced 
teacher,  in  preparing  a  course  on  projective  geometry.  To  a 
student,  who  works  without  a  teacher,  who  wishes  to  supple- 
ment a  meager  knowledge  or  even  to  gain  from  the  beginning 
some  idea  of  projective  geometry,  this  book  with  its  careful 
explanations  and  its  problems  will  prove  a  great  boon.  It 
offers  but  little  difficulty.  It  is  so  easy,  elementary  and  slow ; 
but  withal,  when  one  has  finished  it,  so  inclusive. 

A  comparison  of  the  book  under  review  with  Duporcq's  Pre- 
miers principes  de  g^ora^trie  moderne  *  is  very  instructive  and 
interesting.  Both  treat  projective  geometry,  though  Duporcq 
concludes  with  a  chapter  on  other  transformations.  But  the 
methods  are  entirely  different.  The  one  is  methodical,  the  other 
not  at  all ;  the  one  painstakingly  accurate  in  demonstration,  the 
other  often  hasty  and  fond  of  relying  upon  the  sweep  of  intui- 
tion ;  the  one  analytic,  the  other  geometric  with  only  a  back- 
ground of  analysis,  like  Chasles ;  the  one  assuring,  the  other 
stimulating.  The  fact  is  that  a  student  of  Killing  would  know 
that  he  had  at  his  command  a  perfectly  definite  method.  On 
meeting  a  problem  he  could  work  out  a  solution  and  probably 
put  it  in  good  form.  Yet  he  very  likely  would  not  be  one  whit 
a  geometer,  but  merely  an  analyst.  The  student  of  Duporcq 
could  hardly  get  along  without  a  teacher  to  help  him.  He 
would  be  quite  unable  to  say  whether  he  had  a  method  at  his 
command  or  not.  He  would  know  many  theorems,  and  if  he 
came  to  a  problem  he  might  or  might  not  solve  it.  If  he  solved 
it  he  would  not  know  why  he  had  succeeded,  nor  in  what  sec- 
tion of  geometry  to  place  it.  Yet  he  would  think  geometrically. 
The  two  books  are  complements  of  each  other.  The  student  of 
either  would  find  in  the  other  just  what  he  lacked.  If  he  were 
studying  alone,  he  had  best  begin  with  Killing;  if  with  a 
teacher,  with  Duporcq. 

The  place  of  trilinear  and  tetrahedral  coordinates,  the  place 
of  projective  geometry  in  general  in  our  mathematical  educa- 
tion, has  changed  considerably  since  the  first  appearance  of 

*  Reviewed  in  the  Bulletin,  vol.  6,  p.  264. 
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tho8e  classics  —  Salmon's  Conic  Sections  and  Clebsch's  Vorle- 
sungen  iiber  Geometrie  —  which,  with  their  various  translations 
into  other  languages,  have  done  so  much  to  influence  the  subse- 
quent treatment  of  projective  geometry.  Thirty  or  forty  years 
ago  the  group  of  projective  transformations,  then  scarcely 
recognized  as  a  group,  was  playing  a  well-nigh  all-important 
T6\e  in  mathematics  owing  to  its  connection  with  the  so-called 
higher  algebra.  The  vast  theory  of  invariants  —  invariants 
of  the  projective  group  —  was  in  building.  Cay  ley  and  Clebsch 
were  doing  their  great  work.  The  particular  enthusiasm  of 
that  day  has  passed  by.  As  one  looks  over  the  announcements 
of  the  different  universities  he  looks  almost  in  vain  for  a 
course  upon  this  theory  of  invariants.  The  theory  of  inva- 
riants now  means  a  part  of  Lie's  theory  of  groups. 

The  projective  transformation  itself  seems  less  important. 
Inversion  with  its  applications  to  the  theory  of  functions,  to 
potential,  to  all  problems  of  conformality  demands  constantly 
more  attention.  Moreover  there  is  the  vast  body  of  trans- 
formations brought  to  our  notice  by  Lie  under  the  name  of  con- 
tact transformations,  of  which  even  a  single  one,  the  line-sphere 
transformation,  is  of  great  importance.  Thus  even  if  we  look 
only  at  the  field  of  geometry  we  must  grant  that  the  projective 
transformation  cannot  hope  to  occupy  so  much  of  one's  time  and 
thoughts  as  formerly.  And  when  we  take  into  consideration 
other  fields  which  have  been  springing  up  so  rapidly  and  which 
contain  scarcely  the  slightest  reference  to  projective  geometry, 
we  may  well  wonder  whether  or  not  this  subject  deserves  any 
special  consideration,  whether  we  are  not  giving  it  too  much 
attention,  whether  in  reality  we  need  it  at  all  except  as  a  simple 
example  of  a  group  of  transformations  with  very  interesting 
properties. 

Certain  it  is  that  the  elaborate  volumes  on  trilinear  and  tetra- 
hedral  codrdinates  are  less  attractive  now.  Boom  and  time 
must  be  left  for  circle  and  sphere  and  line  (in  space)  coordi- 
nates. Certain  it  is,  too,  that  now,  after  the  passing  of  the 
formal  invariant  theory  of  the  projective  group,  projective 
geometry  is  taking  its  place  beside  other  important  geomgtries 
and  we  must  in  every  way  try  to  present  its  essentials  as  rapidly 
as  possible  and  without  any  hope  of  elaborating  its  details. 
The  other  geometries  cannot  longer  be  neglected. 

That,  however,  which  will  always  render  projective  geometry 
the  best  introduction  to  other  geometries  is  its  geometric  sim- 
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plicity  and  elegance.  Its  conceptions,  its  transformations  are 
more  easily  visualized.  The  figures  with  which  it  deals  are  of 
the  simplest.  The  methods  of  treatment  have  been  so  devel- 
oped that  one  may  proceed  analytically  or  synthetically  and 
may  thus  acquire  at  the  same  time  both  analytic  and  synthetic 
facility.  To  mix  these  two  methods  is  distasteful  to  some 
persons.  But  the  fact  is  that  many  theorems  are  more  easily 
proved  synthetically,  many  others  analytically.  In  the  latter 
case  one  must  needs  commence  at  the  beginning  with  a  coordi- 
nate system  and  work  up ;  in  the  former  one  starts  at  least 
half  way  up,  resting  upon  a  large  basis  of  known  theorems. 
Each  method  has  its  advantages.  It  is  still  better  to  mingle 
the  methods,  changing  from  one  to  the  other  whenever  the 
change  illuminates  the  problem  or  facilitates  its  solution.  Ii:i 
other  words,  nowadays,  when  a  time  and  space  limit  is  imposed 
upon  us,  we  must  at  first  leave  aside  puristic  considerations  of 
all  analysis  or  all  synthesis,  and  must  content  ourselves  with 
developing  both  the  analytic  and  synthetic  methods  in  less  time 
than  formerly  was  allotted  to  each. 

For  this  purpose  many  properties  of  trilinear  coordinates  be- 
come useless.  It  is  of  little  value  to  know  that  the  trilinear 
coordinates  of  a  point  are  proportional  to  constant  multiples 
of  the  perpendicular  distances  of  the  point  from  the  sides  of 
the  triangle  of  reference.  The  property  is  not  projective.  On 
the  other  hand  it  is  important  to  know  that  the  ratios  of  the 
coordinates  are  cross  ratios  at  the  vertices  or  upon  the  sides  of 
the  triangle  of  reference.  This  property  is  projective  and  in 
fact  assures  us  that  the  coordinate  system  chosen  is  the  most 
general. 

To  shorten  further  and  simplify  the  analytic  presentation  of 
projective  geometry  it  is  necessary  carefully  to  isolate  the  diffi- 
culties which  appear  in  the  subject  from  the  student^s  stand- 
point in  passing  from  cartesian  geometry.  These  difficulties 
seem  to  be  three :  The  question  of  infinity,  the  fact  that  homo- 
geneous instead  of  non-homogeneous  coordinates  are  used,  the 
idea  and  use  of  line  coordinates  in  the  plane  or  plane  coordi- 
nates in  space  are  very  real  difficulties.  Each  is  a  new  idea  to 
the  student.  They  occur  again  and  again  in  other  geometries 
than  projective.  Beyond  these  three  there  is  scarcely  any  other 
difficulty  unless  it  be  the  use  of  abridged  notation  in  avoiding 
the  solution  of  equations.  For  in  projective  geometry  as  in 
other  higher  geometries  one  constantly  aims  at  using  expres- 
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sions  like  w  +  Xy  =  0,  uv  =  0,  determinants,  etc.,  as  much  as 
possible  to  avoid  tedious  analysis.  This  can  be  done,  although 
it  usually  is  not  done,  in  ordinary  cartesian  geometry. 

For  the  past  two  years  it  has  fallen  to  my  lot  to  teach  plane 
projective  geometry  to  a  class  of  students  who  know  no  other 
geometry  than  the  euclidean  and  the  elements  of  the  cartesian. 
The  allowance  of  time  has  been  a  half-year,  forty-five  lessons. 
This  is  short  —  perhaps  too  short.  But  when  we  consider  the 
vast  number  of  subjects,  the  calculus,  mechanics,  geometry, 
algebra,  and  perhaps  physics,  which  demand  the  attention  of 
an  intermediate  student  of  mathematics.  Say  a  junior  in  college, 
one  is  perhaps  willing  to  grant  that  projective  geometry  cannot 
claim  more.  As  many  others  may  encounter  similar  problems 
in  instruction  the  account  of  my  experience,  which  comes  in 
naturally  in  connection  with  my  criticisms  of  Killing^s  Geom- 
etry, may  be  pardoned. 

To  have  followed  a  book  such  as  Killing's  or  Salmon- 
Fiedler's  would  have  been  to  give  the  student  not  more  than  a 
bare  working  knowledge  of  trilinear  coordinates  of  point  and 
line.  To  educate  his  geometric  insight  to  any  great  extent 
would  have  been  impossible.  To  have  followed  exclusively  the 
synthetic  methods  would  have  been  to  leave  the  student  not 
very  well  grounded  in  them,  and  absolutely  without  the  basis  of 
analysis.  It  was  evidently  necessary,  and  only  fair,  to  combine 
the  synthetic  and  analytic  methods. 

To  get  the  student  back  to  where  he  was  when  he  finished 
his  Euclid,  to  get  him  again  to  thinking  about  geometric  objects 
and  geometric  methods,  to  relieve  him  of  the  idea  thit  geometry 
beyond  Euclid  consists  merely  of  sets  of  algebraic  equations  of 
the  first  and  second  degree,  it  was  necessary  to  begin  with  pure 
synthetic  geometry.  The  subjects  treated  were:*  Harmonic 
elements ;  the  principle  of  duality ;  the  elements  at  infinity ; 
projective  relations  upon  a  line;  involution;  colli neation  and 
correlation  in  the  plane ;  polarity;  the  conic;  projective  rela- 
tions between  ranges  or  pencils  upon  a  conic.  This  much  in- 
sures that  the  student  thinks  geometrically,  that  he  has  settled 
his  mind  about  infinity  and  that  he  can  solve  a  tolerably  large 
number  of  problems  by  means  of  the  fundamental  theorems 
which  he  has  learned. 

*  See  my  paper  on  '*  The  synthetic  treatment  of  conies'*  in  the  BuiiLETiN, 
1903,  p.  248. 
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The  analytic  treatment  is  then  conducted  as  foUows : 
Abridged  notation ;  the  introduction  of  homogeneous  rectan- 
gular coordinates  xi  y\  ^,  defined  hy  X=xi  t,  F=y:  <;  line 
coordinates  defined  as  the  negative  reciprocals  of  the  intercepts 
of  a  line  upon  the  axes  Xsmd  Y;  homogeneous  line  coordinates ; 
the  cross  ratio,  and  its  independence  of  projection ;  the  fact 
that  the  ratios  of  the  homogeneous  point  or  line  coordinates  are 
cross  ratios  upon  the  axes  or  at  infinity ;  the  projection  of  the 
rectangular  axes  of  reference  and  the  line  at  infinity  and  the 
unit  point  into  an  arbitrary  triangle  and  arbitrary  point ;  the 
point  and  line  coordinates  which  result ;  practice  in  the  use  of 
these  coordinates.  It  will  be  seen  that  the  diflSculties  of  abridged 
notation,  homogeneous  coordinates  and  line  coordinates  were 
each  treated  before  definitely  leaving  the  familiar  system  of 
rectangular  cartesian  coordinates.  It  will  be  seen  furthermore 
that  trilinear  coordinates,  together  with  their  triangle  and  unit 
point  of  reference,  were  introduced  as  a  mere  projection  of  cus- 
tomary coordinates.  The  two  facts  which  allow  this  are  the 
theory  of  collineations  as  explained  in  synthetic  geometry  and  the 
invariance  of  the  cross  ratio.  It  is  seen  also  that  the  analysis 
in  trilinear  coordinates  is  identical  with  the  analysis  in  rectan- 
gular homogeneous  coordinates,  if  the  triangle  of  reference  and 
the  figure  to  be  investigated  be  both  projected  back  on  the 
plane  of  X  and  Y,  This  numerical  identity  of  the  calculations 
in  the  two  cases  is  a  great  help  in  giving  the  student  confidence 
in  his  analysis.  It  is  very  much  more  valuable  than  the  ordi- 
nary method  of  deducing  the  coordinates  by  the  method  of 
perpendiculars.  It  also  avoids  the  necessity  of  the  proof  that 
the  linear  equation  represents  a  straight  line  or  point. 

Generally  after  this  method  of  presentation  there  are  still  a 
few  lectures  remaining  for  the  pui^pose  of  review,  to  say  a  few 
words  about  quadratic  and  Cremona  transformations,  to  take  up 
the  circular  points  and  focal  properties,  or  to  outline  the  gen- 
eralization to  space.  The  student  has  at  any  rate  a  working 
knowledge  of  synthetic  and  analytic  methods  in  the  plane. 

To  any  one  who  wishes  to  work  up  a  course  such  as  that 
outlined,  the  following  three  books :  Killing's  Lehrbuch  der 
analytischen  Geometric,  for  its  analysis ;  Enriques's  Geometria 
proiettiva,  for  its  synthetic  methods ;  and  Duporcq's  Premiers 
principes  de  g6om6trie  moderne,  for  its  intermediary  liveliness 
and  its  exhibition  of  the  relations  between  metric  and  projec- 
tive geometry,  form  a  library  which  is  quite  sufficient  and  one 
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may  almost  say  necessary.     There  may  be  other  books  as  good  ; 

but  for  this  particular  purpose  these  are  not  easily  improved 

upon.  Edwin  Bidwell  Wilson. 

ecole  normale  superieure, 
Par  18,  France, 

December  5,  1902. 


SHORTER   NOTICES. 

Urkunden  zur  Geschichie  der  McUhematik  im  Mittdalier  vnd  der 
Renaissance.  By  M.  Cuktze.  Zweiter  Theil.  Abhand- 
lungen    zur    Geschichie   der   mathematiachen    Wissenachaftenf 

XIII  Heft.  Leipzig,  Teubner,  1902.  292  pp.  14  marks. 
Abhandlungen  zur  Geachichte  der  mathemaiischen  Wissemchaften, 

XIV  Heft,    Leipzig,  Teubner,  1902.     338  pp.    16  marks. 
The  first  part  of  Curtze's  Urkunden,  forming  the  twelfth 

volume  of  the  Abhandlungen,  has  been  reviewed  in  the  Bul- 
letin *  so  recently  that  it  is  quite  surprising  to  find  two  new 
volumes  of  the  series  already  published.  Indeed  no  better 
evidence  of  the  present  revival  of  interest  in  the  history  of 
mathematics  can  be  found  than  is  seen  in  the  encouragement 
recently  given  to  this  series  founded  a  quarter  of  a  century  ago 
by  Professor  M.  Cantor.  The  publication  of  the  first  seven 
volumes  extended  through  a  period  of  nineteen  years,  while  the 
last  seven,  including  the  two  under  review,  have  appeared 
since  1897. 

The  second  part  of  Herr  Curtze's  Urkunden  is  devoted  to 
two  interesting  manuscripts,  one  the  Practica  Geometrise  of 
Leonardo  Mainardi  of  Cremona,  and  the  other  the  algebra  of 
Initius  Algebras.  The  first,  which  also  bears  the  title  Leonardi 
Cremonensis  Artis  Metrice  Practice  Compilatio,  is  a  transcript, 
with  German  translation,  from  an  Italian  codex  in  the  Vene- 
tian dialect  in  the  university  library  at  Gottingen.  This  codex 
is  not  unique,  for  Prince  Boncompagni  had  two  Latin  manu- 
scripts of  the  same  work ;  but  not  only  has  it  never  before  been 
published,  but  Leonardo  Mainardi  has  been  practically  un- 
known to  historians  of  mathematics.  It  consists  of  fifty  folios, 
of  which  the  first  twenty-nine  and  the  last  fourteen  are  here 

*Vi)l.  9,  p.  123,  Nov.,  1902. 
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transcribed  and  translated,  the  others  containing  merely  tables 
of  sines  and  a  tabula  aoUis  (sic),  that  is  a  table  of  the  lengths  of 
the  various  days  of  the  year.  Of  the  Boncompagni  codices,  the 
older  belongs  to  the  fifteenth  century,  although  ascribed  by 
Narducci  to  the  fourteenth  —  a  century  before  Leonardo  was 
born.  The  Gottingen  codex,  which  Herr  Curtze  has  carefully 
compared  with  the  other  two,  was  written  in  1488. 

Of  the  life  of  Leonardo  nothing  is  known  save  what  appears 
in  the  Cremona  Literata  of  Franciscus  Arisius,  published  in 
1702,  who  seems  to  have  had  access  to  the  later  of  the  Bon- 
compagni codices,  and  who  speaks  of  "Leonard us  Maynardus 
Insignis  Astronomus,  Physicus  et  Mathematicus,'^  as  having 
flourished  in  LXXXVIII,  that  is  in  1488. 

The  treatise  itself  is  not  on  pure  geometry,  but  is  devoted 
to  the  mensuration  of  heights,  surfaces  and  solids,  with  such 
trigonometry  as  was  necessary  for  the  work  in  hand.  It  is 
divided  into  three  "  tractati,^'  the  first  being  introduced  with 
an  apology  for  entering  a  field  already  well  covered,  but  with 
the  hope  that  this  "  picholo  volumen  "  may  prove  a  valuable 
compendium.  This  tractate  is  devoted  to  the  measurement  of 
heights,  depths  and  lengths  ;  the  second  discusses  polygons  and 
the  circle,  with  their  superficial  measurement ;  and  the  third 
relates  to  the  volumes  of  polyhedra  and  the  three  round  bodies. 
Of  the  quaint  mathematical  terms,  which  of  course  include 
umbra  reda  and  umbra  versa,  one  of  the  most  interesting  is 
columna  uniforms  for  a  right  circular  cylinder  or  prism,  a  name 
with  much  to  commend  it.  The  common  rules  are,  of  course, 
substantially  our  present  formulas,  except  for  such  interesting 
variations  now  and  then  as  that  for  the  volume  of  the  sphere, 
\d^K  |d.  In  general  the  value  of  t:  is  taken  as  3^,  but  in  one 
case  he  gives  the  interesting  approximation  SjYsW?'  '^^^^  ^^ 
obtains  from  the  Archimedes  limits  by  this  process :  3^^ 
+  |(3|  —  3^^),  and  aids,  *'  e  questa  e  la  proporcion  del  dia- 
metro  a  la  circonferentia,"  interesting  as  giving  the  older  use 
of  "  proportion,'^  as  a  close  approximation,  as  indicating  that 
Leonardo  thought  this  the  exact  value,  and  as  inverting  the 
terms  of  the  ratio. 

The  second  part  of  Herr  Curtze's  work  is  entitled  "  Die 
Algebra  des  Initius  Algebras  ad  Ylem  geometram  magistrum 
suum.''     Of  this  work,  almost  unknown  *  to  historians,  four 

*See  Cantor,  VorUsungen  uber  Geschichte  der  MatLy  vol.  2,  p.  5S9. 
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manuscripts  are  extant,  no  one  of  them  the  original.  Of  these 
the  one  in  the  university  library  at  Gottingen,  a  manuscript  of 
two  hundred  and  five  folios,  has  been  followed  by  Herr  Curtze, 
but  it  has  been  carefully  compared  with  the  others  (all  in  the 
Dresden  library)  and  any  material  differences  have  been  noted. 
The  book  is  exceedingly  interesting  on  several  accounts,  mathe- 
matically and  historically.  Written  in  the  south  Grerman  dia- 
lect in  the  sixteenth  century,  it  displays  considerable  knowledge 
together  with  a  confusion  of  historic  facts,  and  shows  no  little 
acquaintance  with  the  algebra  that  was  just  beginning  to  be 
revived  in  Italy.  The  prologue  opens:  "Hie  hebet  sich  an 
das  Buch  Algebrse,*  des  grossen  Arismetristens,  geschrieben 
zu  den  zeithen  Alexandri  vnd  Nectanebi,  des  grossen  Grecken 
vnnd  Nigromantis,  geschrieben  zu  Ylem,  dem  grossen  Geometer 
jn  Egypten,  jn  Arabischer  Sprach  genant  Gebra  vnnd  A^mnch- 
abola,  das  dann  l)ey  vns  wirdt  genant  das  Buch  von  deni  Dinge 
der  vmcissenden  zaU,  Vnd  ist  aus  Arabischer  Sprach  jn  kriech- 
isch  transferirt  von  Archimede,  vnnd  aus  kriechisch  jn  das 
Latein  von  Apuleio,  vnd  wird  genandt  bey  den  Welschen  das 
Bivch  de  la  cosdy  das  dann  aber  wird  gesprochen  das  Btich  von 
dem  ding  *  *  *  Vnnd  aus  disem  Buch  finden  wir,  das  der 
Machomet  in  seinem  Alkoran  vermeldet  von  disen  Regeln,  vnnd 
nennet  sie  auch  Gebram  vnd  Almuchabolam.  Sie  werden  auch 
gebraucht  von  den  Indiern  *  *  *  Sie  gaben  auch  das  gemelte 
Buch  durch  etliche  grunde  geleutert,  als  es  Algebras  gesagt  hatt, 
vnnd  ist  geschrieben  erstlichen  von  Algebras  zu  Ylem,  dem 
grossen  Geometer,  der  do  was  preceptor  oder  vorfarn  Euclidis 
des  fursten  zu  Megarien." 

This  passage  is  one  of  the  most  interesting,  for  its  length,  in 
the  history  of  mathematics.  The  unknown  Initius  Algebras 
appears  as  one  who  lived  in  the  fourth  century  B.  C,  contem- 
porary with  tjie  equally  unknown  Ylen^.  The  title  of  Alkho- 
warizmi's  book  is  given,  but  the  Arabic  word  algebra,  which 
there  first  appears,  is  assigned  to  a  period  over  a  thousand 
years  earlier  and  to  the  Greek  language.  Mohammed  the 
prophet  is  confused  with  the  son  of  Moses,  ben  Musa  Alkho- 
warizmi,  and  the  not  uncommon  mistake  is  made  of  taking 
Euclid  of  Megara  for  Euclid  the  Alexandrian.  The  early 
German  use  of  "Welsch/'  which  appears  in  the  "Welsch 
practice "   of  the  sixteenth  century  arithmetics,   is  seen ;  the 

*/.  €.,  the  author,  Initius  Algebras. 
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uncertainty  of  name  for  the  comparatively  new  science  is 
apparent ;  the  "  unknown  quantity  '^  takes  its  place  in  algebra  ; 
and  India  is  recognized  as  a  mathematical  center.  Interesting 
as  is  the  passage,  it  is  no  more  so  than  many  others  in  the 
work,  although  no  other  condenses  so  much  in  an  equal  space. 
The  work  covers  the  ground  of  the  Arab  algebra,  with  the 
usual  German  symbolism  of  the  sixteenth  century.  But  the 
most  noteworthy  feature  of  the  entire  text  is  the  reference  to 
the  solution  of  the  cubic.  That  the  author  thought  he  had  a 
solution  is  apparent  from  two  of  his  statements,*  in  the  second 
of  which  he  expressly  says  that  he  will  later  show  how  to  solve 
equations  of  the  (modern)  forms, 

a  -f  bx^  +  ca^  =  dx,    ex?  +  a  =  dx  -\-  bx^y    ca?  +  dx^^hx?  +  a. 

To  be  sure  this  promise  is  not  fulfilled,  but  for  such  a  state- 
ment to  be  definitely  made,  by  a  writer  who  knew  a  great  deal 
of  algebra,  and  made  before  the  Ars  magna  of  Cardan  appeared, 
is  at  least  very  interesting.  It  suggests  a  possibility  that, 
after  all,  the  Tartaglia-Cardan  formula  was  only  a  rediscovery 
of  some  cherished  secret  of  a  forgotten  Arab  writer  whose  work 
appears  in  unrecognizable  form  in  this  German  manuscript. 
Such  an  interpretation,  at  least,  seems  to  be  in  Herr  Curtze's 
mind,  although  to  most  readers  it  will  doubtless  seem  more 
probable  that  the  wish  of  the  writer  was  father  to  the  thought, 
and  that  it  was  only  a  dream  like  that  of  the  alchemist  or  the 
circle  squarer,  that  found  place  in  the  mind  of  the  algebraist. 
The  fourteenth  volume  of  the  Abhandlungen  contains  three 
articles.  Of  these  the  first  is  by  A.  A.  Bjornbo,  entitled 
'*  Studien  iiber  Melenaos'  Spharik  ;  Beitrage  zur  Geschichte  der 
Spharik  und  Trigonometric  der  Griechen,"  and  served  in  part  as 
the  author's  inaugural  dissertation  in  1901.  It  forms  without 
question  the  most  complete  study  of  Menelaus  that  has  yet  been 
made,  not  only  from  the  sources  already  published,  but  from 
five  of  the  best-known  Latin  manuscripts  of  the  Sphere,  no 
Greek  copy  being  extant,  and  from  Arab  sources  as  well.  The 
author  has  also  collated  the  references  to  Menelaus  by  the 
various  Greek  and  Arab  writers,  and  has  critically  compared 
the  various  printed  editions  of  the  work  in  hand,  all  with  a 
scholarship  that  promises  well  for  his  future  work  in  the  history 
of  mathematics. 


*  Pajfea  490,  540. 
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The  well-known  relation  of  the  Sphere  of  Menelaus  to  the 
plane  geometry  of  Euclid  is  brought  out  with  a  new  and  inter- 
esting clearness.  The  author  concludes  that  the  concept 
"spherical  triangle"  was  introduced  into  mathematics  by 
Menelaus,  for  although  other  Greek  writers,  including  Autoly- 
cus,  Euclid,  Hypsicles,  and  Theodosius  of  Tripoli,  had  writ- 
ten upon  the  sphere,  no  trace  of  any  trigonometric  treatment  is 
found  in  their  writings.  Indeed  the  theory  of  plane  trigonometry 
may  also  be  said  to  take  its  scientific  origin  in  this  same  work, 
although  of  course  the  science  was  known  before  this  time,  notably 
by  Hipparchus.  But  interesting  as  are  all  of  these  facts,  far 
more  so  is  the  proof  adduced  to  show  that  Menelaus  recognized 
the  projectivity  of  the  anharmonic  ratio  on  the  sphere,  and  stated 
It  as  a  fact  known  to  his  predecessors,  probably  including  Hip- 
parchus. Then  with  his  characteristic  thoroughness  the  author 
traces  this  proof  through  the  Arab  translators  and  back  through 
the  late  Latin,  to  show  how  the  fact  happened  to  be  lost  for  so 
many  centuries. 

The  second  part  of  the  volume  is  devoted  to  certain  "  Nach- 
trage  und  Berichtigungen  zu  ^  Die  Mathematiker  und  Astrono- 
men  der  Araber  und  ihre  Werke ' "  which  appeared  in  volume 
10  of  the  Abhandlungen. 

The  third  part  consists  of  an  essay  by  Karl  Bopp,  "  Antoine 
Arnauld,  der  grosse  Arnauld,  als  Mathematiker."  The  idea 
has  never  been  entirely  wanting  that  Arnauld  was  a  mathema- 
tician of  power.  Cantor  mentions  him,  although  only  in  relation 
to  a  controversy  between  Leibnitz  and  Guido  Grandi ;  but  even 
by  his  own  countrymen  his  contributions  to  mathematics  have 
long  since  been  forgotten.  Arnauld  (b.  1612)  lived  in  the  time 
of  liOuis  XIV,  and  received  the  name  of  "  le  grand  Arnauld  " 
because  of  his  philosophical  and  theological  attainments.  In- 
deed it  is  in  his  philosophical  writings  that  many  of  his  mathe- 
matical ideas  are  suggested.  It  is,  however,  in  his  Nouveaux 
Elimena  de  G^omUrie  (1667)  that  he  appears  as  a  mathematician 
purely,  and  it  is  to  this  work  that  Herr  Bopp  devotes  his  chief  at- 
tention. In  Besoigne^s  Histohe  de  Vahbaye  de  Port  Royal  (1752) 
an  anecdote  of  M.  Nicole  is  given  to  the  effect  that  Pascal  hav- 
ing one  day  showed  Arnauld  a  manuscript  of  his  own  on  Eu- 
clid, the  latter  objected  because  the  faulty  arrangement  of  the 
Greek  was  unchanged.  Thereupon  Pascal  challenged  Arnauld 
to  write  a  better  work,  a  suggestion  to  which  the  latter  acqui- 
esced, and  the  "  New  Elements  "  was  the  result. 
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It  is  not  worth  while  to  enter  into  the  general  nature  of  the 
work.  It  was  elementary  but  original.  One  or  two  of  the  most 
interesting  features^  however,  deserve  mention.  The  author 
uses  in  one  place  the  expressions  -^jj  d*x,  -^-^  d*^,  to  represent  these 
fractional  parts  of  x  and  y,  which  leads  Herr  Bopp  to  suggest 
that  this  French  symbolism  might  have  suggested  to  Leibnitz 
his  dx,  an  idea  that  is  interesting  even  if  far-fetched.  He  also 
goes  more  extensively  into  the  theory  of  triangular  numbers 
than  had  any  of  his  predecessors,  a  fact  which  shows  the  in- 
fluence of  the  Pascal-Fermat  school  and  the  overstepping  of 
the  traditional  boundaries  of  geometry.  Euclid's  parallel  pos- 
tulate is  passed  with  little  question,  for,  he  says,  *^  elle  a  assez 
de  clart6  pour  s'en  contentes  et  ce  seroit  perdre  de  temps  in- 
utilement  que  de  se  rompre  la  t^te  pour  la  prouver  par  un  long 
circuit,"  showing  that  his  vision  in  this  respect  was  no  clearer 
than  that  of  his  contemporaries.  He  definitely  asserts,  how- 
ever, the  impossibility  of  solving  the  trisection  problem  by  ele- 
mentary geometry,  "c'est  h  dire  en  n'y  employant  que  des 
lignes  droites  et  circulaires.''  Here,  too,  is  found,  five  years 
before  Pascal's  publication,  the  latter's  method  of  complete  in- 
duction, a  method  which  Maurolycus  also  understood  long 
before  either,  but  which  was  not  generally  appreciated.  Such 
phrases  as  '^  it  is  necessary  and  sufficient"  show  that  his  thought 
was  much  ahead  of  the  elementary  writers  of  his  period,  while 
many  of  his  proofs  had  a  marked  influence  on  the  later  French 
school.  His  generalization  of  propositions  shed  a  new  light  on 
Euclid,  and  it  is  probably  not  too  much  to  say  that  the  French 
elementary  geometry  broke  away  from  the  Greek  traditions 
largely  through  the  influence  of  his  initiative.  The  work  closes 
with  Arnauld's  contributions  to  the  theory  of  magic  squares,  a 
contribution  that  was  original  and  powerful,  and  exceeded  in 
value  anything  of  the  kind  that  had  been  attempted  before  his 
time. 

David  Eugene  Smith. 


Annuaire  pour  Pan  1903,  p^iblii  par  le  Bureau  des  Longitudes, 
Paris,  Gauthier-Villars. 

There  is,  so  far  as  we  know,  no  scientific  annual  which  con- 
tains anything  like  the  amount  of  information  which  we  find  in 
the  Annuaire.  It  appears  to  be  an  attempt  to  satisfy  the  needs 
ol  everyone  except,  perhaps,  the  pure  mathematician.     It  con- 
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tains  all  kinds  of  astronomical  information,  both  of  temporary 
and  permanent  value  for  the  benefit  of  the  astronomer;  infor- 
mation about  weights  and  measures,  and  diflFerent  kinds  of 
money  for  the  business  man ;  tables  of  insurance  and  popula- 
tion, geography  and  statistics;  all  kinds  of  physical  tables 
with  the  latest  values  of  the  physical  constants ;  and  in  fact 
the  results  for  everything  that  admits  of  being  measured. 
The  progress  of  science,  however,  has  made  the  labor  of  the 
editors  an  increasingly  difficult  one.  Each  year  of  publication 
has  seen  an  addition  of  ])erhaps  twenty  or  thirty  pages,  until 
the  volume  has  become  of  such  a  size  that  some  new  plan  is 
necessary  in  order  to  keep  it  within  reasonable  limits. 

This  question  has  been  occupying  the  attention  of  the  editors 
for  the  last  twelve  months.  It  seemed  undesirable  to  curtail 
the  information  to  be  inserted  to  any  considerable  extent,  and 
at  the  same  time  it  was  necessary  to  avoid  further  increase. 
The  problem  has  been  solved  on  the  principle  of  rotation. 
Much  of  the  information  which  is  given  varies  little,  if  at  all, 
from  year  to  year — for  example,  weights,  measures,  geography, 
statistics,  etc.;  while  other  portions — for  example,  tables  of 
the  sun  and  moon  —  must  be  given  every  year.  It  is  thus 
possible  so  to  divide  the  information  that  two  successive 
volumes  of  the  Annuaire  shall  give  everything.  In  brief, 
every  Annuaire  will  contain  about  330  pages  of  astronomical 
information,  part  of  which  will  be  published  every  year,  and 
the  other  part  every  two  yearns.  The  physical  constants  will 
be  given  in  the  Annuaires  of  the  even  years ;  geographical  and 
statistical  constants  in  those  of  the  odd  years.  This  arrange- 
ment will  come  into  force  next  year,  the  present  number  being 
complete  in  itself. 

There  are  no  special  changes  to  note.  All  information  is  of 
course  brought  as  far  as  possible  up  to  date.  The  appendix 
contains  the  following  notices :  On  meteorites  and  comets  by 
M.  Radau — an  extended  history  of  the  subject  up  to  date;  a 
speech  on  the  connection  of  science  and  poetry  by  M.  Janssen  ; 
the  usual  report  from  the  Mont  Blanc  Observatory  by  the 
same;  the  funeral  orations  of  MM.  Bassot  and  Poincar6  on 
M.  A.  Cornu ;  and  those  of  MM.  Bassot,  Bouquet  de  la  Grye, 
Loewy,  Janssen  and  Van  de  Sande  Bakhuyzen  on  M.  H.  Faye. 

Erkest  W.  Brown. 
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Net  Premiums  and  Reserves  on  Joint  Life  PolicieSy  based  on  the 
American  Table  of  Mortality  graduated  by  the  Makeham 
Formula,  etc.,  etc.     By  Arthur  Hunter.     New  York, 
The  Actuarial  Society  of  America,  1902.     4to.,  102  pp. 
While  this  book  is  mainly  filled  with  tables  of  values  relat- 
ing to  life  insurance  policies  based  on  any  combination  of  two 
or  three  lives  at  risk  —  and  is  therefore  designed  for  technical 
use  exclusively  —  it  may  interest  the  readers  of  the  Bulletin 
to  have  pointed  out  to  them  somewhat  of  its  scientific  basis, 
and  incidentally  to  note  the  great  expansion  of  the  life  insurance 
business  when  such  works  of  reference  become  necessar3^ 

Mortality  tables  have  been  developed  from  crude  statistics 
in  many  ways  —  by  simple  collection  of  data,  by  grading  these 
by  various  summation  formulae,  by  arbitrary  graphic  interpola- 
tion and  the  like.  Some  of  the  tables  thus  obtained  are  incor- 
porated in  law,  as  the  "  Northampton  "  for  valuing  life  interests, 
the  "  Actuaries "  and  the  "  American "  for  the  valuation  of 
life  insurance  policies.  But  the  only  scientific  method  which 
gives  an  algebraic  expression  for  the  law  of  mortality  and  offers 
great  practical  advantages  in  use  has  never  till  now  been  given 
legal  recognition.  This  method  —  the  Makeham  Formula  — 
gives  a  curve  expressing  the  law  of  mortality  which  is  continu- 
ous and  adheres  closely  to  the  original  data. 

By  former  methods  of  graduating  the  crude  data,  the  result- 
ing tables  required  to  complete  the  matter  in  these  hundred 
odd  pages  would  have  filled  several  volumes  the  size  of  Webs- 
ter's Dictionary  and  have  been  more  than  proportionately 
troublesome  to  use.  This  condensation  is  eflTected  by  using 
a  curious  property  of  Makeham's  law  —  that  of  "uniform 
seniority''  —  by  which  instead  of  having  to  use  a  different 
table  for  each  different  combination  of  ages  of  the  two  lives 
involved  in  a  compound  risk,  but  one  table  is  needed  —  with 
an  auxiliary  table  to  show  the  modified  argument  by  which  to 
enter  for  each  varying  combination  of  lives.  In  other  words, 
under  Makeham's  law,  for  every  product  of  the  probabilities  of 
two  lives  aged  x  and  y  each  continuing  for  a  year,  may  be  sub- 
stituted the  square  of  a  similar  probability  for  one  life  2,  z 
being  intermediate  between  x  and  y. 

Makeham's  law  was  first  established  in  1860,  but  its  practi- 
cal value  is  just  b^inning  to  be  appreciated,  in  this  country  at 
least.  J.  M.  Gaines. 
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NOTES. 

The  thirteenth  regular  meeting  of  the  Chicago  section  of  the 
Americaji  Mathematical  Society  will  be  held  at  North- 
western University,  Evanston,  111.,  on  Saturday,  April  11, 
1 903.  Titles,  abstracts  and  time  requirements  of  papers  should 
be  in  the  hands  of  the  Secretary  of  the  Section,  Professor  T. 
F.  HoLGATE,  617  Hamline  St.,  Evanston,  111.,  at  least  two 
weeks  before  the  meeting. 

The  tenth  summer  meeting  of  the  American  Mathe- 
matical Society  will  be  held  at  the  Massachusetts  Institute 
of  Technology,  Boston,  Mass.,  during  the  week  beginning  August 
31.  The  last  four  days  of  the  week  will  be  devoted  to  a  col- 
loquium at  which  courses  of  lectures  will  be  given  as  follows : 

By  Professor  E.  B.  Van  Vleck,  six  lectures  on  "  Selected 
topics  in  the  theory  of  divergent  series  and  continued  fractions" ; 
by  Professor  H.  S.  White,  three  lectures,  subject  to  be  an- 
nounced ;  by  Professor  F.  S.  Woods,  three  lectures  on  "  The 
connectivity  of  non-euclidean  space." 

A  preliminary  announcement  giving  further  details  concern- 
ing the  summer  meeting  and  colloquium  will  be  issued  in  May. 

The  Annual  Register  of  the  Society,  containing  a  catalogue 
of  the  library,  has  recently  been  issued.  Copies  have  been 
mailed  to  the  members  of  the  Society,  and  extra  copies  can  be 
obtained  from  the  Secretary. 

At  the  meeting  of  the  London  mathematical  society  held 
on  February  12,  1903,  the  following  papers  were  read:  By 
Lieut.-Col.  A.  J.  Cunningham:  "On  4-ic  residuality  and 
reciprocity ; "  by  Mr.  E.  T.  Dixon  :  "  Note  on  a  point  in  the 
recent  paper  by  Professor  D.  Hilbert ; "  by  Mr.  H.  Hilton  : 
"  Some  properties  of  binodal  quartics ; "  by  Professor  A.  W. 
Conway  :  "  The  field  of  force  due  to  a  moving  electron  ; "  by 
Professor  W.  Burnside  :  "  An  arithmetical  theorem  connected 
with  the  roots  of  unity  and  its  application  to  group  character- 
istics." 

The  Paris  academy  of  sciences  announces  the  following 
prizes :  The  Francceur  prize,  1,000  francs,  for  a  discovery  or 
treatise  advancing  pure  or  applied  mathematics. — The  Poncelet 
prize,  1,000  francs,  for  that  work  which  in  the  last  ten  years 
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has  contributed  most  to  the  advance  of  pure  or  applied  mathe- 
matics.— The  Grand  prize  of  the  mathematical  sciences  for  1904, 
3,000  francs,  for  perfecting  in  some  important  point  the  study 
of  the  convergence  of  continued  algebraic  fractions. — The 
Bordin  prize  for  1904,  3,000  francs,  for  developing  and  per- 
fecting the  theory  of  surfaces  applicable  to  the  paraboloid  of 
revolution. — The  Vaillant  prize  for  1904,  4,000  francs,  for 
determining  and  studying  all  the  displacements  of  an  invariable 
figure  of  which  the  different  points  describe  spherical  curves. — 
The  Fourneyron  prize  for  1903,  1,000  francs,  for  a  theoretical 
or  experimental  study  of  steam  turbines. — The  Damoiseau 
prize  for  1905,  2,000  francs,  for  the  treatment  of  the  problem  : 
There  are  some  ten  comets  whose  orbits,  during  their  visible 
periods,  are  found  to  be  hyperbolic.  To  investigate,  retracing 
the  past  and  taking  account  of  the  perturbations  of  the  planets, 
whether  this  was  the  case  before  the  arrival  of  these  planets  in 
the  solar  system. — The  Binoux  prize  for  1903,  2,000  francs, 
for  works  on  the  history  of  the  exact  sciences. — The  d'Ormoy 
prize,  10,000  francs,  for  pure  and  applied  mathematics. 

The  Royal  academy  of  physical  and  mathematical  sciences, 
of  Naples,  announces  a  prize  of  1,000  lire  for  the  best  memoir 
containing  a  noteworthy  contribution  to  the  invariant  theory  of 
ternary  biquadratic  forms,  preferably  with  reference  to  the 
various  conditions  for  breaking  up  into  forms  of  lower  order. 
Memoirs  must  be  submitted  by  June  30,  1904. 

The  Hungarian  academy  of  sciences  has  issued,  under  date 
of  February  16, 1903,  an  ofiScial  notice  of  the  founding  of  the 
Bolyai  prize  of  a  medal  and  10,000  crowns,  to  be  awarded  first 
in  1905,  and  every  fifth  year  thereafter,  to  the  author  of  the 
best  work  in  mathematics  appearing  in  the  preceding  five  years. 

The  annual  list  of  prize  questions  of  the  Amsterdam  scien- 
tific society  has  recently  been  issued.  Copies  of  the  announce- 
ment may  be  obtained  from  the  secretary  of  the  society.  Pro- 
fessor D.  J.  Korteweg,  Vondelstraat  104,  Amsterdam. 

The  several  universities  below  offer  during  the  summer 
semester  of  the  current  academic  year  courses  in  mathematics 
as  follows : 

University  op  Greifswald.  By  Professor  W.  TnoMfi : 
Potential  function,  four  hours ;  Theory  of  algebraic  surfaces 
and  space  curves,  two  hours ;  Mathematical  seminar,  two  hours. 
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— By  Professor  E.  Study  :  Infinitesimal  calculus^  four  hours; 
exercises  in  infinitesimal  calculu^:^  one  hour;  Line  geometry^ 
three  hours ;  Mathematical  seminar. — By  Professor  G.  KoWA- 
LEWSKi :  General  function  theory,  four  hours ;  Geometry  of 
numbers,  one  hour;  Exercises  in  function  theory,  one  hour. 

University  of  Jena.  By  Professor  A.|Gutzmer  :  Differ- 
ential calculus,  with  exercises,  five  hours ;  Introduction  to  the 
theory  of  differential  equations,  five  hours. — By  Professor  J. 
Thomae  :  Analytic  geometry  of  the  plane,  four  hours ;  Mathe- 
matical geography,  four  hours. — By  Professor  G.  Frege  :  Rie- 
mann's  theory  of  functions,  four  hours  ;  Mathematical  exercises, 
two  hours. 

At  the  University  of  Nebraska,  the  following  advanced 
courses  in  mathematics  are  offered  during  the  summer  session, 
1903  :— By  Professor  E.  W.  Davis  :  Theory  of  functions.— 
By  Professor  R.  E.  Moritz  :  History  of  mathematics  ;  Mathe- 
matical pedagogy. 

On  the  occasion  of  the  Bolyai  celebration  at  the  University 
of  Klausenburg,  on  January  15,  the  faculty  conferred  upon 
Professor  H.  Poincar6  the  honorary  degree  of  doctor  of  phi- 
losophy. 

Dr.  H.  Grassmann  has  been  promoted  to  a  professorship 
of  mathematics  at  the  University  of  Halle. 

Professor  E.  Voss  has  been  called  from  Wiirzbui^  to  the 
University  of  Munich,  as  professor  of  mathematics. 

Professor  Friedrich  Schottky,  of  the  University  of 
Berlin,  has  been  elected  a  member  of  the  Berlin  academy  of 
sciences. 

Professor  K.  Hensel  has  succeeded  the  late  Professor  L. 
FucHS  as  editor  of  Cvdl^s  Joumcd. 

Professor  G.  B.  Halsted,  of  the  University  of  Texas, 
has  been  elected  to  the  chair  of  mathematics  at  St.  John's 
College,  Annapolis,  Md, 

Dr.  M.  B.  Porter,  of  Yale  University,  has  been  called  to 
the  professorship  of  mathematics  in  the  University  of  Texas. 

At  Columbia  University,  Dr.  C.  J.  Keyser  has  been  pro- 
moted to  an  adjunct  professorship  of  mathematics. 

Professor  Alexander  Johnson  has  resigned  his  position 
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as  professor  of  pure  mathematics  in  McGill  University^  to  take 
effect  at  the  close  of  the  present  academic  year. 

At  the  University  of  Minnesota,  Dr.  G.  N.  Bauer  has  been 
promoted  to  an  assistant  professorship  of  mathematics.  Dr. 
G.  A.  Bliss,  instructor  in  mathematics  in  the  University,  is 
absent  on  leave,  and  is  spending  the  year  at  Gottingen. 

Professor  E.  J.  Wilczyxski,  of  the  University  of  Cali- 
fornia, has  received  from  the  Carnegie  Institution  an  appoint- 
ment as  research  assistant  and  will  spend  a  year  in  Europe  in 
work  on  ibe  theory  of  differential  equations  and  line  geometry. 

Mr.  p.  a.  Smith  has  resigned  as  instructor  in  mathematics 
at  the  University  of  Illinois  to  accept  a  position  in  the 
Hiroshina  higher  normal  school,  of  Japan. 

Messrs.  P.  H.  Likehak,  C.  W.  Saxton,  and  H.  R. 
Fassett  have  been  appointed  instructors  in  mathematics  in 
the  College  of  the  City  of  New  York. 

The  Carnegie  Institution  has  decided  to  provide  for  the  pub- 
lication of  the  works  of  Dr.  G.  W.  Hill. 

Professor  E.  L.  M.  Curtze  died  on  January  8,  1903,  at 
Thorn,  West  Prussia,  aged  66  years. 

Rear  Admiral  William  Harkness  died  at  New  York  on 
February  28,  1903,  in  his  sixty-sixth  year.  He  was  for  some 
time  astronomical  director  of  the  naval  observatory,  and  in 
1897  was  appointed  director  of  the  nautical  almanac.  In  1893 
he  was  president  of  the  American  association  for  the  advance- 
ment of  science. 

Mr.  W.  J.  C.  Miller,  for  many  years  mathematical  editor 
of  The  Edxicational  Times  of  London,  died  on  February  11, 
1903,  at  Bristol,  England,  at  the  age  of  seventy-one  and  a 
half  years.  During  his  connection  with  the  journal  men- 
tioned, which  covered  a  period  of  over  thirty  years,  Mr.  Miller 
published  sixty-six  volumes  of  the  McUhematioal  Reprintj  a 
series  devoted  chiefly  to  problems  in  modern  geometry  and 
higher  algebra. 

Recent  catalogues  of  second-hand  books  on  mathematics : 
K.  F,  KoEHLER,  6  Kurprinzstrasse,  Leipzig,  Antiquariats- 
Katalog  no.  557,  2560  titles ;  no.  559,  27  pages,  scientific 
journals. 
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NEW    PUBLICATIONS. 

I.     HIGHER   MATHEAIATICS. 

Cabp  (J.  A.).  Combinatoriache  configuraties  in  meerdimensionale 
ruimten.      Utrecht,  1902.      8vo.      68  pp. 

CzuBEB  (E.).  Wahrscheinlickeitsrechnung  und  ihre  Anwendung  auf 
Fehlerausgleichung,  Statistik  und  Lebensversicherung.  Leipzig, 
Teubner,  1903.  8vo.  15  -|-  594  pp.  (Teubner's  Sammlung  von 
Lehrblichem  auf  dem  Gebiete  der  mathematischen  Wissenschaften 
mit  Einschluss  ihrer  Anwendungen,  Vol.  IX.)  M.  24.00 

Easton  (B.  S.).  The  constructive  development  of  group  theory;  with 
a  bibliography.  Boston,  Ginn,  1902.  8vo.  3  -+-  89  pp.  Cloth. 
(Publications  of  the  University  of  Pennsylvania,  series  in  mathe- 
matics. No.  2.)  $0.75 

&MCH  (A.).  Applications  of  elliptic  functions  to  problems  of  closure. 
8vo.      (The  liniversiiy  of  Colorado  Studies,  Vol.  1,  pp.  81-133.) 

Ganter  (H.)  und  Rudio  (F.).  Die  Elemente  der  analytischen  Geo- 
metrie.  Zum  Gebrauch  an  hoheren  Lehranstalten  sowie  zum 
Selbststudium.  Mit  zahlreichen  Uebungsbeispielen.  Teil  I:  Die 
analytische  Geometrie  der  Ebene.  5te,  verbesserte  Auflage.  Leip- 
zig, Teubner,  1903.      8vo.      8  -f  187  pp.  M.  3.00 

Qradhandt  (E.).  BeitrUge  zur  Theorie  der  Fokaleigenschaften  der 
Krllmmungskurven  auf  den  Flflchen  zweiter  Ordnung.  Rostock, 
1901.     8vo.     68  pp. 

Haskell  (M.  W.).  Die  Darstellung  von  gewissen  Resultanten  in  De- 
terminantenform.  8vo.  [Jahreabericht  der  Deutachefi  Mathe- 
matikcr-Vereinigung,  Band  12,  pp.  38-42.) 

Hedrick  (E.  R.).  Suplementary  note  on  the  calculus  of  variations. 
The  doctrine  of  infinity.  8vo.  {Bulletin  of  the  American  Mathe- 
matical Society  (2)9,  pp.  245-247  and  263-268.) 

Helwio  (P.  J. ) .  Over  een  allgemeen  gemiddelde  en  de  integralen,  die 
samenhangen  met  de  foutenwet  van  het  meetkundig  gemiddelde. 
Utrecht,  1901.     4to.     79  pp. 

Humbert  (G.).  Cours  d'analyse,  profess^  H  TEcole  polytechnique.  Vol. 
I.  Calcul  diff^rentiel ;  prineipes  du  calcul  integral;  applications 
g^m^triques.      Paris,   Gauthier-Villars,    1903.      8vo.      484   pp. 

Fr.  16.00 

IssALY.  La  gtom^rie  non-euclidienne  et  Tinsuffisance  de  ses  prineipes. 
M^moire  faisant  suite  au  Prineipes  fondamentaux  de  la  thtorie 
des  pseudo-surfaces,  du  m^me  auteur.  Paris,  Hermann,  1902.  8vo. 
7  -h  62  pp. 

KoiALOvicii  (B.  M.).  On  a  partial  differential  equation  of  the  fourth 
order.      St.  Petersburg,  1902.      8vo.      125  pp.      (Russian.) 
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LuBSEN  (H.  B.).  Ausftihrliches  Lehrbuch  der  Analysis  zum  Selbstun- 
terricht,  mit  Rticksicht  auf  die  Zwecke  des  praktischen  Lebens 
bearbeitet.  lOte,  verbesserte  Auilage.  Leipzig,  Brandstetter,  1002. 
8vo.      4  +  203  pp.  M.  3.60 

NuGTEREX  (G.  K.).  Rationale  ruimtekrommen  van  de  5.  ordre. 
Utrecht,  1901.      8vo.      67  pp. 

OviDio  (E.  d').  Geometria  analitica.  3a  edizione  riveduta  e  corretta. 
Torino,  Bocca,  1903.  8vo.  15  +  520  pp.  (Biblioteca  matematica, 
Vol.  8.)  Fr.  12.00 

RuDio  ( F. ) .     See  Ganteb  (  H.  ) . 

XL     ELEMENTARY   MATHEAL4TICS. 

Agapov  (D.  v.).  Collection  of  the  most  common  geometrical  prob- 
lems with  the  methods  of  their  solution.  Orenburg,  1902.  8vo. 
93  pp.,  2  plates.      (Russian.)  M.  3.50 

Amaldi  (U.).     See  Enbiques  (F.). 

BuRCH  (C).  Short  cuts  and  byways  in  arithmetic.  Full  explanations 
of  all  principles  involved;  examples  worked  out  at  length.  Edin- 
burgh, Blackie,  1902.     8vo.      108  pp.     Cloth.  28. 

D.  (F.  T.).  Solutions  des  exercices  et  problfemes  proposes  dans  le 
Cours  d'algfebre  4l6mentaire.  (Environ  2500  questions.)  Lyon 
and  Paris,  Vitte,  1902.      16mo.      452  pp. 

I>i£KMANN.      See  KOPPE. 

Enbiques  (F.)  e  Amaldi  (U.).  Elementi  di  geometria  ad  uso  delle 
scuole  secondarie  superior!.  Bologna,  Zanichelll,  1902.  16mo. 
22  -h  655  pp.  Fr.  4.50 

Grevy  (A.).  Elements  de  g^m^trie,  ft  Tusage  des  ^l^ves  des  classes 
de  seconde  et  premiere  A  et  B  (programmes  du  31  mai  1902). 
Paris,  JNony,  1903.      18mo.      120  pp.  Fr.  1.25 

.       Elements   de   gtom^trie,    k   Tusage   des    flfeves   des   classes   de 

quatri^me  et  troisifeme  A   (programmes  du  31  mai  1902)..     Paris, 
Nony,  1903.      18mo.      172  pp.  Fr.  1.60 

.       G^m^trie    ft    Tusage   des   ^feves   des    classes   de   cinquifeme    ft 

troisi^me  B    (programmes  du  31  mai  1902).      Paris,  Nony,  1903. 
18mo.     306  pp.  Fr.  2.25 

HioGS  (W.  P.).  Algebra  self-taught;  for  the  use  of  mechanics,  young 
engineers  and  home  students.  7th  edition.  New  York,  Spon  and 
Chamberlin,  1903.     8vo.      104  pp.     Cloth.  $0.60 

HoCevar  (F.).  Lehr-  und  Uebungsbuch  der  Geometric  fttr  Untergym- 
nasien.  Cte,  umgearbeitete  Auflage.  Leipzig,  Freytag,  1902.  8vo. 
2  -h  122  pp.     Cloth.  M.  1.50 

Humbert  (E.).  Traits  d'arithmetique,  ft  Pusage  des  ^Ifeves  de  math6- 
matiques  A  et  B  et  des  candidats  au  baccalaurtot,  avec  des  comply 
ments  destines  aux  candidats  aux  grandes  ^oles  du  gouvernement 
et  une  preface  de  J.  Tannery.  3e  ^ition.  Paris,  Nony,  1903. 
8vo.      7  -h  501  pp.  Fr.  5.00 
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Ingrami  (G.).  Coniplementi  di  matematica  ad  uso  del  liceo.  Bologna, 
Cuppini,  1902.     8vo.     119  pp.  Fr.  2.00 

Jacquet  (E.)  et  Laclef  (A.).  Arithm^ique  du  brevet  4l4mentaire  et 
des  cours  corapl^mentaires,  suivie  d'un  complement  de  gtom^rie 
pratique  (490  exercicea  et  problfemes).  Nouvelle  ^tion,  revue  et 
corrig^e.     Paris,  Nathan,  1903.      12mo.     6  +  292  pp.  Fr.  1.75 

KoppE  und  DiEKMAXN.  Geometrie.  Tell  1:  Ausgabe  fUr  Gymnasien. 
18te  Auflage.  ErgUnzungsheft.  Easen,  Baedeker,  1903.  8vo. 
62  pp.  M.  0.60 

Laclef  (A.).     See  Jacquet   (E.). 

Martini  Zuccagni  (A.).  Guida  per  la  risoluzione  degli  esercizt 
d'algebra.     Livorno,  Giusti,  1902.      16mo.     6  +  131  pp.       Fr.  1.00 

Matthiessen  (L.).  Kommentar  zur  Sammlung  von  Beispielen  und 
Aufgaben  aus  der  allgemeinen  Arithmetik  und  Algebra  von  E.  Heis. 
FUr  die  Schiller  von  Gymnasien,  Realgymnasien,  Oberrealschulen 
und  Gewerbschulen  bearbeitet.  4te,  verbesserte  Auflage.  K5ln, 
Du  Mont-Schauberg,  1902.      Svo.      8  +  180  pp.  M.  2.50 

MoCnik  (F.  von).  Lehrbuch  der  Arithmetik  fUr  Untergymnasien, 
bearbeitet  von  A.  Neumann.  Ite  Abteilung,  fttr  die  I.  und  II. 
Klasse.  SOste,  verHnderte  Auflage.  Leipzig,  Freytag,  1902.  8vo. 
3  H-  148  pp.      Cloth.  M.  2.00 

Model  answers  to  intermediate  pure  mathematics:  being  the  mathe- 
matical papers  set  at  the  London  University  intermediate  examina- 
tions in  arts  and  science,  from  1895  to  1902.  iCJniv,  Tut.  Series,) 
London,  Clive,  1903.      8vo.      146  pp.  2s.  6d. 

Neumann  (A.).     See  MoCnik  (F.  von). 

Roberts  (  R.  ) .  A  new  geometry  for  beginners,  theoretical  and  practical. 
Edinburgh,  Blackie,  1903.      8vo.      88  pp.      Cloth.  Is.  6d. 

Salomon  (A.).  L^cons  de  g^m^trie,  ft  Vusage  de  Tenseignement  se- 
condaire  des  jeunes  filles.  G^m^trie  dans  Tespace.  (Classe  de  cin- 
qui^me  ann4e.)      Paris,  Nony,  1903.      18mo.      129  pp.  Fr.  1.25 

ScHMiD  (A.).     See  Sickenbebger  (A.). 

Sendler  (R.).  Raumlehre  fttr  Prftparandenanstalten.  Nach  dem  Lehr- 
plane  vom  1.  VII.  1901  bearbeitet.  6te  Auflage.  Breslau,  Handel, 
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THE  FEBRUARY  MEETING  OF  THE  AMERICAN 
MATHEMATICAL  SOCIETY. 

A  REGULAR  meetiDg  of  the  American  Mathematical  So- 
ciety was  held  in  New  York  City  on  Saturday,  February  28, 
1903.  The  following  thirty-one  members  of  the  Society  were 
present  at  the  morning  and  afternoon  sessions : 

Dr.  Grace  Andrews,  Professor  Joseph  Bowden,  Dr.  J.  E. 
Clarke,  Professor  F.  N.  Cole,  Dr.  W.  S.  Dennett,  Dr.  L.  P. 
Eisenhart,  Professor  Aohsah  M.  Ely,  Dr.  William  Findlay, 
Professor  T.  S.  Fiske,  Dr.  A.  S.  Gale,  Dr.  E.  R.  Hedrick, 
Professor  L.  I.  Hewes,  Dr.  Edward  Kasner,  Dr.  C.  J.  Keyser, 
Dr.  G.  H.  Ling,  Mr.  L.  L.  Locke,  Dr.  Emory  McClintock, 
Professor  James  Maolay,  Professor  H.  P.  Manning,  Professor 
T.  F.  Nichols,  Professor  W.  F.  Osgood,  Miss  I.  M.  Schotten- 
fels.  Professor  D.  E.  Smith,  Professor  P.  F.  Smith,  Mr.  C.  E. 
Stromquist,  Professor  H.  D.  Thompson,  Miss  Mary  Underbill, 
Professor  E.  B.  Van  Vleck,  Professor  J.  M.  Van  Vleck,  Mr. 
H.  E.  Webb,  Professor  R.  S.  Woodward. 

The  President  of  the  Society,  Professor  Thomas  S.  Fiske, 
occupied  the  chair,  being  relieved  by  Vice-President  Professor 
W.  F.  Osgood.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society :  Professor  F. 
H.  Bailey,  Massachusetts  Institute  of  Technology ;  Mr.  A.  T. 
Bell,  High  School,  Reynolds,  111. ;  Professor  F.  P.  Brackett, 
Pomona  College,  Claremont,  Cal. ;  Mr.  W.  E.  Breckenridge, 
Morris  High  School,  New  York,  N.  Y. ;  Professor  Ellen  L, 
Burrell,  Wellesley  College ;  Miss  E.  B.  Cowley,  Vassar  College ; 
Professor  E.  E.  De  Cou,  University  of  Oregon ;  Mr.  F.  D, 
Frazer,  University  of  Oregon ;  Professor  J.  Willard  Gibbs, 
Yale  University;  Dr.  C.  N.  Haskins,  Massachusetts  Institute 
of  Technology ;  Mr.  A.  C.  Lunn,  University  of  Chicago;  Mr. 
C.  L.  E.  Moore,  Cornell  University;  Mr.  F.  G.  Reynolds, 
College  of  the  City  of  New  York ;  Mr.  C.  E.  Stromquist,  Yale 
University;  Professor  W.  E.  Taylor,  Syracuse  University; 
Mr.  Charles  Van  Orstrand,  U.  S.  Geologioed  Survey,  Washing- 
ton, D.  C.  Five  applications  for  admission  to  the  Society 
were  received. 
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Professor  E.  W.  Brown  was  reelected  a  member  of  the  Edi- 
torial Board  of  the  Tranmdiona  for  a  term  of  three  years. 
The  office  of  Assistant  Secretary  of  the  Society,  vacated  by  the 
appointment  of  Dr.  Edward  Kasner  to  the  editorial  staff  of  the 
Tranmctiom,  was  abolished. 

The  following  papers  were  read  at  this  meeting : 

(1)  Dr.  L.  P.  EiSENHART :  "  Congruences  of  curves." 

(2)  Dr.  Emory  McClintock  :  "  The  logarithm  as  a  direct 
function.'^ 

(3)  Professor  H.  P.  Manning:  " Non-euclidean  geometry 
of  nets  of  circles." 

(4)  Mr.  C.  E.  Stromquist:  "A  generalization  of  the 
length  integral." 

(5)  Dr.  Edward  Kasner:  "Three  notes  on  projective 
geometry." 

(6)  Mr.  W.  B.  Ford  :  "  A  theorem  concerning  the  func- 
tions of  two  or  more  complex  variables." 

(7)  Professor  W.  F.  Osgood:  <*The  integral  as  the  limit 
of  a  sum,  and  a  theorem  of  Duhamel." 

(8)  Dr.  E.  R.  Hedrick  :  "  The  integral  curves  of  a  partial 
differential  equation." 

(9)  Professor  E.  B.  Van  Vleok  :  "  On  an  extension  of  the 
1894  memoir  of  Stieltjes." 

(10)  Dr.  A.  S.  Gale  :  "On  a  generalization  of  the  set  of 
associated  minimal  surfaces." 

(11)  Professor  G.  A.  Miller:  "A  fundamental  theorem 
with  respect  to  transitive  substitution  groups." 

(12)  Professor  E.  W.  Brown  :  "On  the  derivatives  of  the 
lunar  coordinates  with  respect  to  the  elements." 

(13)  Professor  Charlotte  A.  Soon:  "On  the  funda- 
mental theorem  of  projective  geometry." 

(14)  Professor  Alfred  Loewy  :  "  Ueber  die  Reducibilitat 
der  reellen  Gruppen  linearer  homogener  Substitutionen." 

Professor  Loewy's  paper  was  communicated  to  the  Society 
through  Professor  E.  W.  Brown.  In  the  absence  of  the 
authors,  the  papers  of  Mr.  Ford,  Professor  Miller,  Professor 
Brown,  Professor  Scott,  and  Professor  Loewy  were  read  by  title. 

The  papers  of  Dr.  McClintock  and  Professor  Miller  will 
appear  in  the  Bulletin.  Professor  Scott's  paper  is  published 
in  the  April  number  of  the  Transactioiis.  Abstracts  of  the 
other  papers  follow  below.  The  abstracts  are  numbered  to  cor- 
respond to  the  titles  in  the  list  above. 


Digitized  by  LjOOQIC 


1903.]     THE   FEBRUARY   MEETING   OF   THE   SOCIETY.  395 

1.  Dr.  Eisenhart  considers  congruences  of  curves,  the  coor- 
dinates of  whose  points  are  given  by  the  equations 

^  =  /i  (<>  w,  ^)y     y^fi  {^y  '^y  ^)y     «  =  /s  {^y  ^y  ^)y 

where  u  and  v  denote  the  parameters  determining  the  curves 
and  t  is  the  parameter  which  determines  points  on  the  curve. 
After  establishing  several  theorems  which  Darboux  found  from 
another  point  of  view,  and  giving  a  few  examples  in  illustra- 
tion, the  discussion  proceeds  to  the  problem  of  finding  a  func- 
tion <^(u,  t;)  such  that  the  tangents  to  the  curves  of  the 
congruence  at  the  points  of  intersection  with  the  surface  de- 
fined by  the  above  formulae  after  t  is  replaced  by  <^,  shall  form 
a  normal  congruence,  or  in  the  second  place,  the  ruled  surfaces 
u  =s  const.,  V  =s  const,  of  this  congruence  of  tangents  shall 
be  developable.  For  every  congruence  a  function  <^  exists 
which  furnishes  a  solution  of  the  former  of  these  problems,  but 
not  so  for  the  second  problem.  However,  when  the  curves 
t  =  const.,  u  =5  const,  on  the  surfaces  defined  by  the  above 
equations  when  v  is  constant,  and  when  the  curves  t  =  const., 
V  =  const,  on  the  surfaces  u  ==  const.,  form  a  conjugate  system 
on  each,  the  function  <^  can  be  a  constant,  and  only  in  this  case. 

When  a  relation  between  the  parameters,  such  as  t;  =»  <^  (li), 
is  given  the  corresponding  curves  form  a  surface  and  in  some 
cases  this  function  can  be  so  chosen  that  all  the  tangents  to 
these  curves  form  a  normal  congruence.  It  is  evident  that  the 
tangents  to  all  the  curves  of  the  congruence  form  a  complex,  and 
the  determination  of  congruences  such  that  this  complex  be 
linear  requires  the  integration  of  a  linear  differential  equation 
of  the  first  order. 

The  above  expressions  for  x,  y,  z  define  space  referred  to  a 
triple  system  of  surfaces  t  =  const.,  u  =  const.,  v  =  const.,  and 
in  the  preceding  discussion  they  have  been  considered  as  defin- 
ing the  congruence  C^  of  the  curves  of  intersection  of  the  surfaces 
u  =s  const.,  V  =  const.  It  is  evident  however  that  these  equa- 
tions may  equally  well  be  considered  as  defining  the  congruences 
C^  and  C,  composed  of  the  intersections  of  the  surfaces  t  = 
const.,  V  =  const,  and  t  =  const.,  u  =  const,  respectively. .  On 
this  account  these  equations  may  be  said  to  define  a  triple  con- 
gruence of  curves.  The  theorems  of  the  preceding  discussion 
when  viewed  in  this  threefold  light  lead  to  new  results.  The 
existence  of  a  triply  rectilinear  congruence  is  established  and  a 
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few  of  its  properties  found.  The  paper  closes  with  a  consider- 
ation of  the  three  complexes  of  tangents  to  the  curves  of  a 
triple  congruence. 

3.  Professor  Manning's  paper  is  in  abstract  as  follows :  We 
can  construct  a  geometry  by  taking  for  straight  lines  the  circles 
of  a  net.  There  are  three  cases  according  as  the  radical  center 
of  the  net  is  outside,  on,  or  within  all  the  circles.  These  three 
cases  give  us  the  hyperbolic,  parabolic,  and  elliptic  geometries, 
respectively.  Considering  only  the  first  case,  we  find  a  real 
circle  which  cuts  orthogonally  all  the  circles  of  the  net  and 
which  may  be  called  the  absolute.  Distance  between  two 
points  is  proportional  to  the  logarithm  of  the  cross  ratio  of  these 
points  taken  with  the  two  points  where  the  line  joining  them 
meets  the  absolute.  Circles  which  do  not  meet  the  absolute 
are  circles  in  this  geometry,  circles  tangent  to  the  absolute  are 
boundary  curves,  and  circles  intersecting  the  absolute  are 
straight  lines  or  equidistant  curves.  Bilinear  substitutions 
which  have  the  absolute  for  invariant  circle  represent  the 
three  kinds  of  motion  possible  in  this  geometry:  translation 
along  a  line  and  a  system  of  equidistant  curves,  translation 
along  a  system  of  boundary  curves,  and  rotation.  Of  particular 
interest  is  the  group  of  the  rotations  which  leave  invariant  a 
system  of  alternately  symmetric  and  congruent  triangles  cover- 
ing the  plane. 

4.  In  his  dissertation  (Gottingen,  1901),  Georg  Hamel 
considered  those  geometries  in  which  the  straight  lines  are  the 
shortest  distances,  and  determined  the  most  general  length 
integral  for  which  this  is  the  case.  His  work  was  based  on  the 
axioms  laid  down  by  Hilbert  in  his  Grundlagen  der  Geometric, 
from  which  he  derived  an  expression  for  the  length  as  a  definite 
integral. 

In  Mr.  Stromquist's  paper  those  geometries  are  considered 
for  which  the  circles  whose  centers  are  on  the  a;*axis  are  the 
shortest  distances.  And  the  most  general  length  integral  (with 
certain  restrictions  which  are  laid  down)  for  which  this  is  the 
case  is  obtained  in  the  form    . 
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where  W,  regarded  as  a  function  of  x,  y^  and  y'  (=  dy/dx\  10 
any  continuous  function  satisfying  the  condition  that  W^O 
according  as  —  7r/2  §  ^(«  tan~^  y')  >  +  7r/2 ;  and  where  ^  is 
an  arbitrary  function  of  x  and  y. 

This  expression  is  then  further  specialized  under  the  assunip«- 
tion  that  length  AB^  length  BAy  where  the  length  is  meas- 
ured along  the  same  curve. 

The  condition  that  extremals  should  be  perpendicular  to  the 
transversals  (i.  e.,  that  "  radii  '^  are  perpendicular  to  "  circles  ") 
is  then  discussed  in  general.  In  particular  it  is  shown:  1^ 
that  the  geometry  in  which  straight  lines  are  the  shortest  dis- 
tances reduces  to  the  euclidean  geometry ;  2®  that  the  geometry 
in  which  the  above  circles  are  the  shortest  distances  reduces  to 
the  aiitomorphic  figure  {L  e.,  the  figure  obtained  by  a  conformal 
transformation  of  the  pseudosphere  on  the  plane) ;  and  3°  that, 
in  general,  any  geometry  in  which  extremals  are  perpendicular 
to  the  transversals  may  be  obtained  by  a  conformal  transfor- 
mation of  some  surface  on  the  plane.  The  converse  of  this 
theorem  is  obviously  true  by  Gauss's  theorem. 

5.  Dr.  Kasner's  first  note  is  entitled  "A  relation  between 
projective  and  circular  transformations."  Consider  a  general 
direct  circular  transformation  (linear  transformation  of  the  com- 
plex variable)  F  and  a  finite  point  0.  The  bundle  of  circles 
through  0  is  transformed  by  F  into  the  bundle  of  circles 
through  the  corresponding  point  0\  There  is  thus  established 
a  correspondence  between  the  centers  of  corresponding  circles. 
This  correspondence  is  proved  to  be  homographic.  The  pro- 
jective transformation  H  obtained  in  this  way  depends  upon 
both  F  and  O.  It  is  then  proved  that  H  is  entirely  general, 
i.  e.,  given  any  H  it  is  possible  to  find  a  circular  transforma- 
tion F  and  a  point  0  which  together  give  rise  to  H.  The  re- 
lation between  F,  O  on  the  one  hand,  and  H  on  the  other  is 
unique,  provided  0  is  finite  and  not  the  pole  of  F,  and  H  does 
not  transform  the  line  at  infinity  into  itself.  The  result  for  the 
indirect  circular  transformations  (linear  transformation  of  the 
conjugate  complex  variable)  is  analogous.  The  relation  ob- 
tained is  applied  to  the  formation  of  invariants  of  systems  of 
circles  by  means  of  the  projective  invariants  of  their  centers. 
Finally  the  relation  is  extended  to  space,  but  the  projective 
transformation  is  no  longer  of  the  most  general  type. 

The  second  note,  "  On  the  projective  geometry  of  the  plane 
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pentagon,"  deals  with  certain  pentagons  covariantly  related  to 
a  given  pentagon.  If  the  vertices  of  the  original  pentagon  P 
are  a,  6,  c,  d,  e,  then  the  diagonal  pentagon  F'  is  obtained  by 
drawing  the  diagonals  ax^^  bdy  ce^  da,  eb ;  and  the  iiisenbed 
pentagon  P,  is  obtained  by  inscribing  in  P  a  conic  and  connect- 
ing the  points  of  contact.  The  consideration  of  certain  polar- 
ities proves  Clebsch's  theorem  that  P  and  P'  are  homographic, 
and  also  that  P  and  Pj  are  homographic.  The  two  homo- 
graphies  obtained  are  commutative,  hence  the  pentagon  in- 
scribed in  P'  coincides  with  the  diagonal  pentagon  of  P^. 
Repetition  of  the  diagonal  construction  gives  a  series  of  penta- 
gons P,  P'f  P'\  "  '  which  define  (at  least  for  a  convex  penta- 
gon) a  definite  limiting  point  investigated  by  Clebsch.  The 
same  point  is  obtained  by  indefinite  repetition  of  the  construc- 
tion for  the  inscribed  pentagon.  The  common  limiting  point 
may  be  constructed  as  one  of  the  fixed  points  of  a  coUineation,  or 
as  one  vertex  of  the  common  self-conjugate  triangle  of  certain 
conies.  Corresponding  points  for  polygons  of  more  than  five 
sides  exist,  but  their  theory  seems  to  be  much  more  compli- 
cated, if  not  transcendental. 

The  third  note  wi  11  appear  in  the  Bulletin  as  a  separate  paper. 

6.  In  §  62  of  Dini's  work,  Serie  di  Fourier,  etc.,  the  author 
establishes  certain  results  related  to  the  theory  of  functions  of 
one  complex  variable,  of  great  utility,  as  he  subsequently  shows, 
in  the  study  of  the  convei^noe  of  infinite  series.  The  purpose 
of  Mr.  Ford's  paper  is  to  generalize  the  results  thus  estab- 
lished for  functions  of  one  complex  variable  to  the  case  where 
functions  of  two  or  more  complex  variables  may  appear.  Thus 
a  theorem  is  obtained  which,  it  is  believed,  has  important  rela- 
tions to  the  study  of  the  convergence  of  a  multiple  series,  just 
as  Dini's  results  are  useful  in  the  study  of  similar  questions 
pertaining  to  a  simple  series. 

7.  In  the  application  of  the  int^ral  calculus  to  problems  in 
physics  and  mechanics  the  theorem  that  in  the  limit  of  a  sum 
any  infinitesimal  may  be  replaced  by  another  infinitesimal  that 
differs  from  it  by  one  of  higher  order  is  fundamental.  The 
formulation  which  Duhamel  gave  for  this  theorem  has  been 
challenged  by  Mansion,  who  shows  that  it  may  be  so  understood 
as  to  lead  to  false  results ;  but  Mansion  does  not  suggest  a  cor- 
rect formulation  applicable  to  the  cases  that  arise  in  practice. 
The  difficulties  are  similar  to  those  encountered  in  integrating 
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an  infinite  series  term  by  term  and  may  be  met  by  a  require- 
ment analogous  to  that  of  uniform  convergence.  The  object 
of  this  paper  is  to  give  a  rigorous  formulation  of  DuhamePs 
theorem,  and  at  the  same  time  one  which  is  adapted  to  the  ap- 
plications of  the  theorem  which  present  themselves  in  practice. 

8.  Dr.  Hed rick's  paper  forms  an  extension  of  that  pre- 
sented at  the  Christmas  meeting  1901^  on  the  characteristics  of 
differential  equations.  It  is  found  that  the  methods  employed 
to  obtain  the  characteristic  lines  may  be  developed  so  as  to 
lead  to  a  new  and  more  rigorous  treatment  of  integral  curves. 
The  paper  is  then  devoted  to  an  investigation  of  the  cases  in 
which  the  ordinary  Cauchy-Kowalewski  existence  theorem 
breaks  down,  when  applied  to*  a  general  space  curve. 

9.  The  paper  of  Professor  Van  Vleck  treated  an  extension 
of  a  memoir  published  by  Stieltjes  in  two  parts  in  the  Annalea 
de  ToyJotise,  1894-95.  Stieltjes  there  gives  an  exhaustive 
and  elegant  investigation  of  a  continued  fraction 


(1) 


Jl    1    Jl    1 

Ol2  +  O,  +  OjZ  +  "4  + 


in  which  the  ooe£Bcients  a^  are  positive, 
the  one  hand,  with  a  series 


This  he  connects,  on 


^      ^i  J.  i«      ^  J. 

«   ~  2»  "•"  Z»  ~  2*  ■*" 


2»^2» 

whose  coefficients  are  conditioned  by  the  relations 


A.= 


0,      B  s 


^l»+l 


^n  ^n+l 


^In-l 


0, 


and,  on  the  other  hand,  with  one  or  more  functional  integraU 

^  ^       Jo     »  +  t* 

in  which  jf{u)  is  a  monotone  function  of  u.  In  his  extension 
Professor  Van  Vleck  imposes  only  the  condition  that  cl^>0 
or  that  ttj^^j  >  0.     The   corresponding   restriction  upon  the 
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serieg  is  that  J5^  >  0,  ^^  +  0  or  ^^>  0,  B^  ^  0.  If  the 
eveQ  and  odd  oonvergent«  are  ooDsidered  apart|  instead  of 
being  combined  by  (1)  into  a  single  continued  fraction,  the 
subsidiary  conditions,  il^  +  0  ^^^  ^»  +  ^  respectively,  may  be 
dispensed  widi.  The  integrals  which  give  rise  to  the  continued 
fraction  or  series  have  the  form 

(—  00  ^6  <a^+  00 ). 

The  condition  imposed  by  Stieltjes  upon  the  continued  frac- 
tion is  doubtless  the  simplest  one  possible.  It  not  only  suffices 
to  ensure  the  reality  of  the  roots  of  the  numerators  and  denomi- 
nators of  the  convergents,  the  roots  lying  upon  the  negative 
half  of  the  axis  of  z^  but  it  also  necessitates  certain  theorems 
concerning  the  alternation  of  the  roots,  when  two  convergents 
are  compared.  These  theorems,  which  form  the  basis  of  the 
investigation  of  Stieltjes,  hold  also  for  the  more  extended  class 
of  continued  fractions  discussed  in  the  present  paper,  provided 
that  the  positive  and  negative  half  axes  are  considered  sepa- 
rately. The  greatest  difference  between  the  theory  of  Stieltjes 
and  the  extended  theory  appears  in  the  consideration  of  ques- 
tions of  convergence.  One  new  feature  was  a  divergent  series 
which  represented  in  the  positive  and  negative  half  planes  two 
distinct  analytic  functions  having  the  real  axis  as  a  natural 
boundary. 

10.  It  is  well  known  that  a  minimal  surface  is  a  surface  of 
translation  whose  generators  are  its  minimum  lines.  Dr.  Gale 
considered  surfaces  of  translation  whose  generators  are  any 
imaginary  curves  defined  by  functions  of  conjugate  complex 
parameters.  These  surfaces  may  also  be  regarded  as  surfaces 
whose  coordinates  satisfy  Laplace's  equation  and  may  therefore 
be  legitimately  spoken  of  as  harmonic  surfaces.  The  set  of 
harmonic  surfaces  discussed  is  given  by  the  equations  of  the  set 
of  associated  minimal  surfaces,  omitting  the  conditions  that  the 
generators  be  minimum  curves.  These  surfaces  are  intimately 
related  to  the  '^  associated  surfaces  of  negative  curvature"  which 
Professor  Maclay  discussed  at  the  meeting  of  the  Society  on 
February  22,  1902.  The  paper  will  appear  in  the  Amials  of 
Mathematics. 

12.  The  derivatives  of  the  lunar  coordinates  are  easily  ob- 
tained when  the  literal  expressions  of  the  coordinates  are  used. 
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In  most  theories  also  the  derivatives  with  respect  [to  all  the 
elements  except  the  mean  motion  are  found  without  trouble. 
But  the  convergence  of  the  series  arranged  in  powers  of  the 
mean  motions  is  so  slow  that  even  when  we  have  the  full 
numerical  values  and  the  algebraical  series  for  a  few  terms  the 
derivatives  with  respect  to  the  mean  motion  are  doubtful.  Pro- 
fessor Brown's  paper  gives  a  method  of  obtaining  these  last 
derivatives  accurately.     Some  further  results  are  also  found. 

14.  Professor  Loewy's  paper  is  a  continuation  of  that  by 
the  same  author  published  in  the  January  (1903)  number  of 
the  Transactions.  A  linear  homogeneous  (finite  or  infinite) 
group  G  with  real  coefficients  is  described  as  real-irreducible 
when  no  matrix  P  of  non-vanishing  determinant  exists  such 
that  all  the  substitutions  of  the  similar  group  Cr'  =  PGP^^ 
have  the  form 


«» 
«« 

••       «2« 

0 
0 

0 

0 

•     0 
0 

««! 

«.«        • 

•       «»„ 
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0   ' 
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««+ii    • 

••       ««+!» 
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««+!«+»       • 

•  •       ««+!« 
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o.» 

«»»+U 

«««+ia 
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the  a's  being  all  real.  The  following  theorem  is  established  : 
"  If  a  real-irreducible  linear  homogeneous  group  is  not  abso- 
lutely irreducible,  it  is  similar  to  a  decomposable  group,  the 
matrices  of  whose  substitutions  have  the  form 

.,        0      0...0 
,_        0      0  •  •  •  0 
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c,,- 
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•C 
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0    ■ 

..  0 
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the  c^  and  c^  being  conjugate  imaginaries.  Since  a  real- 
irreducible  group  is  under  consideration,  all  the  coefficients  c^^ 
in  the  matrices  of  all  the  substitutions  cannot  be  real."  This 
theorem,  in  combination  with  the  results  of  the  previous  paper 
in  the  Transactions^  serves  as  a  basis  for  the  study  of  the  real- 
irreducible  constituents  of  any  real  linear  homogeneous  group. 

F.  N.  Cole. 
Columbia  University. 
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ON  THE  FOUNDATIONS  OF  MATHEMATICS. 

PRESIDENTIAL   ADDRESS  DELIVERED  BEFORE  THE  AMERICAN  MATHE^ 

MATICAL  SOCIETY  AT  ITS  NINTH  ANNUAL  MEETING, 

DECEMBER  t9,  1902. 

BT  PREBIDEXT  EUAKIM  HASTIKOS  MOOBB. 

The  American  Mathematical  Society  gives  its  retiring 
President  the  privilege  of  speaking  on  whatever  he  may  have 
at  heart.  Aooordingly,  this  afternoon  I  propose  to  consider 
with  you  some  matters  of  importance  —  indeed,  perhaps  of 
fundamental  importance  —  in  the  development  of  mathematics 
in  this  country,  and  it  will  duly  appear  in  what  non-technical 
sense  I  am  speaking  ''On  the  foundations  of  mathematics." 

I.   A  View. 
Abstract  Mathematics. 

The  notion  within  a  given  domain  of  defining  the  objects  of 
consideration  rather  by  a  body  of  properties  than  by  particular 
expressions  or  intuitions  is  as  old  as  mathematics  itself.  And 
yet  the  central  importance  of  the  notion  appeared  only  during 
the  last  century  —  in  a  host  of  researches  on  special  theories 
and  on  the  foundations  of  geometry  and  analysis.  Thus  has 
arisen  the  general  point  of  view  of  what  may  be  called  abstraxst 
mathematics.  One  comes  in  touch  with  the  literature  very  con- 
veniently by  the  mediation  of  Peano's  Remie  des  Maihimatiques. 
The  Italian  school  of  Peano  and  the  Formulaire  MaihSTnaiique, 
published  in  connection  with  the  RecuCy  are  devoted  to  the  cod- 
ification in  Peano's  symbolic  language  of  the  principal  mathe- 
matical theories,  and  to  researches  on  abstract  mathematics. 
General  interest  in  abstract  mathematics  was  aroused  by  Hil- 
bert^s  Gauss-Weber  Festschrift,  of  1899  :  "Ueber  die  Grund- 
lagen  der  Geometric,"  a  memoir  rich  in  results  and  suggestive 
in  methods ;  I  refer  to  the  reviews  by  Sommer,*  Poincar6,t 
Halsted,t  Hedrick,§  Veblen.|| 

♦Bulletin,  vol.  6  (1900),  p.  287. 

^BuU,  des  Sciences  Mathhn,y  vol.  26  (1902),  p.  249. 

t  The  Open  CouH,  September,  1902. 

I  Bulletin,  vol.  9  (1902),  p.  158. 

II  The  Monist,  January,  1903. 


Digitized  by  LjOOQIC 


1903.]         ON  THE   FOUNDATIONS   OF   MATHEMATICS.  403 

We  have  as  a  basal  science  logic,  and  as  depending  upon  it 
the  special  deductive  sciences  which  involve  undefined  symbols 
and  whose  propositions  are  not  all  capable  of  proof.  The 
symbols  denote  either  classes  of  elements  or  relations  amongst 
elements.  In  any  such  science  one  may  choose  in  various  ways 
the  system  of  undefined  symbols  and  the  system  of  undemon- 
strated  or  primitive  propositions,  or  postulates.  Every  propo- 
sition follows  from  the  postulates  by  a  finite  number  of  logical 
steps.  A  careful  statement  of  the  fundamental  generalities  is 
given  by  Padoa  in  a  paper*  before  the  Paris  Congress  of 
Philosophy,  1900. 

Having  in  mind  a  definite  system  of  undefined  symbols  and 
a  definite  system  of  {)Ostulates^  we  have  first  of  all  the  notion  of 
the  compatibility  of  these  postulates ;  that  is,  that  it  is  im- 
possible to  prove  by  a  finite  number  of  logical  steps  the  simul- 
taneous validity  of  a  statement  and  its  contradictory  statement. 
In  the  next  place,  the  question  of  the  independence  of  the 
postulates  or  the  irreducibility  of  the  system  of  the  postulates  ,- 
that  is,  that  no  postulate  is  provable  from  the  remaining  pos- 
tulates. Padoa  introduces  the  notion  of  the  irreducibility  of 
the  system  of  undefined  symbols.  A  system  of  undefined  sym- 
bols is  said  to  be  reducible  if  for  one  of  the  symbols  X  it  is 
possible  to  establish  as  a  logical  consequence  of  the  assumption 
of  the  validity  of  the  postulates  a  nominal  or  symbolic  defini- 
tion of  the  form  X=  A,  where  in  the  expression  A  there  enter 
only  the  undefined  symbols  distinct  from  X  For  the  purpose 
of  practical  application,  it  seems  to  be  desirable  to  modify  the 
•definition  so  as  to  call  the  system  of  undefined  symbols  re- 
ducible if  there  is  a  nominal  definition  X  =  A  o{  one  of  them 
X  in  terms  of  the  others  such  that  in  any  interpretation  of 
the  science  the  postulates  retain  their  validity  when  instead  of 
the  initial  interpretation  of  the  symbol  X  there  is  placed  the 
interpretation  A  of  that  symbol.  If  the  system  of  symbols  is 
reducible  in  the  sense  of  the  original  definition  it  is  in  the 
sense  of  the  new  definition,  but  not  necessarily  conversely,  as 
appears  for  instance  from  the  following  example,  occurring  in 
the  foundations  of  geometry. 

Hilbert  uses  the  following  undefined  symbols :  "  point," 
•^'  line,"  "  plane,"  "  incidence  "  of  point  and  line,  "  incidence  " 

♦"Eesai  d'ane  throne  alg^briaue  des 'nombres  entiere,  pr^c^d^  d*une 
Introduction  logiqae  A  une  th^orie  d^dactiTe  quelconque."  Biblioth^ue  du 
-Congrds  International  de  Philo^ophie,  vol.  3,  p.  309. 
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of  point  and  plane,  **  between/'  and  "  congruent"  Now  it  i& 
possible  to  give  for  the  symbol  **  plane  "  a  symbolic  definition 
in  terms  of  the  other  undefined  symbols  —  for  instance,  a  plane 
is  a  certain  class  of  points  (as  Peano  showed  in  1892),  or 
again,  a  plane  is  a  certain  class  of  lines ;  while  the  notion  *^  in- 
cidence''of  point  and  plane  receives  convenient  definition. 
It  is  apparent  from  the  fact  that  these  definitions  may  be  given 
in  these  two  ways  that  Hilbert's  system  of  undefined  symbols 
is  not  in  Padoa's  sense  irreducible  —  at  least,  in  so  far  as  the 
symbols  " plane,"  "incidence"  of  point  and  plane  are  con- 
cerned —  while  it  is  equally  clear  that  these  symbols  are  in  the 
abstract  geometry  superfluous. 

In  his  dissertation  on  euclidean  geometry,  Mr.  Veblen,  follow- 
ing the  example  of  Pasch  and  Peano,  takes  as  undefined  sym- 
bols "point"  and  "between,"  or  ^* point"  and  "segment."" 
In  terms  of  these  two  symbols  alone  he  expresses  a  set  of  inde- 
pendent fundamental  postulates  of  euclidean  geometry,  in  the 
first  place  developing  the  projective  geometry,  and  then  as  to- 
congruence  relating  himself  to  the  point  of  view  of  Klein  in 
his  "  Erlangen  Programm,"  whereby  the  group  of  movements 
of  euclidean  geometry  enters  as  a  certain  subgroup  of  the  group 
of  collineations  of  projective  geometry.  Here  arises  an  inter- 
esting question  as  to  the  sense  in  which  the  undefined  symbol 
"  congruence "  is  superfluous  in  the  euclidean  geometry  based 
upon  the  symbols  "  point,"  "  between."  One  sees  at  once  that 
a  definition  of  "congruence"  involves  parametric  points  in 
its  expression,  while  on  the  other  hand  a  definition  of  the  sys- 
tem of  all  "  planes,"  that  is,  of  the  general  concept  "  plane,"" 
involves  no  such  parametric  elements.  But,  again,  just  as  there 
exist  distinct  definitions  of  "  congruence,"  owing  to  a  variation 
of  the  parametric  points,  so  there  exist  distinct  definitions  ot*" 
the  general  concept  "  plane,"  as  was  indicated  a  moment  ago^ 
One  has  the  feeling  that  the  state  of  aifairs  must  be  as  follows :. 
In  any  interpretation  of — say  —  Hilbert's  symbols,  wherein 
the  postulates  of  Hilbert  are  valid,  every  valid  statement  which 
does  not  involve  the  symbol  "  plane  "  in  direct  connection  with 
the  general  logical  symbol  (  =  )  of  symbolic  definition,  remains- 
valid  when  we  modify  it  in  accordance  with  either  of  the 
definitions  of  "  plane  "  previously  referred  to.  On  the  other 
hand,  this  state  of  affairs  does  not  hold  for  the  symbol  "  con- 
gruence." The  proof  of  the  former  statement  would  seem  to 
involve  fundamental  logical  niceties. 
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The  compatibility  and  the  independence  of  the  postulates  of 
a  system  of  postulates  of  a  special  deductive  science  have  been 
up  to  this  time  always  made  to  depend  upon  the  self-consistency 
of  some  other  deductive  science ;  for  instance,  geometry  de- 
pends thus  upon  analysis,  or  analysis  upon  geometry.  The 
fundamental  and  still  unsolved  problem  in  this  direction  is  that 
of  the  direct  proof  of  the  compatibility  of  the  postulates  of 
arithmetic,  or  of  the  real  number  system  of  analysis.  (To  the 
Society  this  morning  Dr.  Huntington  exhibited  two  sets  of 
independent  postulates  for  this  real  number  system.)  This 
is  the  second  of  the  twenty-three  problems  listed  by  Hil- 
bert  in  his  address  before  the  Paris  Mathematical  Congress  of 
1900. 

The  Italian  writers  on  abstract  mathematics  for  the  most  part 
make  use  of  Peano's  symbolism.  One  may  be  tempted  to  feel 
that  this  symbolism  is  not  an  essential  part  of  their  work. 
It  is  only  right  to  state,  however,  that  the  symbolism  is  not 
difficult  to  learn,  and  there  is  testimony  to  the  eflTect  that  the 
symbolism  is  actually  of  great  value  to  the  investigator  in  re- 
moving from  attention  the  concrete  connotations  of  the  ordinary 
terms  of  general  and  mathematical  language.  But  of  course 
the  essential  difficulties  are  not  to  be  obviated  by  the  use  of  any 
symbolism  however  delicate. 

Indeed  the  question  arises  whether  the  abstract  mathema- 
ticians in  making  precise  the  metes  and  bounds  of  logic  and  the 
special  deductive  sciences  are  not  losing  sight  of  the  evolution- 
ary character  of  all  life  processes,  whether  in  the  individual  or 
in  the  race.  Certainly  the  logicians  do  not  consider  their  sci- 
ence as  something  now  fixed.  All  science,  logic  and  mathe- 
matics included,  is  a  function  of  the  epoch  —  all  science,  in  its 
ideals  as  well  as  in  its  achievements.  Thus,  with  Hilbert,  let 
a  special  deductive  or  mathematical  science  be  based  upon  a 
finite  number  of  symbols  related  by  a  finite  number  of  com- 
patible postulates,  every  proposition  of  the  science  being  de- 
ducible  by  a  finite  number  of  logical  steps  from  the  postulates. 
The  content  of  this  conception  is  far  from  absolute.  It  involves 
what  presuppositions  as  to  general  logic?  What  is  a  finite 
number?  In  what  sense  is  a  postulate  —  for  example,  that 
any  two  distinct  points  determine  a  line  —  a  single  postulate  ? 
What  are  the  permissible  logical  steps  of  deduction  ?  Would 
the  usual  syllogistic  steps  of  formal  logic  suffice  ?  Would  they 
suffice  even  with  the  aid  of  the  principle  of  mathematical  induc- 
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tion,  iQ  which  Poincar6  finds  *  the  essential  synthetic  element 
of  mathematical  argumentation,  the  basis  of  that  generality 
without  which  there  would  be  no  science  ?  In  what  sense  is 
mathematical  induction  a  single  logical  step  of  deduction  ? 

One  has  then  the  feeling  that  the  carrying  out  in  an  absolute 
sense  of  the  program  of  the  abstract  mathematicians  will  be 
found  impossible.  At  the  same  time,  one  recognizes  the  im- 
portance attaching  to  the  eflTort  to  do  precisely  this  thing.  The 
requirement  of  rigor  tends  toward  essential  simplicity  of  pro- 
cedure, as  Hilbert  has  insisted  in  his  Paris  address,  and  the 
remark  applies  likewise  to  this  question  of  mathematical  logic 
and  its  abstract  expression. 

Pure  and  Applied  Mathematics. 

In  the  ultimate  analysis  for  any  epoch,  we  have  general  logic, 
the  mathematical  sciences^f  that  is,  all  special  formally  and 
abstractly  deductive  self-consistent  sciences,  and  the  natural 
sciences,  which  are  inductive  and  informally  deductive.  While 
this  classification  may  be  satisfactory  as  an  ideal  one,  it  fails  to 
recognize  the  fact  that  in  mathematical  research  one  by  no 
means  confines  himself  to  processes  which  are  mathematical  ac- 
cording to  this  definition ;  and  if  this  is  true  with  respect  to 
the  research  of  professional  mathematicians,  how  much  more  is 
it  true  with  respect  to  the  study,  which  should  throughout  be 
conducted  in  the  spirit  of  research,  on  the  part  of  students  of 
mathematics  in  the  elementary  schools  and  colleges  and  uni- 
versities. I  refer  to  the  articles  %  of  Poincar^  on  the  r6le  of 
intuition  and  logic  in  mathematical  research  and  education. 

It  is  apparent  that  this  ideal  classification  can  be  made  by 
the  devotee  of  science  only  when  he  has  reached  a  considerable 
degree  of  scientific  maturity,  that  perhaps  it  would  fail  to  appeal 
to  non-mathematical  experts,  and  that  it  does  not  accord  with 
the  definitions  given  by  practical  working  mathematicians. 
Indeed  the  attitude  of  practical  mathematicians  toward  this 

*  ''  Sur  la  nature  du  raisonnement  math^matique/'  Revue  de  Mitaphysique 
et  de  Morale,  vol.  2  (1894),  pp.  371-384. 

t  Of  which  none  is  at  present  known  to  exist. 

t  ''La  logique  et  1' intuition  dans  la  science  math^matique  et  dans  Ten- 
seignement ; "  V  EnseignemerU  Mathhnatiquey  vol.  1  (1899),  pp.  157-162. 

"Du  r61e  del' intuition  et  de  la  logique  en  Math^mati<^ues "  ;  Conipte 
Bendu  du  Deuxi^me  Congr^  International  des  Math^maticiens.  (Paris 
[1900],  1902),  pp.  115-130. 

"Sur  les  rapports  de  1*  Analyse  pure  et  de  la  Physique  math^matique "  ; 
Conference,  Zurich,  1897 ;  Acta  Mathematica,  vol.  21,  p.  238. 
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whole  subject  of  abstract  mathematics^  and  especially  the  sym- 
bolic form  of  abstract  mathematics,  is  not  unlike  that  of  the 
physicist  toward  the  whole  subject  of  theoretical  mathematics, 
and  in  turn  not  unlike  that  of  the  engineer  toward'  the  whole 
subject  of  theoretical  physics  and  mathematics.  Furthermore, 
everyone  understands  that  many  of  the  most  important  ad- 
vances of  pure  mathematics  have  arisen  in  connection  with 
investigations  originating  in  the  domain  of  natural  phenomena. 

Practically  then  it  would  seem  desirable  for  the  interests  of 
science  in  general  that  there  should  be  a  strong  body  of  men 
thoroughly  possessed  of  the  scientific  method  in  both  its  in- 
ductive and  its  deductive  forms.  We  are  confronted  with  the 
questions  :  What  is  science  ?  What  is  the  scientific  method  ? 
What  are  the  relations  between  the  mathematical  and  the 
natural  scientific  processes  of  thought  ?  As  to  these  questions 
I  refer  to  articles  and  addresses  of  Poincar6,*  Boltzmann  f  and 
Burkhardt,t  and  to  Mach's  Science  of  Mechanics  and  Pear- 
son's Grammar  of  Science. 

Without  elaboration  of  metaphysical  or  psychological  details, 
it  is  sufficient  to  refer  to  the  thought  that  the  individual  as 
confronted  with  the  world  of  phenomena  in  his  efiTort  to  obtain 
control  over  this  world  is  gradually  forced  to  appreciate  a 
knowledge  of  the  usual  co-existences  and  sequences  of  phe- 
nomena, and  that  science  arises  as  the  body  of  formulas  serv- 
ing to  epitomize  or  summarize  conveniently  these  usual  co- 
existences and  sequences.  These  formulas  are  of  the  nature  of 
more  or  less  exact  descriptions  of  phenomena ;  they  are  not  of  the 
nature  of  explanations.  Of  all  the  relations  entering  into  the 
formulas  of  science,  the  fundamental  mathematical  notions  of 
number  and  measure  and  form  were  among  the  earliest,  and  pure 
mathematics  in  its  ordinary  acceptation  may  be  understood  to 
be  the  systematic  development  of  the  properties  of  these  no- 
tions, in  accordance  with  conditions  prescribed  by  physical 
phenomena.  Arithmetic  and  geometry,  closely  united  in  men- 
suration and  trigonometry,  early  reached  a  high  degree  of  ad- 

*  In  addition  to  those  already  cited  :  "  On  the  Foundations  of  Geometry  *'  ; 
The  Mmistj  vol.  9,  October,  1898,  pp.  1-43.  "Sur  les  prindpes  de  la  M^ 
caniqae;'*  Biblioth^ue  du  Congr^  International  de  Philosophie,  toI.  3, 
pp.  457-494. 

t  "Ueber  die  Methoden  der  theoretischen  Physik"  ;  Dyck's  Katalog  ma- 
thematischer  und  mathematisch-physikalischer  Modelle,  Apparate  una  In- 
strumente,  pp.  89-98  (Munich,  1892). 

t  "Mathematisches  und  naturwissenpchaftliches  Denken'^  ;  Jahreaber.  (Ur 
Deutsehen  Math,-Ver,,  vol.  11  (1902),  pp.  49-67. 
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vancement.  But  after  the  development  of  the  generalizing 
literal  notations  of  algebra,  and  largely  in  response  to  the  in- 
sistent demands  of  mechanics,  astronomy  and  physics,  the 
seventeenth  century,  binding  together  arithmetic  and  geometry 
infinitely  more  closely,  created  analytic  geometry  and  the  in- 
finitesimal calculus,  those  mighty  methods  of  research  whose 
application  to  all  branches  of  tibe  theoretical  and  practical  phys- 
ical sciences  so  fundamentally  characterizes  the  civilization  of 
to-day. 

The  eighteenth  century  was  devoted  to  the  development  of 
the  powers  of  these  new  instruments  in  all  directions.  While 
this  development  continued  during  the  nineteenth  century, 
the  dominant  note  of  the  nineteenth  century  was  that  of  critical 
reorganization  of  the  foundations  of  pure  mathemathics,  so 
far,  for  instance,  the  majestic  edifice  of  analysis  was  seen  to 
rest  upon  the  arithmetic  of  positive  int^ers  alone.  This 
reorganization  and  the  consequent  course  of  development 
of  pure  mathematics  were  independent  of  the  question  of  the 
application  of  mathematics  to  the  sister  sciences.  There  has 
thus  arisen  a  chasm  between  pure  mathematics  and  applied 
mathematics.  There  have  not  been  lacking,  however,  influ- 
ences making  toward  the  bridging  of  this  chasm ;  one  thinks 
especially  of  the  whole  influence  of  Klein  in  Germany  and  of 
the  Ecole  Polytechnique  in  France.  As  a  basis  of  union  of 
the  pure  mathematicians  and  the  applied  mathematicians 
Klein  has  throughout  emphasized  the  importance  of  a  dear 
understanding  of  the  relations  between  those  two  parts  of 
mathematics  which  are  conveniently  called  ^^  mathematics  of 
precision  "  and  "  mathematics  of  approximation,^'  and  I  refer 
especially  to  his  latest  work  of  this  character,  Anwendung  der 
Differential-  und  Int^ralrechnung  auf  Geometric  :  Eine  Re- 
vision der  Principien  (Grottingen,  Summer  Semester,  1901  ; 
Teubner,  1902).  This  course  of  lectures  is  designed  to  present 
particular  applications  of  the  general  notions  of  Klein,  and 
furthermore  it  is  in  continuation  of  the  discussion  between 
Pringsheim  and  Klein  and  others,  as  to  the  desirable  character 
of  lectures  on  mathematics  in  the  universities  of  Germany. 

Elementary  MaihemaJtics, 

This  separation  between  pure  mathematics  and  applied  ma- 
thematics is  grievous  even  in  the  domain  of  elementary  mathe- 
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matics.  In  witness,  in  the  first  place :  The  workers  in  phys- 
ics, chemistry  and  engineering  need  more  practical  mathematics, 
and  numerous  text-books,  in  particular,  on  calculus,  have 
recently  been  written  from  the  point  of  view  of  these  allied 
subjects.  I  refer  to  the  works  by  Nernst  and  Schoenflies,* 
Loreutz,t  Perry  %  and  Mel  lor,  §  and  to  a  book  on  the  very  ele- 
ments of  mathematics  now  in  preparation  by  Oliver  Lodge. 

In  the  second  place,  I  dare  say  you  are  all  familiar  with  the 
surprisingly  vigorous  and  effective  agitation  with  respect  to  the 
teaching  of  elementary  mathematics  which  is  at  present  in 
progress  in  England,  largely  under  the  direction  of  John  Perry, 
Professor  of  Mechanics  and  Mathematics  of  the  Royal  College 
of  Science,  London,  and  chairman  of  the  Board  of  Examiners 
of  the  Board  of  Education  in  the  subjects  of  engineering,  in- 
cluding practical  plane  and  solid  geometry,  applied  mechanics, 
practical  mathematics,  in  addition  to  more  technical  subjects, 
and  in  this  capacity  in  charge  of  the  education  of  some  hundred 
thousand  apprentices  in  English  night  schools.  The  section  on 
Education  of  the  British  Association  had  its  first  session  at  the 
Glasgow  meeting,  1901,  and  the  session  was  devoted  to  the 
consideration,  in  connection  with  the  section  on  Mathematics 
and  Physics,  of  the  question  of  the  pedagogy  of  mathematics, 
and  Perry  opened  the  discussion  by  a  paper  on  "  The  Teaching 
of  Mathematics.^'  A  strong  committee  under  the  chairmanship 
of  Professor  Forsyth,  of  Cambridge,  was  appointed  "  to  report 
upon  improvements  that  might  be  effected  in  the  teaching  of 
mathematics,  in  the  first  instance,  in  the  teaching  of  elementary 
mathematics,  and  upon  such  means  as  they  think  likely  to 
effect  such  improvements."  The  paper  of  Perry,  with  the  dis- 
cussion of  the  subject  at  Glasgow  and  additions  including  the 
report  of  the  committee  as  presented  to  the  British  Association 
at  its  Belfast  meeting,  September,  1902,  are  collected  in  a  small 


''^  Nernst  und  Schoenflies:  Einfiihrun^  in  die  mathematische  Behandlunff 
der  Naturwissenschaften  (Munich  and  Leipsic.  1895),  the  basis  of  Young  and 
Linebarger's  Elements  of  Differential  and  Integral  Calculus  (New  York, 
1900). 

fLorentz:  Lehrbuch  der  Differential-  und  IntegnJrechnung  (Leipsic, 
1900). 

t  Perry  :  Calculus  for  Engineers.  (Second  edition,  London,  E.  Arnold, 
1897);  German  translation  by  Fricke  (Teubner,  1902).  Cf.  also  the  citations 
given  later  on. 

i  Mellor :  Higher  Mathematics  for  Students  of  Chemistry  and  Physics, 
with  special  reference  to  Practical  Work.  (Longmans,  Green  &  Co.,  1902. 
Pp.  xxi  -h  543. ) 
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volume,  "  Discussion  on  the  Teaching  of  Mathematics,"  edited 
by  Professor  Perry  (Macmillan;  second  edition,  1902).* 

One  should  consult  the  books  of  Perry,  Practical  Mathemat- 
ics,t  Applied  Mechanics,!  Calculus  for  Engineers  §  and 
England's  Neglect  of  Science, ||  and  his  address  1  on  *'The  Ed- 
ucation of  Engineers"  —  and  furthermore,  the  files  from  1899 
on  of  the  English  journals,  NaiurCy  School  World,  Journal  of 
EducKition  and  MaihematiccU  Gazette. 

One  important  purpose  of  the  English  agitation  is  to  relieve 
the  English  secondary  school  teachers  from  the  burden  of  a  too 
precise  examination  system,  imposed  by  the  great  examining 
bodies ;  in  particular,  to  relieve  them  from  the  need  of  retain- 
ing Euclid  as  the  sole  authority  in  geometry,  at  any  rate  with 
respect  to  the  sequence  of  propositions.  Similar  efforts  made 
in  England  about  thirty  years  ago  were  unsuccessful.  Appar- 
ently the  forces  operating  since  that  time  have  just  now  broken 
forth  into  successful  activity ;  for  the  report  of  the  British  As- 
sociation committee  was  distinctly  &vorable,  in  a  conservative 
sense,  to  the  idea  of  reform,  and  already  noteworthy  initial 
changes  have  been  made  in  the  regulations  for  the  secondary 
examinations  by  the  examination  syndicates  of  the  universities 
of  Oxford,  Cambridge  and  London. 

The  reader  will  find  the  literature  of  this  English  movement 
very  interesting  and  suggestive.  For  instance,  in  a  letter  to 
Nature  (volume  65,  page  484  ;  March  27, 1902),  Perry  mildly 
apologizes  for  having  to  do  with  the  movement  whose  imme- 
diate results  are  likely  to  be  merely  slight  reforms,  instead  of 
the  thoroughgoing  reforms  called  for  in  his  pronouncements  and 
justified  by  his  marked  success  during  over  twenty  years  as  a 
teacher  of  practical  mathematics.  He  asserts  that  the  orthodox 
logical  sequence  in  mathematics  is  not  the  only  possible  one ; 
that  on  the  contrary  a  more  logical  sequence  than  the  orthodox 
one  (because  one  more  possible  of  comprehension  by  the  stu- 
dents) is  based  upon  the  notions  underlying  the  infinitesimal 

*Cf.  also  '^  Report  on  the  Teaching  of  Elementary  Mathematics,  issaed 
by  the  Mathematical  Association''  (G.  Bell  <&  Sons,  London,  1902). 

t  Published  for  the  Board  of  Education  by  Eyre  and  Spottiswoode  (Lon- 
don, 1899). 

JD.  Van  Nostrand  Co.,  New  York,  1898. 

i  Second  edition,  London,  E.  Arnold,  1897. 

II  T.  Fisher  Unwin,  Ix)ndon,  1900. 

f  In  opening  the  discussion  of  the  sections  on  Engineering  and  on  Educa- 
tion at  the  Belfast,  1902,  meeting  of  the  British  Association.  Published  in 
Science,  Nov.  14,  1902. 
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calculus  taken  as  axioms;  for  instance,  that  a  map  may  be 
drawn  to  scale;  the  notions  underlying  the  many  uses  of 
squared  paper ;  that  decimals  may  be  dealt  with  as  ordinary 
numbers.  He  asserts  as  essential  that  the  boy  should  be /ami/' 
iar  (by  way  of  experiment,  illustration,  measurement,  and  by 
every  possible  means)  with  the  ideas  to  which  he  applies  his 
logic ;  and  moreover  that  he  should  be  thoroughly  interested  in 
the  subject  studied ;  and  he  closes  with  this  peroration  : 

"'Great  God  I   Td  rather  be 
A  pagaDi  suckled  in  a  creed  outworn.' 

I  would  rather  be  utterly  ignorant  of  all  the  wonderful  liter- 
ature and  science  of  the  last  twenty-four  centuries,  even  of  the 
wonderful  achievements  of  the  last  fifty  years,  than  not  to  have 
the  sense  that  our  whole  system  of  so-called  education  is  as  de- 
grading to  literature  and  philosophy  as  it  is  to  English  boys 
and  men." 

As  a  pure  mathematician,  I  hold  as  the  most  important  sug- 
gestion of  the  English  movement  the  suggestion  of  Perry^s, 
just  cited,  that  by  emphasizing  steadily  the  practical  sides  of 
mathematics,  that  is,  arithmetic  computations,  mechanical  draw- 
ing and  graphical  methods  generally,  in  continuous  relation 
with  problems  of  physics  and  chemistry  and  engineering,  it 
would  be  possible  to  give  very  young  students  a  great  body  of 
the  essential  notions  of  trigonometry,  analytic  geometry,  and 
the  calculus.  This  is  accomplished  on  the  one  hand  by  the 
increase  of  attention  and  comprehension  obtained  by  connect- 
ing the  abstract  mathematics  with  subjects  which  are  naturally 
of  interest  to  the  boy,  so  that,  for  instance,  all  the  results  ob- 
tained by  theoretic  process  are  capable  of  check  by  laboratory 
process,  and  on  the  other  hand  by  a  diminution  of  emphasis  on 
the  systematic  and  formal  sides  of  the  instruction  in  mathe- 
matics. Undoubtedly  many  mathematicians  will  feel  that  this 
decrease  of  emphasis  will  result  in  much  if  not  irreparable 
injury  to  the  interests  of  mathematics.  But  I  am  inclined  to 
think  that  the  mathematician  with  the  catholic  attitude  of  an 
adherent  of  science  in  general  (and  at  any  rate  with  respect  to 
the  problems  of  the  pedagogy  of  elementary  mathematics  there 
is  no  other  rational  attitude)  will  see  that  the  boy  will  be  learn- 
ing to  make  practical  use  in  his  scientific  investigations,  to  be 
sure  in  a  naive  and  elementary  way,  of  the  finest  mathe- 
matical  tools   which    the   centuries   have  forged,  that  under 
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skillful  guidance  he  will  leara  to  be  interested  not  merely  in 
the  achievements  of  the  tools  but  in  the  theory  of  the  tools 
themselves,  and  that  thus  he  will  ultimately  have  a  feeling 
towards  his  mathematics  extremely  different  from  that  which  is 
now  met  with  only  too  frequently  —  a  feeling  that  mathe- 
matics is  indeed  itself  a  fundamental  reality  of  the  domain  of 
thought,  and  not  merely  a  matter  of  symbols  and  arbitrary 
rules  and  conventions. 

?%€   American   Mathematical  Society. 

The  American  Mathematical  Society  has,  naturally,  inter- 
ested itself  chiefly  in  promoting  the  interests  of  research  in 
mathematics.  It  has,  however,  recognized  that  those  interests 
are  closely  bound  up  with  the  interests  of  education  in  mathe- 
matics. I  refer  in  particular  to  the  valuable  work  done  by 
■the  committee  appointed,  with  the  authorization  of  the  Council, 
by  the  Chicago  Section  of  the  Society,  to  represent  mathe- 
matics in  connection  with  Dr.  Nightingale's  committee  of  1899 
of  the  National  Educational  Association  in  the  formulation  of 
standard  curricula  for  high  schools  and  academies,  and  to  the 
fact  that  two  committees  are  now  at  work,  one  appointed  in 
December,  1901,  by  the  Chicago  Section,  to  formulate  the 
desirable  conditions  for  the  granting  by  institutions  of  the 
Mississippi  Valley,  of  the  degree  of  Master  of  Arts  for  work 
in  mathematics,  and  the  other  appointed  by  the  Society  at  its 
last  summer  meeting  to  cooperate  with  similar  committees  of 
the  National  Educational  Association  and  of  the  Society  for 
the  Promotion  of  Engineering  Education,  in  formulating 
standard  definitions  of  requirements  in  mathematical  subjects 
for  admission  to  colleges  and  technological  schools  ;  and  further- 
more I  refer  to  the  fact  that  (although  not  formally)  the  Society 
has  made  a  valuable  contribution  to  the  interests  of  secondary 
education  in  that  the  College  Entrance  Examination  Board 
has  as  its  Secretary  the  principal  founder  of  the  Society.  I 
have  accordingly  felt  at  liberty  to  bring  to  the  attention  of  the 
Society  these  matters  of  the  pedagogy  of  elementary  mathe- 
matics, and  I  do  so  with  the  firm  conviction  that  it  would  be 
possible  for  the  Society,  by  giving  still  more  attention  to  these 
matters,  to  further  most  effectively  the  highest  interests  of 
mathematics  in  this  country. 
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II.  A  Vision. 

An  Invitation. 

The  pure  mathematicians  are  invited  to  determine  ho^ 
mathematics  is  regarded  by  the  world  at  large,  including  their 
colleagues  of  other  science  departments  and  the  students  of 
elementary  mathematics,  and  to  ask  themselves  whether  by 
modification  of  method  and  attitude  they  may  not  win  for  it 
the  very  high  position  in  general  esteem  and  appreciative 
interest  which  it  assuredly  deserves. 

•  This  general  invitation  and  the  preceding  summary  view 
invoke  this  vision  of  the  future  of  elementary  mathematics 
in  this  country. 

The  Pedagogy  of  Elementary  Mcdhematics. 

We  survey  the  pedagogy  of  elementary  mathematics  in  the 
primary  schools,  in  the  secondary  schools,  and  in  the  junior 
colleges  (the  lower  collegiate  years).  It  is,  however,  under- 
stood that  there  is  a  movement  for  the  enlargement  of  the 
strong  secondary  schools,  by  the  addition  of  the  two  years  of 
junior  college  work  and  by  the  absorption  of  the  last  two  or 
three  grades  of  the  primary  schools,  into  institutions  more  of 
the  type  of  the  German  gymnasia  and  the  French  lyc^ ;  *  in 
favor  of  this  movement  there  are  strong  arguments,  and  among 
them  this,  that  in  such  institutions,  especially  if  closely  related 
to  strong  colleges  or  universities,  the  mathematical  reforms  may 
the  more  easily  be  carried  out. 

The  fundamental  problem  is  that  of  the  unification  of  pure 
and  applied  matheimUics.  If  we  recognize  the  branching  im- 
plied by  the  very  terms  "  pure,"  "  applied,"  we  have  to  do 
with  a  special  case  of  the  correlation  of  different  subjects  of  the 
curriculum,  a  central  problem  in  the  domain  of  pedagogy  from 
the  time  of  Herbart  on.  In  this  case,  however,  the  fundamental 
solution  is  to  be  found  rather  by  way  of  indirection  —  by 
arranging  the  curriculum  so  that  throughout  the  domain  of 
elementary  mathematics  the  branching  be  not  recognized. 

The  Primary  Schools. 

Would  it  not  be  possible  for  the  children  in  the  grades  to  be 
trained  in  power  of  observation  and  experiment  and  reflection 

*  Ab  to  the  mathematics  of  these  institutions,  one  may  consult  the  book  on 
"The  Teaching  of  Mathematics  in  the  Higher  Schools  of  Prussia"  (New 
York:  Longmans  Green  &  Co.,  1900)  by  Professor  Young,  and  the  article 
(BuLurriN,  vol.  6,  p.  225)  by  Professor  Pierpont. 
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and  deduction  so  that  always  their  mathematics  should  be 
directly  connected  with  matters  of  thoroughly  concrete  char- 
acter ?  The  response  is  immediate  that  this  is  being  done  to- 
day in  the  kmdergartens  and  in  the  better  elementary  schools. 
I  understand  that  serious  difficulties  arise  with  children  of  from 
nine  to  twelve  years  of  age,  who  are  no  longer  contented  with 
the  simple  concrete  methods  of  earlier  years  and  who  neverthe- 
less are  unable  to  appreciate  the  more  abstract  methods  of  the 
later  years.  These  difficulties,  some  say,  are  to  be  met  by 
allowing  the  mathematics  to  enter  only  implicitly  in  connection 
with  the  other  subjects  of  the  curriculum.  But  rather  the 
material  and  methods  of  the  mathematics  should  be  enriched 
and  vitalized.  In  particular,  the  grade  teachers  must  make 
wiser  use  of  the  foundations  furnished  by  the  kindergarten. 
The  drawing  and  the  paper  folding  must  lead  on  directly  to 
systematic  study  of  intuitional  geometry,  including  the  con- 
struction of  models  and  the  elements  of  mechanical  drawing, 
with  simple  exercises  in  geometrical  reasoning.*  The  geometry 
must  be  closely  connected  with  the  numerical  and  literal  arith- 
metic. The  cross-grooved  tables  of  the  kindergarten  furnish 
an  especially  important  type  of  connection,  viz.,  a  conventional 
graphical  depiction  of  any  phenomenon  in  which  one  magni- 
tude depends  upon  another.  These  tables  and  the  similar 
cross-section  blackboards  and  paper  must  enter  largely  into  all 
the  mathematics  of  the  grades.  The  children  are  to  be  taught 
to  represent,  according  to  the  usual  conventions,  various  famil- 
iar and  interesting  phenomena  and  to  study  the  properties  of 
the  phenomena  in  the  pictures ;  to  know,  for  example,  what 
concrete  meaning  attaches  to  the  fact  that  a  graph  curve  at  a 
certain  point  is  going  down  or  is  going  up  or  is  horizontal. 
Thus  the  problems  of  percentage,  interest,  etc.,  have  their  depic- 
tion in  straight  line  or  broken  line  graphs. 

The  Secondary  Schools. 

Pending  the  reform  of  the  primary  schools,  the  secondary 
schools  must  advance  independently.  In  these  schools  at 
present,  according  to  one  type  of  arrangement,  we  find  alge- 
bra in  the  first  year,  plane  geometry  in  the  second,  physics 

*  Here  I  refer  to  the  very  suggestive  paper  of  Benchara  Branfonl,  entitled 
**  Measurement  and  Simple  Surveying.  An  Experiment  in  the  Teaching  of 
Elementary  Geometry ''  to  a  small  class  of  beginners  of  about  ten  years  of  age 
{Joumai  of  EdttecUion,  London,  the  first  part  appearing  in  the  number  for 
August,  1899). 
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in  the  third,  and  the  more  difficult  parts  of  algebra  and  solid 
geometry,  with  review  of  all  the  mathematics,  in  the  fourth. 

Engineers  *  tell  us  that  in  the  schools  algebra  is  taught  in 
one  water-tight  compartment,  geometry  in  another  and  physics 
in  another,  and  that  the  student  learns  to  appreciate  (if  ever) 
only  very  late  the  absolutely  close  connection  between  these 
different  subjects,  and  then,  if  he  credits  the  fraternity  of 
teachers  with  knowing  the  closeness  of  this  relation,  he  blames 
them  most  heartily  for  their  unaccountably  stupid  way  of 
teaching  him.  If  we  contrast  this  state  of  affairs  with  the 
state  of  affairs  in  the  solid  four  years'  course  in  Latin,  I  think 
we  are  forced  to  the  conclusion  that  the  organization  of  instruc- 
tion in  Latin  is  much  more  perfect  than  that  of  the  instruction 
in  mathematics. 

The  following  question  arises:  Wovld  it  not  be  possible  to 
organize  the  algebra^  geometry^  and  physics  of  the  secondary 
school  into  a  thoroughly  coherent  four  yearf?  course^  comparable 
in  strength  and  closeness  of  structure  with  the  four  years' 
course  in  Latin  ?  (Here  under  physics  I  conclude  astronomy 
and  the  more  mathematical  and  physical  parts  of  physiography.) 
It  would  seem  desirable  that  just  as  the  systematic  develop- 
ment of  theoretical  mathematics  is  deferred  to  a  later  period, 
likewise  much  of  theoretical  physics  might  well  be  deferred. 
Let  the  physics  also  be  made  thoroughly  practical.  At  any 
rate  so  far  as  the  instruction  of  boys  is  concerned,  the  course 
should  certainly  have  its  character  largely  determined  by  the 
conditions  which  would  be  imposed  by  engineers.  What  kind 
of  two  or  three  years'  course  in  mathematics  and  physics  would 
a  thoroughly  trained  engineer  give  to  boys  in  the  secondary 
school  ?     Let  this  body  of  material  postulated  by  the  engineer 

*  Why  is  it  that  one  of  the  sanest  and  best-informed  scientific  men  living, 
a  man  not  himself  an  engineer,  can  charge  mathematicians  with  killing  on 
every  engineering  school  on  which  they  can  lay  hands  ?  Why  do  engineers  so 
strongly  urffe  that  the  mathematical  courses  in  engineering  schools  be  given 
by  practical  engineers? 

And  why  can  a  reviewer  of  "Some  Recent  Books  on  Mechanics  "  write  with 
truth  :  ''The  student's  previous  training  in  aleebra,  geometry,  trigonometiT| 
analytic  geometry,  and  calculus  as  it  is  generally  taught  has  been  necessarily 
quite  formal .  These  mighty  algori thms  of  formal  mathematics  must  be  learned 
BO  that  they  can  be  applied  with  readiness  and  precision.  But  with  mechanics 
comes  the  application  of  these  algorithms,  and  formal,  do-by-rote  methods, 
though  often  possible,  yield  no  results  of  permanent  value.  How  to  elicit  and 
cultivate  thou^t  is  now  of  primary  importance  "  ?  (E.  B.  Wilson,  Bulletin, 
Oct.,  1902).  But  is  it  conceivable  that  in  any  part  of  the  education  of  the  stu- 
dent the  problem  of  eliciting  and  cultivating  thought  diould  not  be  of  pri- 
mary importance? 
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serve  as  the  basis  of  the  four  years'  course.  Let  the  instruc- 
tion in  the  course,  however,  be  given  by  men  who  have  received 
expert  training  in  mathematics  and  physics  as  well  as  in  engi- 
neering, and  let  the  instruction  be  so  organized  that  with  the 
development  of  the  boy  in  appreciation  of  the  practical  relations 
shall  come  simultaneously  his  development  in  the  direction  of 
theoretical  physics  and  theoretical  mathematics. 

Perry  is  quite  right  in  insisting  that  it  is  scientifically  legiti- 
mate in  the  pedagogy  of  elementary  mathematics  to  take  a  large 
body  of  basal  principles  instead  of  a  small  body,  -and  to  build 
the  edifice  upon  the  larger  body  for  the  earlier  years,  reserving 
for  the  later  years  the  philosophic  criticism  of  the  basis  itself 
and  the  reduction  of  the  basal  system. 

To  consider  the  subject  of  geometry  in  all  briefness  :  With 
the  understanding  that  proper  emphasis  is  laid  upon  all  the 
concrete  sides  of  the  subject,  and  that  furthermore  from  the 
beginning  exercises  in  informal  deduction  *  are  introduced  in- 
creasingly frequently,  when  it  comes  to  the  beginning  of  the 
more  formal  deductive  geometry  why  should  not  the  students 
be  directed  each  for  himself  to  set  forth  a  body  of  geometric 
fundamental  principles,  on  which  he  would  proceed  to  erect  his 
geometric  edifice  ?  This  method  would  be  thoroughly  practical 
and  at  the  same  time  thoroughly  scientific.  The  various  stu- 
dents would  have  different  systems  of  axioms,  and  the  discus- 
sions thus  arising  naturally  would  make  clearer  in  the  minds 
of  all  precisely  what  are  the  functions  of  the  axioms  in  the 
theory  of  geometry.  The  studei^s  would  omit  very  many  of 
the  axioms,  which  to  them  would  go  without  saying.  The 
teacher  would  do  well  not  to  undertake  to  make  the  system  of 
axioms  thoroughly  complete  in  the  abstract  sense.  "  Sufficient 
unto  the  day  is  the  precision  thereof."  The  student  would 
very  probably  wish  to  take  for  granted  all  the  ordinary  prop- 
erties of  measurement  and  of  motion,  and  would  be  ready  at 
once  to  accept  the  geometrical  implications  of  coordinate  geom- 
etry. He  could  then  be  brought  with  extreme  ease  to  the  con- 
sideration of  fundamental  notions  of  the  calculus  as  treated 
concretely  and  he  would  find  those   notions  delightfully  real 

♦In  an  article  shortly  to  appear  in  the  Educational  Beview on  "The  Psy- 
chological and  the  Logical  in  the  Teaching  of  Geometry/'  Professor  John 
Dewey,  calling  attention  to  the  evolutionary  character  of  the  education  of  an 
individual,  insists  that  there  should  be  no  abrupt  transition  from  the  intro- 
ductory, intuitional  geometry  to  the  systematic,  demonstrative  geometry. 
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and  powerful^  whether  in  the  domain  of  mathematics  or  of 
physics  or  of  chemistry. 

To  be  sure,  as  Study  has  well  insisted^  for  a  thorough  com- 
prehension of  even  the  elementary  parts  of  euclidean  geometry 
the  non-euclidean  geometries  are  absolutely  essential.  But 
the  teacher  is  teaching  the  subject  for  the  benefit  of  the  stu- 
dents, and  it  must  be  admitted  that  beginners  in  the  study  of 
demonstrative  geometry  cannot  appreciate  the  very  delicate 
considerations  involved  in  the  thoroughly  abstract  science. 
Indeed,  one  may  conjecture  that,  had  it  not  been  for  the  bril- 
liant success  of  Euclid  in  his  effort  to  organize  into  a  formally 
deductive  system  the  geometric  treasures  of  his  times,  the  ad- 
vent of  the  reign  of  science  in  the  modern  sense  might  not  have 
been  so  long  deferred.  Shall  we  then  hold  that  in  the  schools 
the  teaching  of  demonstrative  geometry  should  be  reformed  in 
such  a  way  as  to  take  account  of  all  the  wonderful  discoveries 
which  have  been  made  —  many  even  recently — in  the  domain 
of  abstract  geometry  ?  And  should  similar  reforms  be  made 
in  the  treatment  of  arithmetic  and  algebra  ?  To  make  reforms 
of  this  kind  :  would  it  not  be  to  repeat  more  gloriously  the  error 
of  those  followers  of  Euclid  who  fixed  his  Elements  as  a 
textbook  for  elementary  instruction  in  geometry  for  over  two 
thousand  years  ?  Everyone  agrees  that  professional  mathema- 
ticians should  certainly  take  account  of  these  great  develop- 
ments in  the  technical  foundations  of  mathematics,  and  that 
ample  provision  should  be  made  for  instruction  in  these  matters ; 
and  on  reflection,  everyone  agrees  further  that  this  provision 
should  be  reserved  for  the  later  collegiate  and  university  years. 

The  Laboratory  Method. 

This  program  of  reform  calls  for  the  development  of  a 
thoroughgoing  laboratory  system  of  instruction  in  mathematics 
and  physics,  a  principal  purpose  being  as  far  as  possible  to  de- 
velop on  the  part  of  every  student  the  true  spirit  of  research, 
and  an  appreciation,  practical  as  well  as  theoretic,  of  the  funda- 
mental methods  of  science. 

In  connection  with  what  has  already  been  said,  the  general 
suggestions  I  now  add  will,  I  hope,  be  found  of  use  when  one 
enters  upon  the  questions  of  detail  involved  in  the  organization 
of  the  course. 

As  the  world  of  phenomena  receives  attention  by  the  indi- 
vidual, the  phenomena  are  described  both  graphically  and  in 
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terms  of  number  and  measure ;  the  number  and  measure  rela- 
tions of  the  phenomena  enter  fundamentally  into  the  graphical 
depiction,  and  furthermore  the  graphical  depiction  of  the  phe- 
nomena serves  powerfully  to  illuminate  the  relations  of  number 
and  measure.  This  is  the  fundamental  scientific  point  of  view. 
Here  under  the  term  graphical  depiction  I  include  representa- 
tion by  models. 

To  provide  for  the  needs  of  laboratory  instruction,  there 
should  be  regularly  assigned  to  the  subject  two  periods,  count- 
ing as  one  period  in  the  curriculum. 

As  to  the  possibility  of  effecting  this  unification  of  mathe- 
matics and  physics,  in  the  secondary  schools,  objection  will  be 
made  by  some  teachers  that  it  is  impossible  to  do  well  more 
than  one  thing  at  a  time.  This  pedagogic  principle  of  concen- 
tration is  undoubtedly  sound.  One  must,  however,  learn  how 
to  apply  it  wisely.  For  instance,  in  the  physical  laboratory  it 
is  undesirable  to  introduce  experiments  which  teach  the  use  of 
the  calipers  ol*  of  the  vernier  or  of  the  slide  rule.  Instead  of 
such  uninteresting  experiments  of  limited  purpose,  the  students 
should  be  directed  to  extremely  interesting  problems  which  in- 
volve the  use  of  these  instruments  and  thus  be  lead  to  learn  to 
use  the  instruments  as  a  matter  of  course  and  not  as  a  matter 
of  difficulty.  Just  so  the  smaller  elements  of  mathematical 
routine  can  be  made  to  attach  themselves  to  laboratory  prob- 
lems, arousing  and  retaining  the  interest  of  the  students. 
Again,  everything  exists  in  its  relations  to  other  things,  and  in 
teaching  the  one  thing  the  teacher  must  illuminate  these  rela- 
tions. 

Every  result  of  importance  should  be  obtained  by  at  least 
two  distinct  methods,  and  every  result  of  especial  importance 
by  two  essentially  distinct  methods.  This  is  possible  in  mathe- 
matics and  the  physical  sciences,  and  thus  the  student  is  made 
thoroughly  independent  of  all  authority. 

All  results  should  be  checked,  if  only  qualitatively  or  "  to 
the  first  significant  figure."  In  setting  problems  in  practical 
mathematics  (arithmetical  computation  or  geometrical  construc- 
tion) the  teacher  should  indicate  the  amount  or  percentage  of 
error  permitted  in  the  final  result.  If  this  amount  or  percentage 
is  chosen  conveniently  in  the  different  examples,  the  student 
will  be  lead  to  the  general  notion  of  closer  and  closer  approxi- 
mation to  a  perfectly  definite  result  and  thus  in  a  practical  way 
to  the  fundamental  notions  of  the  theory  of  limits  and  of  ir- 
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rational  numbers.  Thus,  for  instance,  uniformity  of  conver- 
gence can  be  taught  beautifully  in  connection  with  the  concrete 
notion  of  area  under  a  monotonic  curve  between  two  ordinates, 
by  a  figure  due  to  Newton,  while  the  interest  will  be  still 
greater  if  in  the  diagram  area  stands  for  work  done  by  an 
engine. 

The  teacher  should  lead  up  to  an  important  theorem  gradu- 
ally in  such  a  way  that  the  precise  meeting  of  the  statement  in 
question,  and  further,  the  practical  —  i.  e.,  computational  or 
graphical  or  experimental  —  truth  of  the  theorem  is  fully  ap- 
preciated ;  and  furthermore,  the  importance  of  the  theorem  is 
understood,  and  indeed  the  desire  for  the  formal  proof  of  the 
proposition  is  awakened,  before  the  formal  proof  itself  is  devel- 
oped. Indeed,  in  most  cases,  much  of  the  proof  should  be 
secured  by  the  research  work  of  the  students  themselves. 

Some  hold  that  absolutely  individual  instruction  is  the  ideal, 
and  a  laboratory  method  has  sometimes  been  used  for  the  pur- 
pose of  attaining  this  ideal.  The  laboratory  method  has  as 
one  of  its  elements  of  great  value  the  flexibility  which  permits 
students  to  be  handled  as  individuals  or  in  groups.  The  in- 
structor utilizes  all  the  experience  and  insight  of  the  whole 
body  of  students.  He  arranges  it  so  that  the  students  consider 
that  they  are  studying  the  subject  itself,  and  not  the  words, 
either  printed  or  oral,  of  any  authority  on  the  subject.  And 
in  this  study  they  should  be  in  the  closest  cooperation  with  one 
another,  and  with  their  instructor,  who  is  in  a  desirable  sense 
one  of  them  and  their  leader.  Instructors  may  fear  that  the 
brighter  students  will  suffer  if  encouraged  to  spend  time  in 
cooperation  with  those  not  so  bright.  But  experience  shows 
that  just  as  every  teacher  learns  by  teaching,  so  even  the 
the  brightest  students  will  find  themselves  much  the  gainers 
for  this  cooperation  with  their  colleagues. 

In  agreement  with  Perry,  it  would  seem  possible  that  the 
student  might  be  brought  into  vital  relation  with  the  funda- 
mental elements  of  trigonometry,  analytic  geometry,  and  the 
calculus,  on  condition  that  the  whole  treatment  in  its  origin  is 
and  in  its  development  remains  closely  associated  with  thor- 
oughly concrete  phenomena.  With  the  momentum  of  such 
practical  education  in  the  methods  of  research  in  the  secondary 
school,  the  college  students  would  be  ready  to  proceed  rapidly 
and  deeply  in  any  direction  in  which  their  personal  interests 
might  lead  them.     In  particular,  for  instance,  one  might  ex- 
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pect  to  find  effective  interest  on  the  part  of  college  students  in 
the  most  formal  abstract  mathematics. 

For  all  students  who  are  intending  to  take  a  full  secondary 
school  course,  in  preparation  for  colleges  or  technological 
schools,  I  am  convinced  that  the  laboratory  method  of  instruc- 
tion in  mathematics  and  physics,  which  has  been  briefly  sug- 
gested, is  the  best  method  of  instruction,  for  students  in 
general,  and  for  students  expecting  to  specialize  in  pure  mathe- 
matics, in  pure  physics,  in  mathematical  physics  or  astronomy, 
or  in  any  branch  of  engineering. 

Evolution,  not  Revolution, 

In  contemplating  this  reform  of  secondary  school  instruction 
we  must  be  careful  to  remember  that  it  is  to  be  accomplished 
as  an  evolution  from  the  present  system  and  not  as  a  revolu- 
tion of  that  system.  Even  under  the  present  organization  of 
the  curriculum  the  teachers  will  find  that  much  improvement 
can  be  made  by  closer  cooperation  one  with  another ;  by  the 
introduction  so  far  as  possible  of  the  laboratory  two-period 
plan  ;  and  in  any  event  by  the  introduction  of  laboratory 
methods ;  laboratory  record  books,  cross  section  paper,  compu- 
tational and  graphical  methods  in  general,  including  the  use  of 
colored  inks  and  chalks  ;  the  cooperation  of  students  ;  and  by 
laying  emphasis  upon  the  comprehension  of  propositions  rather 
than  upon  the  exhibition  of  comprehension. 

The  Junior  Colleges. 

Just  as  the  secondary  schools  should  begin  to  reform  without 
waiting  for  the  improvement  of  the  primary  schools,  so  the 
elementary  collegiate  courses  should  be  modified  at  once  with- 
out waiting  for  the  reform  of  the  secondary  schools.  And 
naturally,  in  the  initial  period  of  reform,  the  education  in  each 
higher  domain  will  involve  many  elements  which  later  on  will 
be  transferred  to  the  later  domain. 

Further,  by  the  introduction  into  the  junior  colleges  of  the 
laboratory  method  of  instruction  it  will  be  possible  for  the 
colleges  and  universities  to  take  up  a  duty  which  for  the  most 
part  has  been  neglected  in  this  country.  For,  although  we 
have  normal  schools  and  other  training  schools  for  those  who 
expect  to  teach  in  the  grades,  little  attention  has  as  yet  been 
given  to  the  training  of  those   who  will    become  secondary 
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school  teachers.  The  better  secondary  schools  to-day  are 
securing  the  services  of  college  graduates  who  have  devoted 
special  attention  to  the  subjects  which  they  intend  to  teach, 
and  as  time  goes  on  the  positions  in  these  schools  will  as  a  rule 
be  filled  (as  in  France  and  Germany)  by  those  who  have  supple- 
mented their  college  course  by  several  years  of  university 
work.  Here  these  college  and  university  graduates  proceed 
at  once  to  their  work  in  the  secondary  schools.  Now  in  the 
laboratory  courses  of  the  junior  college  let  those  students  of  the 
senior  college  and  graduate  school  who  are  to  go  into  the  teach- 
ing career  be  given  training  in  the  pedagogy  of  mathematics 
according  to  the  laboratory  system  ;  for  such  a  student  the  lab- 
oratory would  be  a  laboratory  in  the  pedagogy  of  mathematics ; 
that  is,  he  would  be  a  colleague-assistant  of  the  instructor.  By 
this  arrangement,  the  laboratory  instruction  of  the  colleges 
would  be  strengthened  at  the  same  time  that  well  equipped 
teachers  would  be  prepared  for  work  in  the  secondary  schools. 

The  Freedom  of  the  Secondary  Schools. 

The  secondary  schools  are  everywhere  preparing  students  for 
colleges  and  technological  schools,  and  whether  the  require- 
ments of  those  institutions  are  expressed  by  way  of  examina- 
tion of  students  or  by  way  of  the  conditions  for  the  accrediting 
of  schools  or  teachers,  the  requirements  must  be  met  by  the 
^secondary  schools.  The  stronger  secondary  school  teachers  too 
often  find  themselves  shackled  by  the  specific  requirements 
imposed  by  local  or  by  collegiate  authorities.  Teaching  must 
become  more  of  a  profession.  And  this  implies  not  only  that 
the  teacher  must  be  better  trained  for  his  career,  but  that 
4ilso  in  his  career  he  be  given  with  greater  freedom  greater 
responsibility.  To  this  end  closer  relations  should  be  estab- 
lished between  the  teachers  of  the  colleges  and  those  of  the 
.secondary  schools ;  standing  provision  should  be  made  for  con- 
ferences as  to  improvement  of  the  secondary  school  curricula 
and  in  the  collegiate  admission  requirements ;  and  the  leading 
secondary  school  teachers  should  be  steadily  encouraged  to 
■devise  and  try  out  plans  looking  in  any  way  toward  improve- 
ment. 

Thus  the  proposed  four  years'  laboratory  course  in  mathe- 
matics and  pliysics  will  come  to  existence  by  way  of  evolution. 
In  a  large  secondary  school,  the  strongest  teachers,  finding  the 
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project  desirable  and  feasible^  will  establish  such  a  course  along- 
side the  present  series  of  disconnected  courses  —  and  as  time 
goes  on  their  success  will  in  the  first  place  stimulate  their 
colleagues  to  radical  improvements  of  method  under  the  present 
organization  and  finally  to  a  complete  reorganization  of  the 
courses  in  mathematics  and  physics. 

The  American  Mathematical  Society. 

Do  you  not  feel  with  me  that  the  American  Mathemati- 
cal Society,  as  the  organic  representative  of  the  highest 
interests  of  mathematics  in  this  country,  should  be  directly 
related  with  the  movement  of  reform  ?  And,  to  this  end,  that 
the  Society,  enlarging  its  membership  by  the  introduction  of  a 
large  body  of  the  strongest  teachers  of  mathematics  in  the 
secondary  schools  should  give  continuous  attention  to  the 
question  of  improvement  of  education  in  mathematics,  in  insti- 
tutions of  all  grades  ?  That  there  is  need  for  the  careful  con- 
sideration of  such  questions  by  the  united  body  of  experts, 
there  is  no  doubt  whatever,  whether  or  not  the  general  sugges- 
tions which  we  have  been  considering  this  afternoon  turn  out 
to  be  desirable  and  practicable.  In  case  the  question  or 
pedagogy  does  come  to  be  an  active  one,  the  Society  might 
readily  hold  its  meetings  in  two  divisions  —  a  division  of 
research  and  a  division  of  pedagogy. 

Furthermore,  there  is  evident  need  of  a  national  organization 
having  its  center  of  gravity  in  the  whole  body  of  science  in- 
structors in  the  secondary  schools ;  and  those  of  us  interested 
in  these  questions  will  naturally  relate  ourselves  also  to  this- 
organization.  It  is  possible  that  the  newly-formed  Central 
Association  of  Physics  Teachers  may  be  the  nucleus  of  such  an. 
organization. 

III.  Conclusion. 

The  successful  execution  of  the  reforms  proposed  would' 
seem  to  be  of  fundamental  importance  to  the  development  of 
mathematics  in  this  country.  I  urge  that  individuals  and  or- 
ganizations proceed  to  the  consideration  of  the  general  question 
of  reform  with  all  the  related  questions  of  detail.  Undoubtedly 
in  many  parts  of  the  country  improvements  in  organization  and 
methods  of  instruction  mathematics  have  been  making  these 
last  years.  All  persons  who  are,  or  may  become,  actively 
interested  in   this  movement  of  reform  should  in  some  way- 
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unite  themselves  in  order  that  the  plans  and  the  experience^ 
whether  of  success  or  of  failure,  of  one  may  be  immediately 
made  available  in  the  guidance  of  his  colleagues. 

I  may  refer  to  the  centers  of  activity  with  which  I  am  ac- 
quainted. Miss  Edith  Long,  in  charge  of  the  Department  of 
Mathematics  in  the  Lincoln  (Neb.)  High  School,  reports  upon 
the  experience  of  several  years  in  the  correlation  of  algebra, 
geometry,  and  physics,  in  the  October  (1902)  number  of  the 
Educational  Review,  In  the  Lewis  Institute  of  Chicago,  Pro- 
fessor P.  B.  Woodworth,  of  the  Department  of  Electrical  En- 
gineering, has  organized  courses  in  engineering  principles  and 
electrical  engineering  in  which  are  developed  the  fundamentals 
of  practical  mathematics.  The  general  question  came  up  at  the 
first  meeting*  (Chicago,  November,  1902)  of  the  Central  Asso- 
ciation of  Physics  Teachers,  and  it  is  to  be  expected  that  this 
association  will  enlarge  its  functions  in  such  a  way  as  to  in- 
clude teachers  of  mathematics  and  of  all  the  sciences,  and  that 
the  question  will  be  considered  in  its  various  bearings  by  the 
enlarged  association.  At  this  meeting  informal  reports  were 
made  from  the  Bradley  Polytechnic  Institute  of  Peoria,  the 
Armour  Institute  of  Technology  of  Chicago,  and  the  University 
of  Chicago.  The  question  is  evoking  much  interest  in  the 
neighborhood  of  Chicago. 

I  might  explain  how  I  came  to  be  attracted  to  this  question 
of  pedagogy  of  elementary  mathematics.  I  wish,  however, 
merely  to  express  my  gratitude  to  many  mathematical  and 
scientific  friends,  in  particular,  to  my  Chicago  colleagues, 
Mr.  A.  C.  Lunn  and  Professor  C.  R.  Mann,  for  their  coop- 
eration with  me  in  the  consideration  of  these  matters,  and 
further  to  express  the  hope  that  we  may  secure  the  active  co- 
operation of  many  colleagues  in  the  domains  of  science  and  of 
administration,  so  that  the  first  carefully  chosen  steps  of  a 
really  important  advance  movement  may  be  taken  in  the  near 
future. 

I  close  by  repeating  the  questions  which  have  been  engag- 
ing our  attention  this  afternoon.  In  the  development  of  the 
individual  in   his  relations  to  the  world,  there  is  no  initial 


*  Subsequent  to  the  meeting  of  organization  in  the  spring  of  1902.  Mr. 
Chas.  H.  Smith,  of  the  Hjde  Tark  High  School,  Chicago,  is  president  of  the 
Association.  Reports  of  the  meetings  are  given  in  &ehool  Science  (Bavens- 
wood,  Chicago). 
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separation  of  science  into  constituent  parts,  while  there  is 
ultimately  a  branching  into  the  many  distinct  sciences.  The 
troublesome  problem  of  the  closer  relation  of  pure  mathematics 
to  its  applications  :  can  it  not  be  solved  by  indirection,  in  that 
through  the  whole  course  of  elementary  mathematics,  includ- 
ing the  introduction  to  the  calculus,  there  be  recognized  in  the 
organization  of  the  curriculum  no  distinction  between  the 
various  branches  of  pure  mathematics  and  likewise  no  distinc- 
tion between  pure  mathematics  and  its  principal  applications  ? 
Further,  from  the  standpoint  of  pure  mathematics  :  will  not 
the  twentieth  century  find  it  possible  to  give  to  young  students 
during  their  impressionable  years  in  thoroughly  concrete  and 
captivating  form  the  wonderful  new  notions  of  the  seventeenth 
century?  By  way  of  suggestion  these  questions  have  been 
answered  in  the  affirmative,  on  condition  that  there  be  estab- 
lished a  thoroughgoing  laboratory  system  of  instruction  in 
primary  schools,  secondary  schools,  and  junior  colleges  —  a 
laboratory  system  involving  a  synthesis  and  development  of 
the  best  pedagogic  methods  at  present  in  use  in  mathematics  and 
the  physical  sciences. 

CONCERNING  THE  AXIOM  OF  INFINITY  AND 
MATHEMATICAI.  INDUCTION. 

BY  PROFESSOR  C.    J.    KEYSER. 

(Bead  before  the  American  Mathematical  Society,  December  29,  1902. ) 

I.  Introductory  Conaida^atioTis, 

This  paper  deals  with  a  question  which,  on  the  one  handi 
is  a  question  of  pure  logic,  and,  on  the  other,  a  question  of 
Mengenlehre.  It  is  often  asserted,  and  is  probably  true,  that 
reasoning  naturally  takes  place  in  accordance  with  what  the 
logicians  of  the  school  called  first  intentions.  But  ratiocination 
as  activity,  however  unconscious  its  conformation  to  law,  is 
nevertheless  not  lawless ;  and  from  the  period  when  this  fact 
came  clearly  into  the  consciousness  of  the  Greek  mind,  as  early 
as  the  time  of  Protagoras,*  science  has  been  neither  able  nor 

*  The  so-called  laws  of  thought  seem  to  have  struggled  into  consciousness 
mainly  through  the  disputations  of  the  Sophists.  The  law  of  contradic- 
tion, in  particular,  appears  to  have  received  its  earliest  formulation  in  the 
KarapaXAovreg  of  Protagoras.  Cf.  Windelband  :  Geschichte  der  Philosophie, 
and  Ueberweg  :  Svstem  der  Logik  (both  works  also  in  English). 
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willing  to  escape  the  consideration  of  second  intentions  in  their 
logical  significance.  So  true  is  this  that,  despite  the  age-long 
tyranny  exercised  by  the  Aristotelian  logic  —  a  tyranny  having, 
at  least  in  the  domain  of  science,  scarcely  a  match  except  in 
the  case  of  Euclid's  elements  —  the  forms  of  thought,  which 
serve  as  a  kind  of  diagrammatic  representation  of  the  orderli- 
ness of  the  reasoning  processes,  sustain  to-day  perhaps  even 
greater  interest  than  ever  before.  The  mathematician's  interest 
in  these  forms  is  two-fold,  attaching  to  them  both  as  norms  for 
mechanically  testing  the  validity  of  arguments  and  as  consti- 
tuting exceedingly  subtile  matter  for  mathematical  investigation. 

Of  all  the  argument-forms,  there  is  one  which,  viewed  as  the 
figure  of  the  way  in  which  the  mind  gains  certainty  that  a 
specified  property  belongs  to  each  element  of  a  given  assem- 
blage, enjoys  the  distinction  of  being  at  once  perhaps  the  most 
fascinating,  and,  in  its  mathematical  bearings,  doubtless  the 
most  important,  single  form  in  modern  logic.  I  refer  to  the 
argument-form  variously  known  as  reasoning  by  recurrence, 
induction  by  connection  (De  Morgan),  mathematical  induction, 
complete  induction,  and  Fermatian  *  induction  —  a  form  of 
procedure  unknown  to  the  Aristotelean  system,  for  this  latter 
allows  apodictic  certainty  in  case  of  deduction  only,  while  it  is 
just  the  characteristic  of  complete  induction  that  it  yields  such 
certainty  by  the  reverse  process,  a  movement  from  the  particu- 
lar to  the  general,  from  the  finite  to  the  infinite. 

That  the  highest  degree  of  certainty  is  thus  attainable  has 
been  the  living  faith  of  mathematicians  at  least  since  the  time 
of  Fermat,  and  on  it  is  based  the  whole  modern  movement 
towards  the  rigorization  or,  at  all  events,  the  arthmetization  of 
mathematics,  for,  as  is  well  known,  it  is  precisely  by  means  of 
complete  induction  that  the  fundamental  laws  of  number  have 
been  or  admit  of  being  established  for  the  totality  of  integers. 
It  is  accordingly  not  a  matter  for  surprise  that  logicians, 
whether  of  the  traditional  or  of  the  modem  so-called  "  exact "  f 
school,  have  felt  challenged  to  examine  the  method  in  question 
and  to  seek  an  adequate  a  prion  justification  for  the  mentioned 
faith  in  its  validity* 

*  So  named  by  Mr.  C.  S.  Peirce,  according  to  whom  this  form  of  reanoning 
is  due  to  Fermat. 

t  A  minute  analysis  of  the  method  in  question,  in  connection  with  the  pre- 
suppositions of  Dedekind's  proof  of  the  ^'  theorem  of  complete  induction,''  is 
found  in  Schroder's  Algebra  der  Logik,  vol.  3. 
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Among  the  discussions  of  the  subject  that  are  readily  ac- 
cessible to  mathematicians  not  familiar  with  the  symbology  of 
technically  mathematical  logic,  the  most  notable  are  that  by 
Dedekind  in  his  Was  sind  und  Was  sollen  die  Zahlen  (also 
in  English,  1901)  and  that  by  Poincar6  in  his  article  "Sur 
la  nature  du  raisonnement  math^matique "  J  {Revue  de  Meta- 
physique  et.  de  Morale,  volume  II).  The  latter  essay,  though 
written  (1894)  several  years  after  the  publication  of  the  former, 
makes  no  allusion  to  it.  The  two  discussions  have  in  fact 
little  in  common  save  their  problem,  which  is  that  of  dis- 
closing what  the  German  calls  "  die  wissenschaftliche  Grund- 
lage"  of  a  mode  of  logical  procedure  characterized  by  the 
Frenchman  as  "  le  raisonnement  math^matique  par  excellence." 
They  approach  their  common  task  from  the  most  widely  sun- 
dered points  of  departure  and  along  paths  which  conduct  them 
finally  to  views  that,  as  will  subsequently  appear,  are  neither 
coincident  nor,  strictly  regarded,  compatible.  It  is  this  strik- 
ing diiference  of  method  and  especially,  the  essential  though 
elusive  difference  of  conclusion,  which  we  plead  as  an  excuse, 
or,  at  all  events,  as  a  sufficient  provocation  for  undertaking  to 
examine  the  matter  once  more.  Such  an  examination  will 
naturally  involve  a  critical  review  and  comparison  of  the  dis- 
cussions in  question. 

II.  Poincare's  View. — The  Axiom  of  Infinity. 

For  Poincar6  the  question  involved  is  of  the  farthest-reach- 
ing critical  importance.  To  answer  it  is  nothing  less  than  to 
show  not  merely  the  logical  validity  but  the  logical  possibility 
of  mathematical  science,  because  for  such  possibility  it  is  neces- 
sary to  be  able  to  establish  general  theorems,  L  e.,  to  gain  the 
the  highest  degree  of  certainty  that  a  specified  property  belongs 
to  each  element  of  an  infinite  assemblage,  an  achievement  to 
which  the  analytic,  or  syllogistic,  method,  dependent  as  it  is 
upon  the  axioms  of  identity,  contradiction  and  excluded  third, 
is  inadequate.  For  while  these  axioms  validate  deduction,  in- 
ference from  the  general  to  the  particular,  it  is  precisely  these, 
when  regarded  as  the  sole  axioms  of  formal  thought,  which 
invalidate  the  inverse  process.  If  this  inverse  process  be  not 
logically  performable,  then  either  mathematics  neither  is,  nor 

j:  An  interesting  discussion  of  Poincar^'s  paper  by  G.  L^chalas  is  found  in 
the  same  volume  of  the  same  Bevue, 
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can  become,  a  logically  rigorous  science  or  else  it  reduces  in  last 
analysis  "  h  une  immense  tautologie." 

Now  the  mathematician  affirms  the  performability  of  the 
process  in  question,  namely,  in  accordance  with  the^  argument* 
form,  complete  induction.     What,  then,  is,  according  to  Poin- 
car6,  the  logical  ground  of  this  affirmation  ? 

We  are  first  told  what  that  ground  is  not.  Suppose  it  estab- 
lished, in  regard  to  some  property  pi  (l)  that  p  belongs  to  the 
number  1 ;  (2)  that  if  p  belongs  to  an  integer  n,  it  belongs  to 
n  +  1 .  Propositions  (1)  and  (2)  afford  the  means  of  generating 
one  after  another  a  sequence  of  syllogisms  by  which  one  proves 
first  that  p  belongs  to  2,  then  to  3,  and  so  on.  In  order  to 
ascertain  by  this  analytic  method  whether  p  belongs  to  a  speci- 
fied integer  m,  it  is  necessary  to  determine  in  advance  the  same 
question  for  each  of  the  integers  2,  3,  •  •  •,  m  —  1,  in  the  order 
as  written,  a  process  requiring  a  number  of  syllogisms  which  is 
greater  the  greater  the  number  m.  Accordingly,  this  method,  of 
successive  deductions,  is  not  available  for  determining  whether 
j9  is  a  property  of  each  in  the  totality  of  integers.  Equally 
powerless  to  that  end  is  experience  (including  observation)  for 
this  can  take  account  of  the  individuals  of  a  finite  assemblage 
at  most.  Either  analysis  or  experience  may  succeed  if  a  se- 
quence be  finite  but  if  it  be  infinite  both  must  fail. '  Not  less 
vain  is  it  to  invoke  finally  the  afd  of  induction  as  employed  in 
the  physical  sciences,  for  this  latter,  resting  upon  a  purely  as- 
sumed order  in  the  external  universe,  is  confessedly  inductio  im- 
perfecta and  as  such  can  yield  approximate  certainty  only. 

Nevertheless,  despite  the  inadequacy  of  the  means  men- 
tioned, as  soon  as  hypotheses  (1)  and  (2)  are  granted  and  the 
indicated  sequence  of  deductions  is  begun,  "  the  judgment  im- 
poses itself  upon  us  with  irresistible  evidence''  that  p  is  a 
property  of  aM  the  integers.  Why  ?  It  appears  to  be  clear 
that  the  answer  must  be  the  adduction  of  an  additional  presup- 
}X)sition  of  formal  thought,  a  presupposition  whose  JormukL" 
tion  shall  mark  a  consdova  extension  of  the  domain  of  logic 
by  affirming  as  axiomatic  that  apodictic  certainty  can  tran- 
scend every  limited  sequence  of  deductions  or  observations. 
Such  presupposition,  which  I  venture  to  call  the  axiom  of 
infinity,  is  stated  by  Poincar6,  in  answer  to  the  foregoing  ques- 
tion "  why,"  as  follows  :  "  C'est  quHl  n^est  que  P affirmation  de 
la  puissance  de  P esprit  qui  se  sait  capable  de  concevoir  la  ripUi- 
tion  indijinie  dhm  m^ne  acte  d^  que  cet  acie  est  unefois  possible.'' 
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Is  the  axiom  sufficient  ?  We  are  not  explicitly  told  pre- 
cisely what  the  operation  (acte)  is  which  in  the  present  case  it 
is  at  once  possible  and  necessary  to  conceive  as  indefinitely  re- 
peated. To  examine  the  matter,  observe  that,  with  a  view  to 
availing  ourselves  below  of  the  familiar  simplicity  of  the  first 
Aristotelian  figure,  proposition  (2)  may  be  stated  categorically 
as  follows :  every  integer  next  after  an  integer  having  the 
property  p  is  an  integer  having  the  property  p.  Now  denote  by 
P  the  expression  :  an  integer  having  the  property  p  ;  by  A"  the 
expression :  integer  next  after  P ;  and  construct  the  pair  of 
syllogisms 


(«) 


(i)  h  is  P, 

(ii)  i  +  1  is  an  integer  next  after  kj 

.•.  i  +  1  is  an  JV; 


(iii)  every  N  is  P, 
(iv)  £  +  1  is  an  Ny 
.'.  jfe  +  1  is  P. 


(^A)  These  syllogisms,  being  formally  valid,  will  be  valid  no 
matter  what  the  meaning  of  k,  and  will,  therefore,  be  valid  if 
k  be  replaced  hj  k  +  1.  Such  substitution  yields  a  pair  (a') 
of  syllogisms  which  may  be  described  as  the  pair  next  after 
the  pair  (a).     The  first  premiss  of  (a')  is   the   last  conclusion 

Let  k  denote  an  integer,  then  (ii)  is  true  by  virtue  of  the 
assumed  sequence  of  integers,  and  (iii)  being  true  by  (2),  it  is 
seen  that  the  last  conclusion  of  (a)  is  true  provided  the  first 
premiss  is  true.  By  help  of  {A)  it  follows  that  the  last  con- 
clusion of  {a)  is  true  if  the  first  premiss  (i)  of  (a)  is  true,  and 
the  same  holds  for  the  last  conclusion  of  (a"),  pair  next  after 
{a),  if  such  pair  {a")  be  supposed  constructed,  and  so  on  ;  t.  €., 
if  (i),  first  premiss  of  (a),  be  true,  then  will  be  true  the  last 
conclusions  of  all  pairs  of  any  sequence  (a),  (a'),  (a"),  •  .  ., 
either  actually  or  conceptually  constructed.  Now  if  fc  =  1, 
then,  by  (1),  (i)  is  true.  Accordingly  to  gain  certainty  that 
every  integer  is  P,  it  is  sufficient  to  construct  one  after  another 
a  syllogistic  pair  for  every  integer,  which  is  impossible,  or  to 
conceive  it  done,  which  is  possible  by  axiom.  Thus  it  is  seen 
that  the  operation  to  which  the  axio^  of  infinity  is  to  be 
applied  in  the  present  case  is  the  operation  O  (beginning  with 
(a)  for  A  =  1)  where  0  denotes  the  construction  of  a  syllogistic 
pair  next  after  the  pair  last  constructed.  This  conclusion  appears 
to  differ  from  that  of  Poincar6  *  in  that  he  appears  to  hold  that 

*Cf.  op.  ca,y  p.  379,  V. 
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the  operation  in  question  is  the  construction  of  one  syllogism 
instead  of  a  pair.  At  all  events,  the  operation  is,  in  form,  a 
deductionj  and,  for  the  following  criticism,  it  is  quite  indifferent 
whether  it  be  one  or  a  pair. 

The  operation  O  is  obviously  composite,  and  for  the  present 
purpose  may  be  resolved  into  two  operations  0^  and  0^  where 
Oj  (beginning  with  1)  means  assigning  to  h  the  integer  next 
after  the  integer  last  assigned,  and  0^  (beginning  with  1)  means 
substituting  for  k  in  (a)  the  (by  0^  assigned  integer  next 
after  the  integer  last  substituted  in  (a).  Now  of  these  com- 
ponent operations,  the  former  is  not  deductive  (i.  6.,  not  "  ana- 
lytique,"  not  syllogistic),  while  the  latter  is  deductive,  being  a 
process  of  constructing  arguments  of  type  (a).  The  operation 
Oj  presupposes  O,.  The  question  arises :  la  it  necessary  to 
apply  the  axiom  of  infinity  to  both  0^  and  0^  ? —  a  question  to 
be  answered  in  the  following  section. 

III.  Examination  of  Dedeldnd^s  View. 

Let  5  be  a  system  of  elements  such  that  there  is  a  law  ^  of 
depiction  (Abb^ldung)  depicting  8  upon  itself  so  that  each  ele- 
ment eoi  S  is  depicted  upoil  one  and  but  one  element  c'  of  S 
and  that  no  two  elements  are  depicted  upon  a  same  element. 
Call  e  the  picture  (Bild)  or  image  of  e.  Every  part  of  8  (in- 
cluding 8  itself  as  a  special  case)  thus  depicted  upon  itself  is 
named  chain  (Kette)  under  <^.  Denote  by  A  an  arbitrary  part 
of  8  and  by  A^  the  assemblage  of  the  elements  common  to  all 
chains  (in  8)  containing  A.  It  is  obvious  that,  8  and  <^  being 
granted,  A^  exista  for  every  Ay  and  Dedekind  proves  that  A^ 
is  itself  a  chain,  and  describes  it  as  the  chain  of  A  under  ^. 
Let  S  be  an  assemblage. 

Theorem. — In  order  to  prove  thai  A^  is  part  of  ^  it  is  sufficient 
to  prove :  (<r)  that  A  is  part  of  2,  and  (p)  that  the  im^e  of  every 
element  of  A^  belonging  to  S  belongs  to  2. 

An  apparently  simpler  proof  than  that  by  Dedekind  runs 
thus  :  Let  A^s  Aj^+  A^  where  A^  denotes  the  assemblage  of 
all  those  elements  of  A^  that  belong  to  2.  By  (p),  A^  is  a 
chain,  and,  by  (<r),  contains  A.  Hence,  by  definition  of  A^,  A^ 
has  no  element,  and  A^^  A^. 

Such  is  the  beautiful  theorem  which  the  author  characterizes 
—  with  what  justification,  we  shall  seek  to  determine  at  a  later 
stage  —  as  "die  wissenschaftliche  Grundlage"  of  complete  in- 
duction.    It  affords  the  means  of  answering  the  closing  ques- 
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tion  of  II.  If  we  denote  by  8  the  assemblage  of  all  integers, 
by  A  the  number  1,  and  by  S  the  assemblage  of  all  things  each 
having  the  property  p,  then,  the  foregoing  hypotheses  (!)  and 
(2)  being  granted,  the  proposition  p  belongs  to  eva'y  integer,  by 
Dedekind's  theorem  follows  immediately  on  finding  a  <f>  (depict- 
ing w  on  n  +  1)  under  which  8  s  A^  o{  1.  Now  precisely  this 
identity  is  established  by  applying  the  axiom  of  infinity  to  the 
above  defined  operation  0^.  Accordingly  Poincar^'s  applioa- 
tion  of  the  axiom  to  the  analytic  operation  0^  is  tautological. 
Indeed  it  is  superfluous  to  use  O^  even  one  time,  and  it  ap- 
pears that  for  Poincar§'s  problem  the  axiom  might  as  well  be 
reworded  so  as  to  restrict  its  application  to  Oy  So  restricted, 
it  is  necessary,  as  seen,  for  Dedekind  in  the  same  connection. 
The  supposed  restriction,  however,  regarded  as  excluding  O^  is 
rather  apparent  than  genuine,  for  if  one  initially  assumes,  and 
this  is  possible  without  affecting  the  sufficiency  of  the  applica- 
tion to  Oj,  that  the  k  of  O^  is  in  the  diagrammatic  scheme  (a), 
then  the  application  to  0,  carries  with  it  the  application  to  Oj. 
Next  note  that  such  deductive  fortns  as  {a\  are  presupposed  by 
Dedekind,  being  in  fact  employed  by  nim  in  proving  his 
theorem.  Accordingly,  Dedekind's  proof  of  the  proposition,  p 
belongs  to  every  integer,  is  not  more  fundamental  than  the  ap- 
plication of  Poincar^'s  axiom  to  Og,  and  hence  not  more  funda- 
mental than  Poincar^'s  proof  of  the  same  proposition ;  than 
Poincar6's  "proof,"  I  say,  for  while  the  application  of  his 
axiom  to  0^  is  not  necessary  withy  it  is,  we  have  seen,  sufficient 
without;,  Dedekind's  theorem  —  a  fact  which  will  presently  be 
seen  to  be  decisive  against  the  latter  author's  claim  of  logical 
priority  for  his  theorem.  For  we  can  now  show  that  this 
theorem,  so  far  from  being  "  the  scientific  basis  of,"  admits  of 
being  proved  by,  the  method  of  mathematical  induction.  To 
this  end  we  establish  the 

Theorem  (a). — Every  chain  A^  of  a  part  A  of  a  system  8 
under  a  <f>  consists  of  a  denumerahle  assemblage  of  assemblages 


Ay     Ay     A^y    •    •    •    ,   A^_y     A^y     A 


n^V 


whei'e  A^  is  the  assemblage  of  those  im^bges  of  the  elements  of  A^^^^ 
that  are  not  in  A. 

For  denote  by  A^  the  assemblage  of  elements  that  serve  as 
images  of  all  such  elements  of  A  as  are  not  imaged  on  elements^ 
of  A.  A^y  since  it  contains  A  an4  is  a  chain,  contains  A^ 
Denote  by  A^  the  assemblage  of  the  elements  that  serve  as 
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images  of  those  elements  of  A^  that  are  not  imaged  on  elements 
of  A.  It  is  plain  that  A^  is  in  A^y  and,  by  definition  of  <t>y  that 
no  element  is  common  to  A^  and  A^.  The  sequence  of  -4's  thus 
generable  (or  rather  thus  brought  to  attention  one  after  another, 
for  the  .4*8  are  already  generated  by  <^)  may  or  may  not  have 
an  end.  In  either  case  the  assemblage  E  of  all  the  elements 
in  the  ^'s  obviously  is  a  chain  (in  8)  under  <^.  The  -4's  being 
in  A^j  so  Is  -B ;  and  A  being  in  chain  E,  so,  by  its  definition, 
is  '^^, ;  .  • .  jE  =  A^. 

Now  assume  Dedekind^s  data  {a)  and  (p).  From  (p)  follows 
{p')  :  if  A^  belongs  to  S,  then  so  does  A^^^  If  now  we  regard 
(<r)  and  {p')  as  our  data,  then  it  follows,  by  Poincar6*s  axiom, 
that  every  one  of  the  -4*s  and  therewith  J?(=  .4^)  belongs  to  S.  / 
And  so,  it  appears,  the  so-called  foundation  of  ordinary  mathe- 
matical induction  is  susceptible  of  being  laid  by  ordinary  math- 
ematical induction. 

In  passing  it  may  be  noted  that  in  the  sequence  of  theorem 
(a)  the  power  (in  Cantor's  sense)  of  none  of  the  A^^  can  be 
higher,  though  in  each  of  those  following  some  one  it  may  be 
lower,  than  that  of  ^.  Accordingly,  if  we  assume  the  propo- 
sition that  the  power  of  the  assemblage  of  all  the  elements  of 
the  assemblages  of  a  denumerable  assemblage  of  assemblages 
having  each  of  them  a  same  power  a,  is  a,  then  follows  the 

Theorem  (b). — The  power  of  the  clmin  A^  of  any  given  part  A 
of  any  (fiven  assemblage  S  under  a  given  ^,  is  the  same  as  the 
power  of  A.* 

It  is  proper  here  to  recognize  a  fact  emphasized  by  Schroder  f 
that  Dedekind  establishes  his  theorem  without  making  use  of 
either  the  notion  of  "  number "  or  the  notion  of  the  number 
"series."  On  the  other  hand,  the  foregoing  proof  of  the 
theorem  by  ordinary  mathematical  induction  employs  both 
these  notions.  But  this  difference  does  not  justify  the  claim 
of  relative  fundamentality  for  that  theorem,  for  the  two  notions 
mentioned,  although  they  are  by  Dedekind  introduced  after, 
are  not  introduced  through,  the  theorem,  their  being  as  con- 
cepts depending  upon  it  neither  mediately  nor  immediately. 

Dedekind's  theorem  mewed  as  a  generalization.  Let  (7)  stand 
for  the  conclusion  :  A^  belongs  to  S.  Then  the  theorem,  T,  is : 
if  (a)  and  (/>)  are  known,  (7)  can  be  inferred.     In  form  this  is 

*  The  fact  that  A  may  be  finite  and  ^  denumerably  infinite  is  in  spirit 
hardly  an  exception. 
tCf.  op,  city  p.  355. 


Digitized  by  VjOOQIC 


432  THE  AXIOM  OF  IXFINITY.  [May, 

identical  with -that  of  mathematical  induction  as  ordinarily 
understood.  But  the  latter,  call  it  /,  deals  with  only  a  denumer- 
able  assemblage,  <f)  depicting  n  on  the  next,  n  +  1;  while  -4^, 
subject  of  T,  may  have  any  power  whatever  (though  Dedekind 
seems  to  think  of  no  power  higher  than  that  of  the  continuum) 
and  the  image  e'  of  e  may  not  be  next  to  e.  Accordingly  T, 
dispensing  with  the  notion  of  nextness  essential  to  /,  is  a 
generalization  of  7.  Now  the  T  data,  (<r)  and  (p),  are  sufficient 
for  /,  for  as  we  have  seen,  the  /  data,  (<r)  and  (p),  are  con- 
sequences of  (o-)  and  (p).  Accordingly,  although  I  is  therefore 
available  whenever  T  is  available,  T  has  nevertheless,  especially 
in  case  A^  is  non-denumerable,  a  certain  advantage  over  I:  (y) 
is  yielded  immediately  by  Tbut  only  mediately  by  /(cf.  theorem 
(a)).  On  the  other  hand  since  (<r)  and  (p)  are  not  consequences 
of  (a)  and  {p\  I  may  be  available  when  T  is  not.  So  it  appears 
that  T,  regarded  as  in  the  sense  explained  a  generalization  of/, 
is,  as  an  engine  of  investigation,  inferior  to  /. 

The  last  conclusion  hinges  on  the  yet  improved  statement 
that  (p)  is  not  a  consequence  of  (p).  It  will  be  sufficient  to 
verify  the  statement  by  a  simple  example.  Consider  the  as- 
semblage D  of  the  elements  d  of  assemblages  D^  (A  =s  1,  2,  •  •  •). 
Suppose  D  depicted  upon  itself  by  a  <^  so  that  every  d  of  D^  is 
an  image  d'  of  one  and  but  one  d  of  D„^i  and  that  every  d  of 
D^_j  is  imaged  in  either  D^  or  J)p  but  not  in  both.  Under  <^, 
D  is  obviously  D^  of  I>i*  For  clearness  we  may  suppose  the 
d*s  to  be  delegates  to  a  nominating  convention.  Now  conceiva- 
bly it  may  be  known  at  once  :  (cr)  that  every  d  of  D^  will  vote 
for  C;  (p)  that  every  d  of  D^  will  vote  for  C  if  every  d  of 
D^_^  will  do  so ;  and  that  if  some  d  will  vote,  not  for  (7,  either 
it  is  unknown  how  the  d'  of  that  d  will  vote  or  that  d'  will  vote, 
not  for  C;  i,  e.,  under  <^  the  /  data  {a)  and  (p')  are  given  while 
the  T  hypothesis  {p)  is  either  known  to  be  false  or  not  known 
to  be  true.  Accordingly,  if  2  be  the  assemblage  of  d's  who  will 
vote  for  C,  /  avails  while  T  fails  to  prove  that  D  belongs  to  S. 

IV.   Circularity  of  the  Bolzano  and  Dedekind  Proofs  of  the  Ex- 
istence  *  Theorem  for  Infinite  Assemblages. 

Bolzano's  definition  of  infinite  assemblage,  introduced  by  aid 
of  various  subtile  preliminaries  (§§  3-9), f  amounts  to  this  :  an 

*For  citation  and  analysis  of  the  modern  mathematical  literature  con- 
cerned with  the  question  of  actual  infinity,  cf.  Veronese :  Grundziige  der 
Geometrie.     Note  IV. 

t  Bolzano :  Paradoxien  des  Unendlichen. 
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assemblage  is  infinite  if^  and  only  if,  it  cannot  be  exhausted  by 
removing  from  it,  one  after  another,  finite  (§8)  assemblages  of 
its  elements.  In  §  13,  a  proof  is  attempted  of  the  proposition 
that  such  an  assemblage  exists,  namely  die  Menge  der  Satze 
und  Wahrheiten  an  sich.  The  attempt  informally  postulates  : 
the  proposition,  such  truths  exist,  is  such  a  truth,  A  ;  A  is 
true,  is  another  such  truth,  B ;  so  on ;  and,  the  indicated 
process  is  inexhaustible.  The  last,  an  evident  petitio  principii, 
is  doubtless  to  be  granted,  but  only  under  some  such  axiom  as 
that  of  Poincar§. 

Bolzano  aifirms  and  exemplifies  (§  20),  though  he  does  not 
demonstrate,  the  proposition  that  every  infinite  assemblage  can 
be  paired  in  one-one  fashion  with  a  proper  part  of  itself —  a 
property  employed  independently  by  Dedekind  as  the  defining 
property  of  the  infinite  and  yielding  a  definition  shown  by 
Dedekind  and  independently  by  others  *  to  be  equivalent  to 
the  foregoing  one  of  Bolzano's.  By  virtue  of  the  "  intrinsic  " 
character  of  Dedekind's  definition,  his  proof  of  the  existence 
theorem  better  conceals,  though  it  undoubtedly  contains,  a  logi- 
cal petitio.  On  examination  the  proof  f  is  seen  to  postulate  as 
certainties :  (1)  if  there  be  a  t^X  there  is  a  V  (call  it  image  of  ^) 
having  t  as  object ;  (2)  if  there  be  two  distinct  ^s,  the  corre- 
sponding <''s  are  distinct ;  (3)  there  is  a  ^ ;  (4)  there  is  a  < 
which  is  not  a  t' ;  (5)  every  t  is  another  t  than  its  t\  These 
being  granted,  it  hardly  follows  deductively,  though  it  is  tacitly 
and,  we  may  allow,  admissibly  §  assumed,  that  there  is  an 
assemblage  &  of  ^s,  a  totality  excluding  none  of  them.  There 
is,  then,  plainly  a  4>  depicting  each  t  on  its  t'  and  therewith,  by 
virtue  of  (4),  depicting  t?  on  a  proper  part  of  itself;  .  • .  ^  is 
infinite.  Now,  provided  one  be  permitted  to  reflect,  it  equally 
follows,  from  the  postulates,  that  &  contains  a  sequence  8  of  ^s 
beginning  with  the  t  of  (4),  each  succeeding  t  being  the  t'  of  its 
predecessor.  S,  too,  is  infinite  by  Dedekind's  definition.  Now 
certainty  (1),  in  its  character  as  a  certainty  postulated  a  priori, 
can  not  be  contingent  upon  conclusions  (such  as  that  regarding 
I?  or  5)  to  be  subsequently  drawn  from  it  joined  to  like  certain- 
ties.    Hence,  even  if  the  other  postulates  be  rejected,  certainty 

*Cf.  ''Concerning  positive  definitions  of  finite  assemblage,  and  infinite 
assemblage,''  BuLLETm,  vol.  VIL 

tCf.  op.  city  §66. 

±  The  symbol  t  standing  for  the  word  thought. 

I  Such  postulates  as  ( 1 )  and  (2)  seem  to  depend  for  their  intelligibility  upon 
the  notion  of  totality. 
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(1)  involves  certainty  that  the  imaging  process  shall  not  fail 
even  though  as  yet  perhaps  unknown  considerations  may  de- 
mand that  it  be  endlessly  performable.  Accordingly  (1)  in- 
volves a  statement  included  in  Poincar^'s  axiom,  which  appears 
indeed  to  be  a  presupposition  of  all  logical  discourse,  the  exis- 
tence of  the  infinite  being  unavoidably  however  unconsciouslv 
assumed  and  so  not  demonstrable.  ^ 
Columbia  Univebsity. 


A  GERMAN  CALCULUS  FOR   ENGINEERS. 

Hauptsdtze  der  DifferenJtml-  utid  Ldegrol-Rechnung.  Von  Dr. 
Robert  Fricke.  Dritte  umgearbeitete  Auflage.  Braun- 
schweig, Vieweg,  1902.     4vo.,  218  pp. 

While  the  needs  of  American  technical  schools,  and  their 
environment,  render  a  foreign  book  on  the  calculus  unsuitable 
for  use  as  a  text,  the  difficult  questions  which  arise  in  regard 
to  the  methods  of  presentation  of  this  subject  are  largely  the 
same  throughout  the  world.  It  is  a  mistake  to  imagine  that 
the  German  brain,  for  instance,  is  constructed  so  differently 
from  the  American,  that  the  German  Fuchs  can  grasp  niceties 
of  the  calculus  which  necessarily  escape  the  American  Sopho- 
more. Nor  is  it  logical  to  presume  that  the  tasks  of  an  engi- 
neer differ  materially  in  the  two  countries.  The  problems  to 
be  fought  out  are  generally  speaking  about  the  same,  aside  from 
certain  minor  matters  which  depend  upon  traditional  systems 
of  instruction.  The  battle  which  is  being  waged  on  German 
soil  for  the  closer  union  and  more  complete  understanding  be- 
tween mathematicians  and  engineers,  is  therefore  of  almost 
equal  interest  to  the  same  two  classes  in  America.  But  we 
must  here  pass  over  the  immense  amount  of  fruitful  material, 
which  is  the  product  of  some  of  the  most  eminent  minds  of 
Germany* — among  them  Felix  Klein  ^ — and  which  throws 
strong  light  on  "  the  necessary  and  sufficient  amount  of  calculus 
for  the  engineer.^t  It  should  be  remarked,  however,  that  the 
book  which  forms  the  subject  of  this  review  is  produced,  for 
use  in  a  technical  school,  in  the  light  of  all  this  inspiring  criti- 

^See,  e.  g,,  the  recent  files  of  the  Jahre^ericht  der  DeutMhen  Mdthematiker 
Vereinigung, 

t  Fricke,  preface. 
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cism,  and  by  an  author  whose  fitness  for  the  work  possibly  ex- 
ceeds that  of  any  other  German  mathematician. 

Although  the  present  edition  is  the  thirds  the  book  will  be 
reviewed  as  an  independent  work,  both  because  no  previous 
review  has  appeared  in  the  Bulletin,  and  because  the  present 
edition,  being  the  first  purposely  prepared  for  use  outside  the 
Technische  Hochschule  in  Braunschweig,  is  considerably  re- 
vised in  form  and  content. 

The  author  has  been  considerably  influenced,  of  course, 
by  the  special  needs  of  his  own  school,  since  the  book  was 
originally  published  for  use  in  that  institution  alone ;  and  in 
particular  every  effort  has  been  made  to  meet,  intelligently,  the 
exigencies  of  mathematical  instruction  in  a  school  for  engineers. 
We  shall  accept  the  same  standpoint  in  criticizing  the  book, 
and  shall  lay  stress  on  those  parts  which  affect  the  teaching  of 
mathematics  to  future  engineers. 

As  is  explicitly  stated  in  the  preface,  the  author  seeks  to 
maintain  a  reasonable  standard  of  mathematical  accuracy,  but 
he  does  not  desire  to  sacrifice  to  this  end  the  simplicity  of 
treatment  and  the  practicability  necessary  to  a  student  who  in- 
tends to  pursue  engineering.  For  this  reason  he  intentionally 
uses  geometrical  and  intuitional  proof  when  rigorous  arithmetic 
demonstration  is  considered  too  diflScult.  While  the  reviewer 
believes  heartily  in  this  principle,  the  conjugate  statement  is 
certainly  the  one  which  needs  most  insistence  in  our  American 
texts,  for  while  in  the  past  the  German  has  been  too  difficult 
in  his  rigorous  presentation,  we  in  America  have  erred  to  the 
side  of  leniency.  To  particularize,  statements  should  not  be 
made  which  are  utterly  false  as  they  stand,  nor  should  the 
treatment  be  such  as  to  render  a  further  study  of  mathematics 
impossible  to  a  student  who  finds  himself  especially  drawn 
toward  it.  And  so  it  happens  that  this  book,  designed  to 
meet  the  needs  of  engineers,  and  purposely  avoiding  the  diffi- 
culties of  rigor  by  occasional  geometrical  or  intuitional  proof, 
still  contains  many  easy  methods  of  proof  and  presentation 
which  commend  themselves  to  our  writers  on  the  calculus,  be- 
cause they  are  generally  more  rigorous  than  those  of  our  books, 
and  because  the  results  obtained  are  at  least  accurately  true  as 
stated. 

The  book  consists  roughly  of  four  parts :  (1)  the  differential 
calculus,  (2)  the  integral  calculus,  (3)  differential  equations,  (4) 
an  appendix  on  functions  of  a  complex  variable  ;  of  which  the 
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first  two  each  consists  of  two  sections.  When  we  notice  that 
all  this  work,  though  containing  in  its  first  two  parts  alone 
more  than  any  of  our  elementary  texts  on  the  calculus,  is  com- 
pressed into  218  pages,  an  explanation  must  be  made  that  the 
book  is  intended  for  use  in  connection  with  extensive  lectures. 
The  author  has  explained  elsewhere  that  many  examples  and 
explanations  involving  the  use  of  actual  mechanical  models,  as 
well  as  geometrical  illustrations  and  proofs,  are  given  in  the 
lectures  at  Braunschweig  to  which  this  book  is  a  companion 
text.  That  the  last  two  parts  extend  the  field  of  the  book  far 
past  that  of  our  texts  is  apparent. 

The  first  sixteen  pages  are  devoted  to  an  introduction,  in  which 
the  notions  of  "  variable,"  "  function,"  "  limit,"  "  continuity," 
etc.,  are  explained.  The  notable  features  of  these  pages  is  the 
accuracy  with  which  these  ideas  are  defined  and  explained, 
although  the  author  uses  geometrical  ideas  continually.  That 
reasonable  accuracy  can  be  combined  with  simplicity  and  con- 
creteness  is  best  illustrated  by  the  explanation  of  a  continuous 
variable  by  means  of  the  intuitional  concept  of  motion.  The 
word  "  limit"  is  explained  in  a  perfectly  rigorous  way,  which 
is  after  all  simpler  than  the  usual  explanations  of  our  text;^. 
The  fundamental  character  of  this  concept  for  the  calculus 
appears  fully  to  justify  a  demand  for  complete  rigor  at  this 
point.     As  an  application,  the  existence  of  the  number 


I 


=  limit  (l  +-) 


is  proved  in  a  manner  which  can  be  commended  even  to  the 
advanced  student  of  mathematics  as  a  model  of  simplicity  and 
accuracy. 

But  the  main  portion  of  this  introduction  is  devoted  to  the 
discussion  of  certain  functions  which  are  termed  "elementary." 
These  comprise  :  (a)  the  rational  and  irrational  ("  elementary 
algebraic")  functions,  which  are  defined  as  those  functions 
which  arise  from  x  and  constants  by  the  successive  application 
of  the  four  elementary  operations  and  the  extraction  of  roots  ; 
(6)  logarithmic  and  exponential  functions;  (c)  trigonometric 
functions  and  their  inverses.  Practically  the  whole  of  the 
book  is  based  upon  these  "elementary"  functions,  and  the 
theorems  are  stated  for  them  alone.  This  permits  a  degree  of 
simplicity  in  proof  and  of  accuracy  in  statement  which  is  not 
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attainable  when  no  restriction  is  laid  upon  the  functions  treated. 
Our  text-books  would  do  well  to  follow  some  such  method. 

The  first  section  treats  the  formal  rules  of  differential  calcu- 
lus. The  notion  of  "  derivative  *^  is  defined  only  for  the  "  ele- 
mentary '^  functions,  and  only  at  points  where  these  functions 
are  continuous.  Perhaps  the  only  point  in  the  book  which 
merits  criticism  is  the  treatment  of  differentials.  There  are 
two  definitions  given,  which  are  unfortunately  not  compatible. 
On  page  18  the  differentials  dx  and  dy  are  defined  by  the 
equations  dx  ^  Aaj,  dy  =/'(»)  -Ajc,  where 

This  definition,  if  carefully  used,  is  quite  justifiable  and  logical. 
The  other  definition,  on  p.  17,  following  a  usage  which  is  un- 
fortunately common,  defines  the  differentials  as  certain  "  infini- 
tesimal '^  quantities,  which  are  neither  zero  nor  finite ;  dx  and 
dy  being  such  "infinitesimal"  values  of  Aaj  and  Ay,  respectively. 
As  the  reviewer  has  elsewhere  remarked,*  this  second  definition 
is  totally  illogical  in  a  treatise  which  intends  to  use  euclidean 
geometry,  especially  if  intuitional  ideas  or  ordinary  theorems  on 
continuity  are  to  be  used  in  the  discussions.  For  the  introduc- 
tion of  such  *'  infinitesimal "  quantities  expressly  violates  the 
axiom  of  Archimedes,  which  is  fundamental  in  our  ordinary 
conceptions  of  continuity.  The  author  has,  however,  explicitly 
stated  on  page  18  that  this  latter  definition  is  not  a  correct  one. 
The  derivations  of  the  derivatives  of  ordinary  functions  are  in 
general  the  same  as  usual.     The  proof  of  the  fundamental  limit, 

limit ' 


tf= 


(T)-. 


on  page  22  is  possibly  worth  noting,  as  an  extremely  easy,  yet 
reasonably  accurate  proof. 

In  this  first  chapter  the  hyperbolic  functions  (sinh  Xy  etc.), 
are  introduced,  and  their  derivatives  found.  As  this  departure 
is  made,  according  to  the  preface,  at  the  earnest  suggestion  of 
engineers,  the  matter  may  be  worth  the  notice  of  American 
writers  for  students  of  engineering. 

*  "The  Doctrine  of  Infinity,"  Buixetin,  vol.  9  (2),  no.  5  (Feb.,  1903), 
p.  263. 
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In  the  next  chapter  a  simple  proof  of  the  binomial  formula 
for  a  positive  integral  exponent  is  given,  based  upon  the  rela- 
tion e^e^  ^  e^+^.  The  proof  is  at  least  interesting  in  its 
curiousness. 

The  difficulties  of  "  infinitesimal "  quantities  are  encountered 
quite  sharply  on  pages  33-35.  Notice  will  be  taken  only  of 
the  non-existence  (in  an  archimedean  arithmetic)  of  the  number 
€  of  page  34,  which  "  approaches  zero  continuously  without  be- 
coming identically  zero,*^  and  "  is  infinitely  small."  That  the 
introduction  of  such  quantities  is  in  any  way  necessary  to  the 
treatment  of  engineering  topics,  or  that  it  simplifies  the  study 
of  engineering,  is  certainly  a  fallacy  based  solely  upon  fami- 
liarity and  tradition.*  Had  Newton  and  Leibnitz  hit  upon  the 
definition  of  a  derivative  as  a  limitj  our  engineers  of  to-day 
would  never  dream  of  using  concepts  which  destroy  all  ordinary 
notions  of  the  continuity  of  space  and  motion. 

The  next  section  considers  some  applications  of  the  formal 
rules  previously  obtained.  In  the  first  chapter,  on  maxima  and 
minima,  it  would  seem  that  simplification  might  have  been  made ; 
but  the  general  method  of  presentation,  while  not  differing 
essentially  from  the  usual  treatment,  is  unusually  easy  for  a 
student  to  grasp. 

The  introduction  of  the  cycloid  and  the  extensive  develop- 
ment of  its  properties  in  the  next  chapter,  is  noteworthy,  and 
might  well  be  imitated  in  an  engineering  calculus. 

But  the  chief  merit  of  this  section  consists  in  the  third  chap- 
ter, on  infinite  series.  The  treatment  is  reasonably  (but  not 
absolutely)  rigorous,  and  certainly  superior  to  the  utter  lack  of 
treg-tment  which  too  often  obtains.  The  "  sum  '^  of  an  infinite 
series  is  defined  with  reasonable  accuracy,  the  "  convergence  " 
and  "  absolute  convergence "  of  series  are  discussed,  and  the 
condition  u^^Ju^  =  r  <  1  is  established  for  the  convergence  of 
a  series  of  positive  terms.  Even  power  series  are  discussed 
briefly,  but  without  many  proofs  of  theorems. 

The  average  value  theorem  is  then  derived ;  and  is  used  for 
a  very  simple  treatment  of  Taylor's  development,  which  can  be 
recommended  as  simple,  accurate  and  above  all  trv£.  Even 
more  remarkable,  from  the  standpoint  of  comparison  with  the 
American  calculus  for  engineers,  is  the  investigation  of  the 
interval  of  convergence  of  the  Taylor's  expansions,  for  each  of 

*  That  this  does  not  preclude  a  proper  definition  of  differentials  has  already 
been  intimated. 
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the  "  elementary  "  functions  considered.  It  is  clearly  demon- 
strated that  the  method  of  such  investigations^  and  the  proof 
of  the  necessity  of  investigation,  is  within  the  reach  of  a  fairly 
intelligent  student.  Last  of  all  these  comes  the  binomial  the- 
orem, of  which  very  clear  proof  and  statement  are  given. 

The  discussion  of  indeterminate  coefficients  at  the  end  of  the 
chapter  establishes  the  uniqueness  of  McLaurin^s  expansion. 
It  is  remarkable  to  notice  that  the  proof  of  the  uniqueness  of 
the  expansion  is  just  what  is  usually  given  in  our  texts,  in 
place  of  a  proof  of  the  formula  itself ! 

The  last  chapter  of  the  section  deals  with  some  common  in- 
determinate forms  in  a  very  acceptable  manner,  though  the 
proofs  are  not  supposed  to  be  entirely  rigorous.  The  use  of 
power  series  as  an  alternate  process  is  somewhat  out  of  the 
ordinary  ;  and  the  investigation  of  the  relative  intensity  of  the 
approach  of  af  and  log  x  toward  infinity,  is  quite  so,  in  such  a 
text. 

The  second  part,  on  integral  calculus,  opens  with  a  treat- 
ment of  definite  and  indefinite  integrals  which  is  worthy  of 
notice  and  possible  imitation.  The  accuracy  of  statement  which 
characterizes  the  book  is  noticeable  on  page  80.  The  theorem 
that  two  integrals  of  the  same  integrand  can  differ  only  by  an 
additive  constant,  is  referred  for  proof  to  the  average  value 
theorem  of  differential  calculus.  That  the  author  contents 
himself  with  the  mere  reference,  and  does  not  give  the  proof 
which  he  shows  is  necessary,  is  typical  of  the  attempt  at  sim- 
plicity of  presentation.  A  proof  just  here  would  probably  con- 
fuse the  ordinary  student. 

The  definition  of  a  definite  integral  is  given  as  a  sum  (which 
is  meant,  of  course,  for  the  limit  of  a  sum)  and  the  connection 
with  indefinite  integrals  is  established  by  means  of  the  average 
value  theorem  in  connection  with  an  admirable  geometrical 
representation,  which  renders  the  reasoning  concrete  and  there- 
fore easy.  The  average  value  theorem  for  integrals  is  then 
proved  and  its  concrete  applications  are  not  wanting  in  the  rest 
of  the  book. 

Aside  from  certain  ordinary  formulae,  the  chapter  further 
contains  the  interpretation  of,  hyperbolic  and  trigonometric 
functions  by  means  of  areas,  and  certain  formulse  fi)r  the  ap- 
proximate calculation  of  definite  integrals.  The  first  topic  is 
of  doubtful  importance  to  engineers ;  but  the  importance  of  the 
second  to  them  can  scarcely  be  overestimated.     Such  a  treat- 
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ment  should  be  given,  even  in  more  detail,  in  all  calculus  texts 
for  engineers. 

In  order  to  establish  the  expansion  of  a  rational  function 
into  partial  fractions,  a  few  theorems  on  algebraic  equations  are 
stated  in  the  second  chapter.  This  enables  the  author  to  give 
a  proof  of  the  expansion  in  question  which  amounts  to  some- 
thing more  than  a  bald  assertion.  The  Lagrange  formulae  of 
interpolation  for  constructing  a  function  of  lowest  possible 
degree  taking  on  a  given  set  of  values  for  given  arguments  is 
surely  of  use  to  the  engineer,  and  should  be  found,  apparently, 
in  all  engineering  texts  on  the  calculus. 

The  remainder  of  the  chapter  establishes  for  the  most  part 
usual  theorems.  It  might  be  remarked  that  the  author's 
anxiety  to  introduce  elliptic  integrals  has  led  him  to  a  state- 
ment (page  111)  which,  without  explanation,  might  lead  a 
student  to  suppose  that  such  an  integral  as 


X 


{2x-lfdx 


(17-3aj  +  6a;2_4ar')* 

did  not  represent  an  *'  elementary  "  function. 

The  fourth  section  is  not  especially  noteworthy.  The  usual 
theorems  regarding  functions  of  several  independent  variables 
are  discussed,  and  the  treatment  is  not  very  unusual.  There 
are,  however,  several  minor  points  where  the  presentation  is 
especially  good,  and  a  little  more  surface  theory  than  is  usual 
in  our  books  is  given.     The  proof  on  page  120  of  the  theorem 


dx  dxj  dy 


where  /(ic,  y)  ==  0  is  given,  is  a  clear  instance  of  the  necessity  of 
considerable  care  in  the  handling  of  differentials,  even  when 
properly  defined.     Since 

df  df 

dz=^^^dx  +  -^-^dy 

is  the  definition  of  dz  (which  is  otherwise  unknown)  it  follows 
that  we  cannot  set  rf»  =  0  without  an  assumption  which  prac- 
tically amounts  to  the  theorem  itself!  The  theorem  at  the 
bottom  of  page  121  :  "  Given  y  =/(Xj,  x^,  -  •  .,  xj,  x.  =  <l>j[x), 
then 
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dx      dx^  dx      dx^  dx  dx^  dx    ' 

is  really  the  fundamental  theorem  upon  which  all  the  work  for 
functions  of  several  variables  might  be  based. 

The  third  part  (Section  V)  treats  of  differential  equations. 
A  single  ordinary  equation  in  one  dependent  variable,  a  set  of 
two  ordinary  equations  in  two  dependent  variables,  and  a 
single  partial  equation  in  one  dependent  and  two  independent 
variables,  are  the  topics  treated.  The  selection  of  methods  of 
solution  is  good,  scarcely  any  well  known  elementary  method 
being  omitted.  The  best  features  of  the  section  are  a  geomet- 
rical proof  of  the  existence  of  solutions  of  an  ordinary  equation, 
and  geometrical  interpretations  of  the  meanings  of  the  several 
types  of  equations  discussed. 

The  introduction  of  the  hypergeometric  series  and  its  differ- 
ential equation,  at  the  close  of  the  section,  will  sufficiently  illus- 
trate the  scope  of  the  work.  Of  course  the  reasoning  is  neces- 
sarily somewhat  crude  at  points  in  this  section,  as  for  instance 
the  statements  that  a  given  differential  equation  can  always  be 
written  in  normal  form  ;  but  the  work  is  generally  more  rigor- 
ous, and  much  more  complete,  than  corresponding  discussions 
in  any  elementary  calculus  in  the  English  language.  The  88 
pages  of  this  section  compare  favorably  with  such  books  as 
Johnson  or  Forsyth  in  giving  a  general  oversight  of  the  subject. 
In  general,  the  short  courses  on  differential  equations  given  in 
American  technical  schools  —  when  such  courses  are  given  at  all 
—  lay  too  much  stress  on  ordinary  equations  to  the  total  or 
partial  exclusion  of  partial  equations.  For  the  problems  of 
higher  engineering  very  often  lead  to  partial  differential  equa- 
tions, and  the  solution  of  many  other  problems  usually  solved 
by  cumbrous  methods  can  often  be  effected  in  simple  form  by 
the  use  of  such  equations. 

The  short  appendix  on  functions  of  a  complex  variable  is 
scarcely  to  be  mentioned  for  imitation  in  our  books  on  calculus. 
Important  as  is  the  subject  matter  for  the  engineer  and  for  the 
mathematical  student,  such  work  is  beyond  the  average  teacher 
in  our  technical  schools,  and  could  not  be  given  to  advantage. 

For  the  purposes  of  our  schools  it  would  seem  that  more  time 
should  be  spent  on  applications  of  the  calculus  to  mechanics. 
These  applications  are  quite  as  immediate  as  the  applications  to 
geometry,  for  a  derivative  is  represented  by  a  velocity  quite  as 
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truly  and  simply  as  by  the  slope  of  a  curve ;  and  the  second 
derivative  finds  easier  direct  representation  in  acceleration  than 
in  curvature.  Moreover  the  subject  of  mechanics  is  of  more 
importance  to  the  engineer  than  the  extended  study  of  curves 
and  surfaces.  Of  course  the  geometrical  interpretation  of  the 
calculus  must  continue  to  be  given  quite  as  fully,  at  least,  as  is 
now  common  ;  but  it  would  certainly  be  useful  to  introduce  the 
ideas  of  mechanics  early  in  the  work,  and  bridge  the  chasm 
between  formal  calculus  and  engineering  mechanics  by  as  many 
applications  of  the  calculus  to  mechanics  as  possible. 

The  remarks  which  have  been  made  have  to  do,  for  the  most 
part,  with  the  method  of  presentation  of  the  calculus  to  future 
engineers  in  American  technical  schools.  This  is  a  most  diiE- 
cult  theme,  and  it  is  scarcely  hoped  that  the  opinions  which 
have  been  expressed  will  be  generally  accepted  as  final.  Many 
important  topics  have  not  been  discussed,  since  they  were  not 
suggested  by  the  book  in  hand,  but  it  is  hoped  that  the  discus- 
sions of  the  matters  which  have  been  touched  upon  will  prove 
suggestive  and  possibly  beneficial  in  the  arrangement  of  the 
work  in  calculus  in  our  technical  institutions,  and  in  the  prepa- 
ration of  texts  designed  for  such  schools.  The  whole  subject 
surely  merits  considerable  careful  thought  and  thorough  discus- 
sion, particularly  in  view  of*  the  exceptional  growth  of  institu- 
tions especially  intended  for  students  of  engineering,  and  in 
view  of  present  lack  of  any  text-book  on  the  calculus  expressly 
designed  for  students  of  engineering  which  really  meets  their 
needs. 

Herr  Fricke's  book  cannot  be  said  to  be  the  ultimate  ideal 
of  such  a  text,  and  there  are  many  things  which  would  need 
entire  revision  to  make  the  book  suitable  for  American  schools. 
But  a  great  advance  is  marked  in  it  over  our  American  texts, 
in  the  combination  of  simplicity  and  concreteness  with  reason- 
able accuracy ;  aud  on  this  account  it  may  well  serve  to  suggest 
to  the  instructor  or  to  the  author  of  a  text  on  the  calculus, 
possibilities  of  presentation  of  the  subject  to  students  of  engi- 
neering. 

E.  R.  Hedrick. 
Sheffield  Scientific  School, 
Yale  University, 
December,  1902. 
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NOTES. 

The  April  number  (volume  4,  number  2)  of  the  Transactions 
of  the  American  Mathematical  Society  contaitis  the  fol- 
lowing papers  :  *^  The  approximate  determination  of  the  form 
of  Maclaurin^s  spheroid/^  by  G.  H.  Darwin  ;  "  On  twisted 
cubic  curves  that  have  a  directrix,"  by  H.  S.  White  ;  "  Ueber 
Curvenintegrale  im  m-dimensionalen  Raum/'  by  L.  Heffter  ; 
"  The  generalized  Beltrami  problem  concerning  geodesic  repre- 
sentation," by  E.  Kasner  ;  "On  the  holomorph  of  acyclic 
group,"  by  G.  A.  Miller  ;  "  Quadric  surfaces  in  hyperbolic 
space,"  by  J.  L.  Coolidge;  "Ueber  die  Reducibilitat  der  reellen 
Gruppen  linearer  homogener  Substitutionen,"  by  A.  Loewy  ; 
"  On  the  possibility  of  differentiating  term  by  term  the  develop- 
ments for  an  arbitrary  function  of  one  real  variable  in  terms  of 
Bessel  functions,"  by  W.  B.  Ford  ;  "  On  a  certain  congruence 
associated  with  a  given  ruled  surface,"  by  E.  J.  Wilczynski  ; 
"  On  the  class  number  of  the  cyclotomic  number  field  A(c*' *''"*)," 
by  J.  Westlund. 

The  San  Fraqcisoo  Section  of  the  American  Mathemati- 
cal Society  will  hold  its  third  regular  meeting  at  Stanford 
University,  on  Saturday,  April  25,  1903. 

The  twenty-fifth  anniversary  of  the  founding  of  the  Yale 
Mathematical  Club  was  celebrated  on  January  20th  by  a  din- 
ner given  by  Mr.  George  E.  Dimock,  at  which  the  members  of 
the  Yale  mathematical  faculty,  graduate  students  and  several 
invited  guests  were  present.  Professor  Phillips  acted  as  toast- 
master  and  responses  were  made  by  ex-President  Dwight,  Presi- 
dent Hadley,  Professors  Gibbs,  Pierpont,  Smith  and  others.  The 
club  was  founded  by  Professor  Gibbs,  and  among  the  more  im- 
portant papers  presented  at  its  meetings  have  been  Professor  H. 
A.  Newton's  later  researches  on  meteors,  and  Professor  Gibbs's 
development  of  his  vector  analysis.  Several  facts  of  historical 
interest  to  the  department  were  recalled,  among  which  the  fol- 
lowing may  be  of  general  interest.  In  1 714  the  first  (recorded) 
mathematical  books  were  placed  in  the  Yale  College  library, 
among  which  were  copies  of  Newton's  Optics,  and  the  second 
edition  of  his  Principia  which  were  presented  to  the  college 
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by  Sir  Isaac  Newton  himself.  The  acquisition  of  these  and 
other  books  evidently  stimulated  the  study  of  mathematics, 
and  previous  to  1866  courses  in  conic  sections  and  fluxions  were 
given  at  Yale,  which  was  the  first  college  in  America  to  include 
higher  mathematics  in  its  curriculum.  It  was  also  recalled 
that  before  1860  no  less  than  three  Yale  instructors,  Professors 
Stanley,  Loomis,  and  Newton  availed  themselves  of  extended 
periods  of  study  in  France  and  England,  being  among  the 
pioneer  American  mathematicians  in  foreign  study. 

The  next  meeting  of  the  Deutsche  Mathematiker-Vereini- 
guug  will  be  held,  in  connection  with  the  seventy-fifth  meeting 
of  the  association  of  German  naturalists  and  physicians,  at 
Cassel,  September  20-26,  1903.  Abelian  functions  and  theo- 
retical mechanics  are  especially  proposed  as  centers  of  discus- 
sion at  this  meeting. 

The  several  Grerman  universities  below  oflFer  during  the  sum- 
mer semester  of  the  current  academic  year  courses  in  mathematics 
as  follows : 

University  of  Bonn. — By  Professor  H.  Kortum  :  Exer- 
cises in  the  mathematical  seminar,  two  hours  ;  Infinite  series,  two 
hours;  Elements  of  differential  and  integral  calculus,  four 
houi*s. — By  Professor  R.  Lipschitz  :  Exercises  in  the  mathe- 
matical seminar,  two  hours ;  Application  of  the  infinitesimal  cal- 
culus to  the  theory  of  space,  four  hours. 

University  of  Breslau. — By  Professor  J.  Rosanes  :  Ex- 
ercises in  the  mathematical  seminar,  one  hour ;  Analytic  geome- 
try of  the  plane,  four  hours ;  Elements  of  the  theory  of  deter- 
minants, two  hours. — By  Professor  R.  Sturm  :  Exercises  in  the 
mathematical  seminar,  two  hours ;  Theory  of  geometric  trans- 
formations, part  I,  four  hours ;  Descriptive  geometry  and 
graphic  statics,  three  hours.  By  Professor  F.  London  :  Theory 
of  definite  integrals  and  of  Fourier's  series,  three  hours. 

University  of  Erlangen. — By  Professor  P.  Gordan  : 
Geometry  of  space,  four  hours ;  Theory  of  numbers,  four 
hours ;  Exercises  in  the  seminar,  three  hours. — By  Professor 
M.  Noether  :  Dififerential  and  integral  calculus,  II,  four 
hours ;  Geometric  and  analytic  exercises. 

University  op  Freiburg. — By  Professor  J.  LtJROTH  : 
Higher  analytic  geometry  of  curves  and  surfaces,  four  hours  ; 
Theoretic  astronomy,  three  hours. — By  Professor  L.  Stickel- 
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BERGER  :  Integral  calculus,  five  hours ;  Elliptic  functions,  three 
hours ;  Mathematical  seminar.  By  Professor  A.  Loewy  : 
Theory  of  algebraic  equations,  four  hours  ;  On  the  foundations 
of  geometry,  two  hours. 

University  of  Giessen. — By  Professor  M.  Pasch  :  Ana- 
lytic geometry  of  the  plane,  four  hours ;  General  expedients  in 
the  theory  of  functions,  two  hours ;  Exercises  in  the  mathemati- 
cal seminar,  one  hour.— By  Professor  E.  Netto:  Introduction 
to  algebra,  four  hours  ;  Differential  equations,  two  hours ;  Exer- 
cises in  the  mathematical  seminar,  one  hour. — By  Professor  J. 
Wellstein  :  Descriptive  geometry,  second  part,  with  exercises, 
six  hours  ;  Introduction  to  the  geometry  of  position,  two  hours  ; 
Arithmetic  theory  of  forms,  two  hours. 

University  of  Gottingen. — By  Professor  Felix  Klein  : 
Encyclopaedia  of  geometry,  four  hours  ;  Mathematical  seminar, 
two  hours. — By  Professor  D.  Hilbert  :  Differential  equations, 
four  hours ;  Mechanics  of  continua,  two  hours  ;  Exercises  in  the 
mathematico-physical  seminar,  two  hours.— By  Professor  M. 
Brendel  :  Insurance,  two  hours ;  Exercises  in  the  integration 
of  differential  equations,  two  hours ;  Special  perturbations,  two 
hours ;  Mathematical  exercises  in  the  insurance  seminar,  two 
hours.- By  Professor  F.  Schilling  :  Differential  and  integral 
calculus,  I,  four  hours ;  Graphic  statics,  one  hour ;  Exercises  in 
graphic  statics,  two  hours.— By  Dr.  E.  Zermelo  :  Analytic 
geometry,  four  hours  ;  Exercises  in  the  integration  of  differential 
equations,  two  hours.— By  Dr.  O.  Blumenthal  :  Elliptic  and 
modular  functions,  three  hours  ;  Exercises  in  the  integration  of 
differential  equations,  two  hours. 

University  of  Halle-Wittenberg.— By  Professor  G. 
Cantor  :  Differential  and  integral  calculus,  five  hours ;  Exer- 
cises in  the  mathematical  seminar,  one  hour. — By  Professor  A. 
W  ANGERiN  :  Differential  equations,  four  hours  ;  Analytic  geom- 
etry of  the  plane,  three  hours;  Spherical  trigonometry  and  math- 
ematical geography,  three  hours ;  Exercises  in  the  mathematical 
seminar,  one  hour.  By  Professor  H.  Grassmann  :  Application 
of  descriptive  geometry  to  surfaces  of  the  second  degree,  with 
exercises,  two  hours. — By  Professor  H.  Buchholz  :  Proba- 
bilities and  the  method  of  least  squares,  two  hours ;  Practical 
exercises  in  determination  of  geographic  position,  for  mathema- 
ticians and  geographers,  two  hours. — By  Dr.  F.  Bernstein  : 
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FouDdations  of  geometry,  two  hours ;  Exercises  in  the  founda- 
tions of  geometry,  one  hour. 

University  of  Heidelberg. — By  Professor  L.  Koniqb- 
BERGER :  Differential  and  integral  calculus,  four  hours  ;  Theory 
of  functions,  four  hours ;  Seminar,  two  hours. — By  Professor  M. 
Cantor  :  Application  of  analysis  to  higher  algebraic  plane 
curves,  four  hours ;  Arithmetic  and  algebra,  three  hours. — By 
Professor  F.  Pockela  :  Partial  differential  equations  of  physics, 
two  hours. — By  Professor  F.  Eisenlohr  :  Probabilities,  three 
hours. — By  Professor  K.  Koehler  :  Plane  analytic  geometry, 
three  hours. — By  Professor  G.  Landsberg  :  Theory  of  deter- 
minants and  invariants,  four  hours ;  Selected  chapters  in  the 
theory  of  algebraic  functions,  two  hours. — By  Dr.  K.  Boehm  : 
Theory  of  elliptic  functions. 

University  of  Jena. — By  Professor  J.  Thomae  :  Plane 
analytic  geometry,  four  hours ;  Mathematical  geography,  four 
hours. — By  Professor  A.  Gutzmer  :  Differential  calculus,  with 
exercises,  five  hours ;  Introduction  to  the  theory  of  differential 
equations,  five  hours. — By  Professor  G.  Frege  :  Riemann's 
theory  of  functions,  four  hours ;  Mathematical  exercises,  two 
hours. 

University  of  Kiel. — By  Professor  L.  Pochhammer  : 
Plane  analytic  geometry,  four  hours;  Theory  of  definite 
integrals,  four  hours  ;  Introduction  to  probabilities,  one  hour ; 
Exercises  in  the  mathematical  seminar,  one  hour. — By  Profes- 
sor P.  Stackel  :  Differential  calculus  and  introduction  to 
analysis,  four  hours  ;  Curvature  of  surfaces,  one  hour ;  Analytic 
mechanics,  four  hours  ;  Exercises  in  the  mathematical  seminar, 
on  mechanics,  one  hour. — By  Professor  E.  Kobold  :  Ele- 
mentary geodesy,  two  hours ;  Exercises  in  geodesy,  one  hour. 

University  of  Leipsic. — By  Professor  K.  Neumann  : 
Differential  and  integral  calculus,  three  hours ;  Mathematical 
seminar,  two  hours. — By  Professor  A.  Mayer  :  Ordinary  dif- 
ferential equations,  four  hours,  with  exercises. — By  Professor 
O.  Holder  :  Applications  of  elliptic  functions,  three  hours ; 
Projective  geometry  treated  synthetically,  three  hours  ;  Math- 
ematical seminar,  one  hour. — By  Professor  F.  Engel  :  Analy- 
tic geometry,  four  hours ;  Theory  of  transformation  groups, 
two  hours  ;  Algebraic  equations,  two  hours  ;  Mathematical  semi- 
nar, one  hour. — By  Professor  F.  Hausdorff:  Differential 
geometry,  four  hours ;  Exercises,  one  hour. 
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University  of  Marburg. — By  Professor  E.  Hess  :  Plane 
geometry  treated  analytically  and  synthetically,  four  hours  ; 
Selected  chapters  from  higher  analysis,  four  hours ;  Exercises 
in  the  mathematical  seminar,  three  hours. — By  Professor  K. 
Hensel  :  DiflFerential  calculus,  five  hours ;  Theory  of  algebraic 
functions  of  a  single  variable  and  their  application  to  the 
theory  of  algebraic  curves  and  of  the  abelian  integrals,  four 
hours ;  Seminar,  two  hours. — By  Dr.  F.  von  Dalwiok  : 
Theory  of  functions,  five  hours ;  Geodesy,  two  hours. — By  Dr. 
H.  Jung  :  Theory  of  numbers,  four  hours ;  Algebra,  II,  two 
hours. 

University  of  Rostock. — By  Professor  O.  Staude  :  Dif- 
ferential and  integral  calculus,  four  hours ;  Seminar,  two  hours. 

University  op  Strassburg. — By  Professor  T.  Reye  : 
Selected  chapters  from  the  higher  synthetic  geometry,  three 
hours  ;  Theory  of  potential,  three  hours  ;  Exercises  in  the  semi- 
nar, two  hours. — By  Professor  H.  Weber  :  Definite  int^rals 
and  the  introduction  to  the  theory  of  functions,  four  hours ; 
Higher  algebra,  four  hours ;  Exercises  in  the  seminar,  two  hours. 
By  Professor  G.  Roth  :  DiflFerential  and  integral  calculus,  three 
hours ;  Exercises  in  diflPerential  and  integral  calculus,  two 
hours;  Plane  analytic  geometry,  three  hours. — By  Professor 
M.  DiSTELi :  Analytic  geometry  of  space,  three  hours ;  De- 
scriptive geometry,  II,  two  hours;  Exercises  in  descriptive 
geometry,  four  hours ;  Exercises  in  the  seminar,  two  hours. 

University  of  TtJBiNOEN. — By  Professor  A.  von  Brill  : 
Analytic  geometry  of  space,  three  hours ;  Theory  of  curvature 
of  surfaces,  four  hours ;  Exercises  in  the  seminar,  two  hours. — 
By  Professor  H.  Stahl:  Elementary  analysis,  three  hours; 
Higher  analysis,  three  hours  ;  Exercises  in  each,  one  hour. —  By 
Professor  L.  Maurer:  Descriptive  geometry,  two  hours  ;  One- 
valued  functions  of  a  complex  variable,  two  hours ;  Exercises  in 
descriptive  geometry,  two  hours :  Exercises  in  the  theory  of 
functions,  one  hour. 

The  February  number  of  the  Popular  Science  Monthly  con- 
tains a  statistical  study  by  Professor  J.  McK.  Cattell  of  emi- 
nent men  of  the  past.  Professor  CattelFs  list  of  a  thousand 
names,  selected  according  to  the  space  devoted  to  them  in  six 
representative  encyclopaedias  and  biographical  dictionaries,  in- 
cludes the  following  mathematicians  :  Newton  (14th),  Descartes 
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(23d),  Leibnitz  (34th),  Pascal,  Pythagoras,  Napier,  Laplace, 
Lagrange,  Huygens,  Archimedes,  Cardan,  Dupin,  Euclid,  Euler, 
Monge,  Gauss,  Fermat.  The  order  of  the  names  is  based  of 
course  on  general,  not  mathematical,  reputation. 

The  Mathematical  society  of  France  has  elected  as  its  pres- 
ident for  1903,  Professor  P.  Painlev6.  The  four  new  mem- 
bers of  the  council  are  MM.  Koenigs,  Lecornu,  R.  Perrix, 
and  Touche.  Professor  G.  Mittag-Leffler  has  been  made 
an  honorary  member,  the  second  foreign  member  of  the  Society, 
the  other  being  Professor  L.  Cremona. 

Professor  H.  Poincar6  has  been  elected  a  corresponding 
member  of  the  Brussels  academy. 

Professor  P.  Appell  has  been  elected  dean  of  the  Paris 
faculty  of  sciences,  succeeding  Professor  G.  Darboux,  who  has 
been  made  honorary  dean. 

Professor  Joseph  Larmor,  fellow  of  St.  John's  College, 
Cambridge,  and  secretary  of  the  Royal  society,  has  been  elected 
Lucasian  professor  of  mathematics,  succeeding  the  late  Sir 
Greorge  Gabriel  Stokes. 

It  is  proposed  by  Cambridge  University  to  secure  an  appro- 
priate memorial  of  the  late  Sir  G.  G.  Stokes.  For  this  pur- 
pose a  committee  has  been  appointed  consisting  of  the  chan- 
cellor, vice-chancellor.  Professors  Jebb,  Forsyth,  Darwin,  Ball, 
Thomson,  and  W.  Burnside. 

Professor  J.  J.  Thomson,  of  Cambridge,  England,  will 
deliver  at  Yale  University,  beginning  May  14,  a  course  of  eight 
lectures  on  "  Recent  developments  in  our  ideas  of  electricity." 
These  lectures  are  the  first  to  be  given  on  the  Silliman  founda- 
tion at  Yale. 

In  the  investigation  undertaken  by  the  aid  of  the  Carnegie 
Institution  into  certain  phases  of  geophysical  problems  com- 
mon to  mathematics,  astronomy,  physics,  chemistry  and  geology, 
mathematics  is  to  be  represented  by  Professors  C.  S.  Slighter, 
of  the  University  of  Wisconsin,  and  L.  M.  Hoskins,  of  Leland 
Stanford  University. 

Dr.  M.  B.  Porter  has  resigned  his  position  as  assistant 
professor  of  mathematics  in  the  academic  department  of  Yale 
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University,  to  accept  the  professorship  of  mathematics  recently 
offered  him  at  the  University  of  Texas,  where  he  will  have  full 
charge  of  the  department  of  mathematics. 

Dr.  G.  a.  Miller  has  been  promoted  from  an  assistant  to 
an  associate  professorship  of  mathematics  at  Stanford  University. 

Dr.  F.  R.  Moulton  has  been  promoted  to  an  assistant  pro- 
fessorship of  mathematics  at  the  University  of  Chicago. 

The  deaths  are  announced  of  Professor  F.  J.  Studnicka,  of 
the  Bohemian  University  of  Prague,  and  of  Professor  Anton 
PuCHTA,  of  the  University  of  Czemowitz. 


NEW    PUBLICATIONS. 

I.    higher   MATHEMATICS. 

Akuloy  (L.  a.).     See  Perry  (J.)- 

Baix  (W.  W.  R.).  Breve  compendio  di  storia  delle  matematiche. 
Versione  dall'inglese,  con  note,  aggiunte  e  modificazioni  di  D.  Gam- 
bioli  e  G.  Puliti,  riveduta  e  corretta  da  G.  Loria.  Vol.  I:  IjC  mate- 
matiche daU'antichitil  al  rinascimento.  Versione  di  G.  Puliti,  con 
una  nota  originale  su  la  scuola  pitagorica.  Bologna,  Zanichelli, 
1903.    8vo.    10  +  284  pp.  Fr.  8.00 

BAZHII7SKY  (V.  v.).    See  Perry   (J.). 

BOCHER  (M).    See  Briggs  (G.  R.). 

BoREL  (E.).  Lecons  sur  les  fonctions  m^romorphes,  professes  au  Col- 
lege de  France,  recueillies  et  r^dig^s  par  L.  Zoretti.  Paris,  Gau- 
thier-Villars,  1903.  8vo.  6  +  124  pp.  (Nouvelles  lecons  sur  la 
thtorie  des  fonctions,  4e  partie.)  Fr.  3.50 

Briggs  (G.  R.).  The  elements  of  plane  analytic  geometry:  a  text-book, 
including  numerous  examples  and  applications,  and  especially  de- 
signed for  beginners.  7th  edition,  revised  and  enlarged  by  M. 
BOcher.    New  York,  Wiley,  1903.     12mo.     5  +  191  pp.    Cloth. 

$1.00 

Catalog  mathematischer  Modelle  fflr  den  hoheren  mathematischen  Un- 
terricht,  verOffentlicht  durch  die  Verlagshandlung  von  Martin  Schil- 
ling in  Halle  a.  S.    6te  Auflage.    Halle,  1903.    8vo.    130  pp.    Cloth. 

M.  1.00 

Charasoff  (G.).  Arithmetische  Untersuchungen  Uber  Irreduktibilitftt. 
(Diss.)     Heidelberg,  1902.    8vo.    G7  pp. 

Du  BoRERiL  (R).  Pascal  et  Riemann.  Paris,  Dubois,  1902.  18mo. 
22  pp. 

FoRMULARio  di  geometria  analitica.    Torino,  Bertero,  1902.    8vo.    14  pp. 

Gamrioli  (D.).     See  Ball  (W.  W.  R.). 
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Geblach  (A.)<  Ueber  die  Anwendbarkeit  der  Methode  des  arithme- 
tischen  Mittels  auf  eine  von  zwei  konfokalen  EUipsen  begrenzte 
Ringflfiche.  (Diss.,  Leipzig.)  Frankfurt  a.  M.,  Knauer,  1902. 
8vo.    32  pp.,  1  plate.  M.  0.80 

Hadamaro  (J.).  Note  sur  I'induction  et  la  generalisation  en  mathe- 
matiques.  Paris,  Colin,  1903.  8vo.  pp.  441-444.  (Biblioth^ue  du 
Congr^s  international  de  philosophie.  Vol.  III.) 

.  Sur  certaines  surfaces  minima.  8vo.  3  pp.  {Bulletin  des  Sci- 
ences MatMmatiques,  (2)  Vol.  26,  Dec.  1902.) 

.    Sur  les  r^seaux  de  coniques.    8vo.    4  pp.     {Bulletin  des  Sciences 

Maih4matiques,  (2)  Vol.  25,  Jan.  1901.) 

Heibebo  (J.  L.).    See  Ptolemaeus  (C). 

Hero  Alexai^dbinus.  Opera  quae  supersunt  omnia.  Volumen  III: 
Vermessungslehre  und  Dioptra.  Griechisch  imd  deutsch  von  H. 
SchiJne.     Leipzig,  1903.     8vo.     21  +366  pp.  M.  8.00 

LoEiA  (G.).    See  Ball  (W.  W.  R.). 

Lutkemeyeb  (G.).  Ueber  den  analytischen  Charakter  der  Integrale 
von  partiellen  Differentialgleichungen.  (Diss.)  G^ttingen,  1902. 
8vo.    48  pp. 

Martin  (E.  N.).  On  the  imprimitive  substitution  groups  of  degree 
fifteen  and  the  primitive  substitution  groups  of  degree  eighteen. 
Dissertation  presented  to  the  faculty  of  Bryn  Mawr  College  for  the 
degree  of  Doctor  of  Philosophy.    Baltimore,  Friedenwald,  1903. 

Peano  (G.).  Aritmetica  generale  e  algebra  elementare.  Turin,  Paravia, 
1902.    8vo.     144  pp.  Fr.  2.40 

Perry  (J.).  The  calculus  for  engineers;  translated  by  L.  A.  Akulov 
and  V.  V.  Bazhinsky.    (In  2  volumes.)      Part  I.     St.  Petersburg, 

1902.  8vo.    330  pp.     (Russian.)  M.  9.00 

Ptolemaeus  (C).  Opera  quae  exstant  omnia.  Edidit  J.  L.  Heiberg. 
Volumen  I:  Syntaxis  mathematica.    Pars  II:  libri  7-13.    Leipzig, 

1903.  8vo.    4  +  608  pp.  M.  12.00 

PuLiTi  (G.).     See  Ball  (W.  W.  R.). 

Schone  (H.).    See  Hero  Alexandrinus. 

ZoRETTi  (L.).    See  BoREL  (£.). 

ViVANTi  (G.).  Complementi  di  matematica  ad  uso  dei  chimici  e  del 
naturalisti.  Milano,  Hoepli,  1903.  16mo.  10  +  381  pp.  (Manual! 
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SINGULAR  POINTS  OF  FUNCTIO^  ^HICH  -  / 

SATISFY  PARTIAL  DIFFERENTIAI>fi^<fffifiE,  Hf^  :>^^ 
TIONS  OF   THE   ELLIPTIC   TYPE. 

BT  PBOFEB80B  MAXIlfE  BOCHEB. 

(Read  before  the  American  Mathematical  Society,  December  30,  1902. ) 

In  the  study  of  the  nature  of  isolated  singular  points  of  har- 
monic functions  of  two  variables  *  the  following  theorem  may 
well  be  given  a  fundamental  place : 

I.  If  the  harmonic  function  u  becomes  infinite  for  every  method 
of  approaxshing  the  isolated  singular  point  (x^,  y^,  then  u  has  the 
form 
(1)  C  log  V(x-x,y  +  (y-y,y  +  v  (x,  y), 

where  Cis  a  constant  and  v  is  harmonic  kd  (x^,  yj. 

This  theorem  follows  at  once  from  well  known  facts  concern- 
ing functions  of  a  complex  variable. f  It  is^  however,  highly 
desirable  to  obtain  some  other  proof  for  it  in  order  to  be  able  to 
follow  out  consistently  the  method  introduced  by  Riemann  of 
deducing  the  theory  of  functions  of  a  complex  variable  from 
the  theory  of  harmonic  functions  of  two  real  variables.  Such 
a  proof  I  have  recently  found,  and  it  turns  out  that  it  can  be 
at  once  applied  to  large  classes  of  partial  differential  equations  ^ 
which  include  Laplace's  equation  in  two  dimensions  as  a  very 
special  case. 

The  theorem  thus  generalized,  together  with  some  applica- 
tions, forms  the  subject  of  the  present  paper. 

*  I  speak  of  a  function  of  the  n  variables  x,,  •  •  •  Xn  as  harmonic  at  the  point 
(a„*>-,  On)  if  throughout  the  neighborhood  of  this  point  it  has  continuous 
partial  derivatives  of  the  first  two  onlers  and  satisfies  Laplace's  e<}uation 
ldHLldz^-=0.  I  speak  of  it  as  harmonic  throughout  a  region  if  it  is  har- 
monic at  every  point  of  the  region.  By  an  isolated  8ina:ular  point  of  a  har- 
monic function  I  understand  a  point  at  which  it  Fails  to  be  harmonic, 
although  it  is  harmonic  at  every  other  point  in  the  neighborhood  of  this 
point. 

fCf.  Annals  of  Mathematics,  Second  Series,  Vol.  I  (1899),  p.  38.  The 
proof  can  be  given  most  readily  by  noticing  that  the  derivative  of  the  func- 
tion of  the  complex  variable  x  -f  yi  of  which  u  is  the  real  part  is  single 
valued  in  the  neighborhood  of  the  point  x^  -\-  yJi  and  can  therefore  be  devel- 
oped about  this  point  bv  Laurent's  theorem.  Integrating  this  series  we  have 
a  development  for  the  function  of  which  u  is  the  real  part  from  which  the 
theorem  follows  without  difficulty. 
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1.  Laplac^s  Equation  m  n  Diiiientnons, 

We  shall  consider  in  this  section  a  harmonic  function 
v(x^, ' .  •,  xj  of  n  independent  variables.  If  n  >  2,  theorem  I 
takes  the  form 

II.  If  the  harmonic  function  u  becomes  infinite  for  every 
method  of  approaching  the  isolaied  singvlar  point  (ar^,  •  •  •,  a;J,  then 
u  has  the  form 

(2)  C  [  lf(x,  -  x^yj-^^  v(x„ . .  ,  a:J, 

where  C  is  a  constant  and  v  is  harmonic  ai  (.Tj,  •  • .,  a?J. 

For  the  sake  of  simplicity  of  exposition  we  will  prove  this 
theorem  for  the  case  n  =  3,  but  the  proof  for  any  larger  value 
of  n,*  and  also  for  the  case  w  =  2  (Theorem  I)  is  practically 
identical  with  that  here  given. 

We  suppose^  then^  that  vu{Xy  y,  z)  is  harmonic  throughout  the 
neighborhood  of  P^  =  {x^^  y^,  z^)  and  becomes  infinite  for  every 
method  of  approaching  JP^.  Describe  a  sphere  S  about  P^  as 
centre  small  enough  so  that  u  is  harmonic  everywhere  within 
and  on  the  surface  of  S  except  at  P^,  and  let  u  be  the  function 
harmonic  at  every  point  within  and  on  S  and  having  on  S  the 
same  values  as  u.     The  function 

(3)  F{x,y,z)^u^u 

is  then  harmonic  at  every  point  within  and  on  S  except  at  P^, 
vanishes  at  every  point  on  S,  and  becomes  infinite  for  every 
method  of  approaching  P^. 

Let  P,  =  (Xj,  y^  2j)  be  any  point  within  S  other  than  P^,  and 
let  G{xy  y,  z),  or  more  explicitly  G{x,  y,  z ;  a?j,  y^  Zj),  be  the 
Green's  function  which  becomes  infinite  at  this  point  like  1/r 
but  is  otherwise  harmonic  within  and  on  8  and  vanishes  on  8. 

Let  us  now  consider  the  surface  F(xy  y,  z)  =  c^  where  c^  is  a 
numerically  large  constant  which  we  take  to  be  positive  or 
negative  according  as  F  becomes  positively  or  negatively  infi- 
nite at  Pq.  This  surface,  which  we  will  denote  by  8^,  is  a 
closed  analytic  surface  surrounding  P^  and  lying  wholly  within 

^That  all  the  facts  concerning  Laplace's  equation  of  which  we  are  about 
to  make  use  admit  of  immediate  generalization  to  space  of  n  dimensions  is 
well  known.  Cf.  Kronecker  :  Vorlesungen  iiber  die  Theorie  der  einfachen 
and  der  vielfachen  Integrale,  Leipzig,  1894.  In  Vorlesungen  16  and  17, 
proofs  of  many  of  the  theorems  are  given. 
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S,  and  within  8^  the  function  jP  is  numerically  greater  than  c^. 
Accordingly  if  we  denote  by  n  the  interior  normal  to  this  sur- 
face, it  is  clear  that  dF/dn  does  not  change  sign  on  the  surface, 
being  nowhere  negative  if  F  becomes  positively  infinite  at  P^ 
nowhere  positive  if  i^  becomes  negatively  infinite. 

Similarly  let  c^  be  a  large  positive  constant  and  consider  the 
surface  (which  as  it  happens  will  in  this  case  be  a  sphere) 
G(x,  y,  z)  =  Cj.  This  surface,  which  we  will  call  8^,  lies  within 
8,  surrounds  P^,  and  on  it  dG/dn  does  not  change  sign.  We 
suppose  the  absolute  values  of  c^  and  c^  to  be  so  great  that  8^ 
and  8^  lie  wholly  outside  of  one  another. 

Now  apply  Green's  theorem  to  the  region  bounded  by  8,  /S^, 
and  8^.     Since  F  and  G  both  vanish  on  8  this  gives 

Accordingly,  by  applying  the  law  of  the  mean  for  integrals,  we 
have 

roG  rdF  rdF  roG 

where  Gg^  and  Fg^  denote  the  values  which  the  functions  G  and 
F  take  on  at  certain  points  of  the  surfaces  8^  and  8^  respectively. 
The  second  integrals  on  both  sides  of  this  equation  have  the 
value  zero  since  G  and  F  are  harmonic  at  P^  and  P^  respec- 
tively. The  values  of  the  first  integrals  are  independent  of  the 
surfaces  over  which  we  integrate  provided  merely  that  we  in- 
tegrate over  small  closed  surfaces  surrounding  the  points  P^ 
and  Pq  respectively.  By  taking  the  first  of  these  surfaces  as 
a  small  sphere  with  centre  at  P^  we  find  at  once 


4^d/S=47r. 

If,  then,  we  write 

dF 


(6)  f 

If,  then,  we  write 

J  rdF 


we  have 


(8)  4irF^  =  aGs,. 

Now  let  the  quantities  c^  and  Cj  become  infinite,  so  that  the  sur- 
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faces  8q  and  S^  shrink  down  towards  the  points  P^  and  P^  re- 
spectively.    We  get  as  the  limit  of  the  last  equation 

^i^v  Vv  ^i)  «  ^  Gf(a;„  y^  z^)  =  ^  G{x^,  y^  z^ ;  x,,  y,,  z^) 
(^)  •      a 

In  this  formula  we  now  regard  the  point  P^  as  fixed,  but  P^  as 
variable.  It  is  important  to  notice  that  a  is  independent  of  x^^ 
y^y  Zj,  as  is  obvious  from  its  definition  (7).  Accordingly  (9)  in 
combination  with  (3)  and  the  well  known  formula 

<^{^v  Vv  «i ;  ^o>  yt>  «o)  ==  [(^1  -  ^o)'  +  ivx  -  y,f 

where  5^  is  a  harmonic  function  of  flCj,  y,,  z^  at  P^  gives  us  pre- 
cisely the  formula  (2)  for  u  which  we  wished  to  establish. f 

liCt  us  now  consider  the  behavior  of  a  harmonic  function  at 
infinity.     We  will  assume  n  >  2. 
Let 

r'^xl  +  '-^  +  xl 

*  We  make  uee  here  of  a  fundamental  theorem  concerning  Green's  func- 
tions, the  ordinary  proof  of  which  is  merely  the  special  case  of  the  work  just 
done  in  which  we  take  for  the  function  F  the  Green's  function  G{x,  y^  9\  x^ 
y^  2q).     Of.  Green's  original  B^ssay,  2  6. 

t  The  proof  here  given  may  easily  be  so  modified  as  to  avoid  the  use  of 
Green's  functions.  For  this  purpose  we  apply  Green's  theorem  to  the  two 
functions  u  and  l/f],  where  r^  is  the  distance  from  (x^,  y„  s,)  to  {x,  y,  z).  We 
Qse  the  same  region  as  above  except  that  Si  is  now  a  small  sphere  having  its 
centre  at  P, ;  and  get  in  place  of  (4) 

Si  dn  ' 


^/.(iS-.^-^f')^^ 


The  integral  which  here  remains  is  easily  shown  to  be  a  harmonic  function 
of  (xj,  y„  Xi)  throughout  S, 
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and  suppose  that  u  (a?p  •  •  .,a;^)  is  harmonic  when  r  >  Ry  where  R 
is  some  positive  constant.  It  follows  from  a  theorem  due  to 
Lord  Kelvin  *  that  if  we  let 


^<  —  ^>     ^  ""  y.' 
then 

r 


i 


is  a  harmonic  function  of  x\y  •  •  •,  a:^  at  all  points  for  which 
r  <  1  / 12  except  at  the  point  a?J  =  •  •  •  =  a:^  =  0. 

Let  us  now  consider  the  different  ways  in  which  u  may  be- 
have as  the  point  P  =  (a?„  •  •  •,  a? J  moves  off  to  infinity.  It 
may  become  positively  infinite  for  some  ways  in  which  F  goes 
to  infinity;  negatively  infinite  for  others.  Let  us,  however, 
suppose  that  this  is  not  the  case.  Then  there  exists  a  constant 
a  such  that  u  +  a  does  not  vanish  at  any  point  for  which  r>  R. 
Accordingly  by  (11)  the  function 

T 

is  a  harmonic  function  of  a?!,  •  •  •,  a?^  which'  becomes  infinite  for 
every  method  of  approaching  the  point  r'  =  0,  and  which  can, 
therefore,  by  theorem  II,  be  expressed  in  the  form 

T 

where  v  is  harmonic  at  the  point  r  =  0.     We  thus  get 
(12)  «(x„  . .  ,a?J  =  (6  -  a)  +  t-\{x\,  . .  .,<). 

Accordingly,  no  matter  how  P  moves  off  to  infinity,  u  ap- 
proaches the  finite  limit  6  —  a.     Hence  the  theorem 

III.  Tht  junction  u  being  harmonic  when  r>  R,  it  either 
becomes  both  positively  and  negatively  infinite  for  different  ways 
of  going  to  infinity y  or  it  approa^ches  one  and  the  same  finite  limit 
for  every  method  by  which  the  point  P  recedes  to  infinity.ii 

*LiouviU4^$J<mnud,  vol.  12  (1847),  p.  259. 
t  We  note  in  passing  the  following  consequence  of  this  theorem  : 
if  for  all  values  of  Xi^  •  •  •,  x»  the  function  u  is  harmonie  and  t*  <  JW  (or  {/"u  >  m) 
then  uisa  constant. 
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If  in  particular  u  vanishes  at  infinity,  we  see  from  (12),  in 
which  now  6  =  a,  that 

(13)  r-X^i>"'y^J 

approaches  a  finite  limit  at  infinity.  Furthermore,  by  differ- 
entiating (12)  with  regard  to  r  we  see  that 

du 

(14)  r-'^ 

approaches  a  finite  limit  at  infinity.  This  behavior  of  the 
functions  (13)  and  (14)  is  often  postulated  as  an  additional 
restriction  on  the  function  le,  whereas  we  see  that  it  follows  as 
a  consequence  of  the  mere  requirement  that  u  vanish  at  infinity. 

Let  us  now  leave  the  consideration  of  the  point  at  infinity 
and  look  again  at  a  finite  isolated  singular  point  P^. 

IV.  If  a  harmonic  function  u  of  two  or  more  variables  be- 
comes  infinite  for  no  method  of  approaching  an  isolated  singular 
point  Pq,  then  by  suitably  changing  the  definition  of  the  function  at 
this  point  it  can  be  made  harmonic  there  as  well  as  elsewhere. 

In  the  case  of  two  independent  variables  this  theorem  is  sug- 
gested at  once  by  a  similar  theorem  for  functions  of  a  complex 
variable,  and  can  be.readily  proved  by  the  method  suggested  in 
the  second  footnote  on  page  456.  I  owe  to  a  remark  of  Pro- 
fessor Osgood  the  following  method  by  which  the  theorem  can 
in  all  cases  be  established  as  an  immediate  consequence  of 
theorems  I  and  II. 

For  this  purpose  let  us  add  to  u  the  function 


[tc^^-i)*] 


2-H 

2 


or  in  the  case  n  =  2  the  function 

log  V{x-^x^f+\y~^f> 

We  thus  have  a  harmonic  function  having  P^  as  an  isolated 
singular  point  and  becoming  infinite  for  every  method  of  ap- 

JPor  in  this  case  by  III  u  approaches  a  finite  limit  c  at  infinity.  Let  Pq 
be  any  point  and  describe  a  sphere  with  Pq  as  centre.  The  average"  value  of  u 
on  this  sphere  is  known  to  be  equal  to  the  value  of  u  al  Pq.  But  by  taking 
the  sphere  large  enough,  the  average  value  of  u  on  the  sphere  can  be  made  to 
difier  from  c  by  as  little  as  we  please.  Therefore  the  value  of  u  at  Pq  must  be 
precisely  c.     But  Pq  was  any  point.     Therefore  u  has  the  value  c  everywhere. 
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proaching  this  point.     It  therefore  has  the  form  (2),  or  if  w  =  2 
the  form  (1).     Accordiogly  we  have 

u^{C-^l)[^{x,^x,y]^  +  v  (n>2) 


u^{C-^l)\ogV{x^x,y+{y^y,y  +  v      (n  =  2) 

But  since  u  does  not  become  infinite  as  we  approach  P^  we 
have  C=s  1  and  therefore  u^v.  Accordingly  u  is  harmonic 
atPo. 

I  will  add  that  precisely  the  same  method  may  be  applied  to 
prove  the  following  theorem  : 

Y.  If  a  harmonic  Junction  u  of  two  or  more  variables  becomes 
infiniiefoT  soine  but  not  for  all  mM^ods  of  approaching  an  isolated 
singular  point  P^,  then  it  can  be  made  to  become  both  posUivdy 
and  n^ativdy  infinite  (and  therefore  also  to  take  on  every  real 
value  an  infinite  number  of  times)  by  suitahly  approaching  P^. 

2.   The  Elliptic  Equation  with  two  Independemt  Variables. 
We  will  consider  in  this  section  the  differential  equation 

„  ^^  S^u      dhi         du      ,  du 

where  a,  6,  and  c  denote  real  functions  of  the  two  independent 
real  variables  x,  y  analytic  at  every  point  of  a  region  T  of  the 
Xj  y  plane.  We  shall  find  it  convenient  to  speak  of  a  function 
u  as  being  harmonic  with  regard  to  (15)  at  a  given  point,  if  at 
this  point  and  throughout  its  neighborhood  it  has  continuous 
first  and  second  partial  derivatives  and  satisfies  (15).  We  will 
say  that  u  is  harmonic  throughout  a  region  with  regard  to  (15) 
if  it  is  harmonic  at  every  point  of  this  region  with  regard  to 
(15).  According  to  a  remarkable  theorem  of  Picard,*  a  func- 
tion harmonic  with  regard  to  (15)  at  a  point  is  analytic  at  that 
point. 

In  a  recent  dissertation  f  E.  K.  Hedrick  has  confirmed  and 
made  more  precise  a  guess  of  Somraerfeld  J  by  proving  the  fol- 
lowing theorem  : 

*  Journal  de  V&ole  FolytechniqWy  Cah.  60  ( 1890). 

t  ''Ueber  den  analjtischen  Character  der  Losungen  von  Differentialgleich- 
UDgen,''  Gottingen,  1901. 

t  Encyclopadie,  II  A  7  c,  pp.  516  and  570. 
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If  P^=  {x^,  y^)  ia  any  point  of  T,  there  exists  a  function  har^ 
monic  with  regard  to  {15)  thronghout  the  neighborhood  of  P^,  ex' 
cept  at  Pq  itself,  and  having  the  form 


(16)  w=.  log  >/  (x  -  x,y  +  (y  -  y,y  -  U{x,  y)  +  V{x,  y) 

where  Uis  harmonic  with  regard  to  {16)  ai  P^,  U{x^j  y^)  =  1, 
and  V  is  analytic  at  P^. 

Now  the  theorem  we  wish  to  prove  is  this : 

VI.  If  the  function  u  harmonic  with  regard  to  {15)  has  an  iso^ 
lated  singular  point  at  P^  *  and  if  u  becomes  infinite  for  every 
method  of  approaching  P^,  then  u  has  the  form 

(17)  u^  Cw  -{-v 

where  Cis  a  constant,  wis  the  function  {16),  and  v  is  a  function 
harmonic  mih  regard  to  {15)  at  P^. 

To  prove  this  theorem  let  us  begin  by  considering  the  special 
case  of  (16)  in  which  c  s  0.  Draw  a  circle  S  about  P„  as 
centre  and  so  small  that  not  only  the  function  w  (formula  (16)) 
is  harmonic  with  regard  to  (15)  within  and  upon  S^  except  at 
Pq,  but  that  a  Green's  function  f  G{x,  y ;  x^,  y^)  exists  for 
every  point  Pj  =  {x^,  yj  within  S.  Let  H  be  the  function 
which  takes  on  the  same  values  as  u  on  S^  and  is  harmonic 
with  regard  to  (15)  throughout  the  interior  of  fi>  and  form  the 
function 

F{x,  y)^u^u. 

Let  us  now  surround  the  points  Pg  and  Pj  (these  points  be- 
ing supposed  distinct)  by  small  closed  curves  S^  and  8^  respec- 
tively on  which  the  functions  F  and  G  have  the  numerically 
large  values  c^  and  c^  respectively ;  and  let  us  suppose  these 
values  to  be  taken  so  large  that  8^  and  8^  lie  wholly  outside  of 
each  other.     Now  apply  the  Riemann-Darboux  extension  of 

*It  must  be  clearly  understood  that  we  assume  a,  6,  e  to  be  analytic  at  P^ 
That  is  we  consider  not  the  fixed  isolated  singular  points  of  the  differential 
equation,  but  the  movable  singular  points  of  its  solutions. 

fThat  is  a  function  of  (xyy)  whicn  vanishes  on  S,  becomes  loj^rithmicallv 
infinite  at  P^  and  is  harmonic  with  regard  to  the  equation  adjoint  to  (15) 
within  and  upon  S  except  at  Pj.  Cf.  Sommerfeld,  Encyclopaedic,  Vol.  II, 
p.  570,  where  it  is  stated  that  tne  existence  of  this  Green's  function  follows 
from  Mr.  Hedrick's  theorem.  This  is  in  fact  the  case,  but  only  after  Mr. 
Hedrick's  work  has  been  completed  by  an  investi^tion  of  the  dependence  of 
w  (formula  (16))  on  the  parameters  (2^,  Vo)  ;  an  investigation  wnich  is  also 
necessary  for  the  purposes  which  Mr.  Hedrick  had  in  view. 
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Green's  theorem  (cf.  Encyclopadie,  Volume  II,  page  513),  to  the 
region  bounded  by  S,  aS^,  8^.  When  we  remember  that  through- 
out this  region  ^satisfies  (16)  and  G  satisfies  the  adjoint  of  (15), 
while  both  of  these  functions  vanish  on  8,  we  see  that  Greenes 
theorem  reduces  to 

r  r    dG  dF  1 

X  l^dn-^dn"  (^  <^^«  *  +  *  sin  <t>)FG^  ds 

rV     dF  dG  1 

^J^[G-^^F^+ (a  cos  <l>  +  b  sin  <t>)FG^cls, 

where  n  denotes  the  normal  to  the  curves  8^  and  8^  which 
points  away  from  the  points  P^  and  P^,  and  (j>  denotes  the 
angle  which  this  normal  makes  with  the  axis  of  x.  Using 
formula  (9)  on  page  515  of  Sommerfeld's  article*  (Encyclo- 
paedic, Volume  II)  we  see  that  the  first  member  of  this  equa- 
tion has  the  value  27rF{x^,  y^).     We  have  then 

r      dF 

+  %  I   I  —  -^ — \'  {a  cos  <!>  +  b  sin  (f>)G  I  ds. 

The  last  integral  here  is  zero  as  we  see  at  once  by  applying 
Green's  theorem  to  the  two  functions  G  and  1,  and  to  the 
region  bounded  by  S'^^.f  Applying  the  law  of  the  mean  to  the 
first  integral,  as  we  have  a  right  to  do  since  dFjdn  does  not 
ohange  sign  on  8^,  we  can  write 

rdF 

27rF{x,,y,)^Gs,j^-^~ds. 

Let  us  now  allow  the  numerical  value  of  c^  to  increase  indefi- 
nitely, so  that  8q  shrinks  down  toward  the  point  P„.  The 
quantity  G^  then  approaches  G{x^^,  y^ ;  x^,  y^  as  its  limit ;  and, 
since  this  is  different  from  zero,  J  we  see  that  the  integral  in 

*  There  is  a  mistake  of  sign  in  this  formula,  as  is  easilj  seen  by  comparing 
it  with  the  familiar  formula  for  Laplace's  equation  which  is  a  special  case  of  it. 

t  Our  restriction  up  to  this  point  to  the  case  c  b  0  was  in  order  to  make  1 
a  solution  of  (15),  this  being  essential  for  the  step  here  taken. 

{The  equation  (15)  when  cb  0  shares  with  the  special  case  of  Laplace's 
equation  the  property  that  a  function  harmonic  with  regard  to  (15)  at  a 
certain  point  cannot  have  a  maximum  or  a  minimum  there,  for  otherwise  by 


Digitized  by  VjOOQIC 


464  ELLIPTIC   DIFFERENTIAL   EQUATIONS.  [June, 

the  last  formula  also  approaches  a  finite  limit  a.  Thus  we 
have 

where  H  denotes  the  Green's  function  for  the  adjoint  of  (16) 
(cf.  Sommerfeld,  p.  516).  But  IT  has  the  form  (16)  and  there- 
fore F,  and  so  also  w,  have  the  form  (17),  as  was  to  be  proved. 

Having  thus  proved  Theorem  VI  in  the  special  case  c  s  0, 
we  get  the  proof  in  the  general  case  by  means  of  the  following 
transformation. 

Let  ^jr(xy  y)  be  a  function  harmonic  with  regard  to  (15)  at 
Pq  and  having  a  value  different  from  zero  at  this  point.  Then^ 
making  the  transformation  : 

we  find  that  t  satisfies  an  equation  of  the  form 
dH      SH  St       ^  dt       ^ 

where  aj,  6j  are  analytic  at  P^.  Now  if  u  becomes  infinite  for 
every  method  of  approaching  P^,  t  will  do  so  too,  and  therefore, 
by  what  we  have  just  proved,  t  becomes  logarithmically  infinite 
at  P^.    From  this  we  readily  infer  that  u  has  the  form  (17). 

A  second  theorem  concerning  equation  (15)  is  the  following: 

VII.  If  a  function  harmonic  loith  regard  to  (^15)  becomes  infi- 
nite for  no  method  of  approaching  an  isolated  singxdar  point,  theUj 
by  suitably  changing  tlie  definition  of  the  function  at  this  point,  it 
can  be  made  harmonic  there  as  well  as  elsewhere. 

The  proof  of  this  theorem  being  practically  the  same  as  that 
of  theorem  IV  need  not  be  repeated.* 

A  theorem  analogous  to  V  may  also  be  proved. 

subtracting  a  gui table  constant,  we  should  have  a  solution  of  (15)  yanishing 
around  a  contour,  which  can  be  made  as  small  as  we  please,  and  jet  not 
vanishing  identically,  and  this  is  well  known  to  be  impossible.  Now 
0{xqj  ^0 ;  X,  y),  when  regarded  as  a  function  of  its  last  two  arguments  is, 
harmonic  with  regard  to  (15),  and,  since  it  vanishes  on  Sand  becomes  nega- 
tively infinite  at  P^^  it  could  not  vanish  within  S  unless  it  had  a  maximum 
at  some  point  within  S. 

*  We  note  in  passing  that  theorems  VI,  VII  admit  of  immediate  extension 
first  to  the  case  in  which  the  second  member  of  ( 15)  is  a  given  analytic  func- 
tion of  (x,  y)y  and  second,  by  a  change  of  independent  variables,  to  the  general 
linear  differential  equation  with  two  independent  variables  and  of  the  elliptic 
type.  The  statement  of  VII  would  recjuire  no  modification  in  this  general 
case,  while  the  modification  necessary  in  the  statement  of  VI  will  be  readily 
seen. 
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3.  M(yre  General  Differential  Equalions, 
There  seems  little  doubt  that  the  results  of  this  paper  can  be 
extended  to  all  differential  equations  of  the  form 

A—n  QX.,         iszn         ^„ 

(18)  Y.^.  +  Ha^s'  +  '^-f  («>2) 

where  aj, .  •  -,  a^,  c,  /  are  analytic  functions  of  the  n  independent 
variables  (sCp  •  •  -jX^.  The  only  difficulty  here  consists  in  the 
proof  of  the  existence  of  a  Green's  function  for  a  sufficiently 
small  region  8y  which  for  the  sake  of  simplicity  we  may  take 
as  spherical ;  i.  e.,  a  function  which,  except  at  an  arbitrarily  given 
point  P^in  ^S,is  continuous  and  has  continuous  first  and  second 
partial  derivatives  throughout  8y  and  satisfies  the  adjoint  equation 

i^d^u      i=Jid(a.u) 

<>'>       §si-s-W +"'-'•' 

and  vanishes  on  8^  while  at  P^  it  has  the  form 

(20)  U'r'"'+Vy 

where  r  denotes  the  distance  from  Pj,  while  ?7and  Fare  analytic 
at  Pp  and  U  has  the  value  1  at  this  point,  and  satis  fies  HO). 

Granting  the  existence  of  this  Green's  function,  the  metnods 
already  used  give  at  once  the  following  theorem  : 

VIII.  If  throughout  the  neighborhood  of  a  point  P^  ai  which 
the  coefficients  of  (IS)  are  analiftic,  a  function  u  w  continuous  and 
has  continuous  first  and  second  partial  derivatives  and  satisfies 
{18),  but  if  all  these  conditions  are  not  satisfied  at  P^,  then 

(a)  if  u  becomes  infinite  for  every  method  of  approaching  P^  it 
has  the  form 

u  =  ?7V-*  +  F 

where  r  is  the  distance  frorn  P^,  U  and  V  are  analytic  at  P^j  and 
U  satisfies  the  equation  obtained  from  (18)  by  replacing  the  second 
member  by  zero  ; 

(b)  if  u  becomes  infinite  for  no  method  of  approaching  P^  it  can 
by  a  suitable  change  of  definition  at  this  point  be  made  continuous 
tlierCy  in  which  case  it  will  also  have  continuous  first  and  second 
derivatives  at  P^y  and  will  satisfy  (18)  there; 

(c)  if  u  becomes  infinite  for  some  but  not  for  all  methods  of  ap- 
proaching Pq,  it  takes  on  every  value  an  infinite  number  of  times 
in  the  neighborhood  of  P^. 

Harvard  University,  Cambridge,  Ma88., 

January  f  1903. 
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ERRATA  IN  GAUSS'S  "  TAFEL  DER  ANZAHL  DER 

CLASSEN   BINARER   QUADRATISCHER 

FORMEN." 

BT  THE  LATE  PROFEBSOB  A.    M.    NASH. 

(Communicated  by  ProfeeBor  £.  B.  Elliott.) 

On  page  141  of  the  present  volume  9  of  the  Bulletin  Pro- 
fessor Hewes  has  exhibited  the  details,  on  Cayley's  plan,  of  the 
classes  of  properly  primitive  reduced  forms  with  the  two  nega- 
tive determinants  —  468  and  —  931,  which  Perott  has  shown 
must  be  added  to  those  given  as  irregular  by  Gauss.  There  is 
at  present  in  my  charge  a  mass  of  calculation  and  tabulation 
prepared  by  the  late  Professor  A.  M.  Nash,  of  the  Indian  Edu- 
cational Department,  who  died  in  1895  while  still  engaged  on 
the  work.  He  seems  to  have  possessed  methods  by  which  he 
could  tabulate  irregular  determinants  with  few  if  any  probable 
omissions.  Unfortunately  however  his  numerical  work  is  ac- 
companied by  but  little  explanation  of  the  methods  and  their 
justification.  The  determinants  which  he  has  tabulated  as 
irregular  cover  a  range  up  to  about  —  20,000,  even  indices, 
indices  3  and  9,  and  index  5  being  separately  dealt  with.  For 
about  half  of  them  the  details  of  classes  are  worked  out  on 
Cayley^s  plan,  and  the  composition  of  the  principal  genus 
given.  He  has  also  worked  out  in  detail  the  classes  of  bi- 
nary quadratic  forms  with  all  negative  determinants,  both 
regular  and  irregular,  up  to  —  2,600,  the  results  in  this  section 
of  his  research  being  marked  nearly  to  the  end  "checked 
Grauss." 

To  print  the  whole  is  not  feasible.  The  quantity  alone 
would  be  prohibitive  even  had  the  principles  and  conclusions 
been  left  in  form  for  publication.  It  is  hoped  however  that 
the  manuscript  may  be  placed  in  some  library  to  which  mathe- 
maticians who  may  be  desirous  in  the  future  of  testing  and 
extending  the  tables,  or  may  be  engaged  in  research  on  the 
subject,  can  have  access.  What  Professor  Hewes's  note  now 
suggests  to  me  is  the  desirability  of  printing  the  following  tran- 
script of  a  list  which  is  headed  by  Professor  Nash  "  Errata  in 
Table  of  N^ative  Determinants,  Grauss,  Vol.  II."     The  list 
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467 


iDcIudes  many  oorrectioDS  not  given  by  Schering  in  his  appen- 
dix to  Gauss's  volume,  or  by  Perott. 


For. 

lUad, 

For. 

JUad. 

468 

Beg, 

Irr, 

2 

233l 

Beg. 

Irr.     2 

485 

IV   4 

IV 

5 

2196 

Beg, 

Irr.     2 

544 

Reg. 

Irr, 

2 

2180 

Beg. 

Irr.     2 

547 

Beg, 

Irr. 

3 

2304 

Beg. 

Irr.     2 

557 

II  11 

II 

13 

2320 

Beg. 

Irr.     2 

647 

I  25 

I 

23 

2624 

*s* 

*2* 

894 

IV   6 

IV 

7 

2336 

Beg. 

Irr.     2 

931 

B^. 

Irr. 

3 

2900 

Beg. 

Irr.     2 

933 

IV   3 

IV 

4 

2188 

Beg. 

Irr.     3 

972 

Beg, 

Irr, 

3 

2085 

VIII  5 

vni4 

993 

IV   4 

IV 

3 

2096  in  IV  6 

2096 

2097 

1116 

IV   9 

IV 

6 

2204 

IV  11 

IV  13 

1261 

11  10 

IV 

5 

2221  in  IV  9 

2221 

2224 

1367 

I  27 

I 

25 

2376  in  IV  12 

2376 

2366 

1396 

IV   7 

II 

14 

2448 

Irr.     2 

Beg. 

1508 

Beg, 

Irr, 

2 

6032 

Beg. 

Irr.     2 

1598 

Beg. 

Irr, 

2 

6068 

Beg. 

Irr.     2 

1660 

IV   4 

Omit 

6084 

Beg. 

Irr.     2 

1683 

II  9 

II 

6 

6148 

Beg. 

Irr.     2 

1700 
1701 

IV 
Irr, 

12 
3 

6176 
9104 

Beg. 
Irr.      2 

Irr.     2 
Beg. 

Beg, 

1725 

Beg. 

Irr, 

2 

9108 

Beg. 

Irr.     2 

1796 

IV  10 

ir 

20 

9156 

Beg. 

Irr.     2 

1836 

Beg, 

Irr. 

3 

9216 

Beg. 

Irr.     2 

1872 

Beg, 

Irr, 

2 

9324 

Beg. 

Irr.     2 

1937 
1982 

IV  12 
Omit 

9613 
9554 

Irr.     2 
Beg. 

Beg. 
Irr.     2 

IV  12 

1940 

IV   8 

IV 

10 

6075 

Irr.     3 

Irr.     9 

THE  LOGARITHM  AS  A  DIRECT  FUNCTION. 


BY  DR.    EMOBT  MC5CLINT0CK. 


(Bead  before  the  American  Mathematical  Society,  February  28,  1903. ) 

In  a  paper  of  the  same  title  published  in  the  Annals  of 
McUJiemoMcs  for  January,  1903,  Mr.  J.  W.  Bradshaw  defines 
log  X  as  a  direct  function  of  x,  namely. 


log  a?: 


J^'-'- 


r^dx. 
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Attention  being  thus  drawn  to  the  subject,  I  think  the  time 
opportune  to  repeat  and  amplify  a  proposition  of  my  own  for 
the  same  general  purpose. 

In  1879  {American  Journal  of  MaikematiGSy  II,  101,  etc.)  I 
spoke  of  "the  diflSculty  of  comprehending  logarithms,"  and 
quoted  De  Morgan's  dictum  that  "  the  only  definition  of  log  x 
used  in  analysis  is  y,  where  ^  =  a;."  After  discussing  this 
definition  I  said,  "Another  and,  when  duly  weighed,  most  sat- 
isfactory definition  may  be  derived  from  any  one  of  an  un- 
limited number  of  vanishing  fractions,  special  cases  of  the 
general  form  log  x  =  h-^{x^^-^^^  —  a;~"*),  where  A  is  infinitely 
reduced.  *  *  *  This  fraction  is  doubtless  novel,  though  one  case 
of  it,  where  a  =  0,  is  known.  Even  that  case  has  not,  I  pre- 
sume, been  suggested  heretofore  as  a  definition.  *  *  *  The 
various  theorems  pertaining  to  logarithms  may  be  derived  with 
the  utmost  facility  by  the  aid  of  these  vanishing-fraction  defini- 
tions.    Thus,  if  a  3=  0,  we  have  by  expansion 

log(l-haj)  =  ^i^^^^^[A=0]=a5-^a^  +  Jcc'-...." 

To  develop  this  proposition  more  fully,  let  us  consider  the 
function  y  =  A~*(aj*  —  1).  Let  h  be  positive,  and,  first,  let 
h  =  h  When  sc  =  1,  y  =  0 ;  when  a;  =  oo ,  y  =  oo ;  and  as  x 
increases  continuously  from  1  towards  oo ,  there  is  one  and  only 
one  corresponding  value  of  y,  which  increases  accordingly  from 
0  towards  oo .  Secondly,  let  A  =  —  k.  Here  again,  when 
X  =:  1,  y  =:  0  ;  and,  in  the  function  y  =  fc"*(l  —  a?~*),  as  x  in- 
creases continuously  from  1  towards  oo,  there  is  one  and  only 
one  corresponding  value  of  y,  which  increases  accordingly  from 
0  to  i"^,  a  limit  which  tends  towards  oo  if  A  tends  towards  0. 
When  A  =  —  fc,  y  =  k~\7^  —  l)a;"*,  which  differs  only  by  the 
factor  a?"*  from  the  value  of  y  when  A  ==  h  The  smaller  k  is 
taken,  the  nearer  this  factor  is  to  1,  so  that  the  limit  of  the 
value  of  y,  for  A  =  0,  is  the  same  whether  A  is  positive  or  nega- 
tive, while 

3/[A<0]    <^  A=0  y  ^  y[A>0]« 

The  limit  is  therefore  a  1  to  1  function  of  x  >  1.  When  a;  =  1, 
the  limit  is  0.  When  0  <  «  <  1,  let  a?  =  w^,  where  u  >  1 ; 
then  we  have  A-^(a;*  —  1)  =  A-^(l  —  w*)a;*,  and,  since  ^Ji^  aj*  =  1, 
I'S^  hr\7^  -  1)  =  ~  ,1-0  h'\u^  -  1). 
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Let  us  define  the  logarithm  of  as  (positive)  as  l^^  h~\x^  —  1)> 
and  denote  it  by  log  x.  We  have  just  found  that  log  {x^  ) 
=  —  log  X.     Since  ^JlS  6*  =  1, 

log  a  =  iS  A-Xa*6*  -  6*)  =  log  (a6)  -  log  5. 

This  is  the  chief  property  of  logarithms.  Hence,  log  (a*)  = 
2  log  a,  log  (a")  =  n  log  a,  and  if  5  =  a",  lo  (6^/*)  =  1/n  log  6, 
which  might  be  used,  as  by  Mr.  Bradshaw  from  another  defi- 
nition of  log  X,  to  show  that  for  every  positive  number  b  there 
exists  one  and  only  one  positive  nth  root.  Here  n  is  a  whole 
number.  It  follows  that  log  6"^"  =  m  log  (6*'**)  =  m/n  log  b. 
If  we  take  n  incommensurable,  let  a  =  5*^,  where  m  is  an  in- 
teger, 5  =  1  +  c,  and  —  1  <  c  <  1.  Employing  the  binomial 
expansion, 

log(6'*)  =  iL-oA-^[(l+o)"*-l]«n(c-Jc>+Jc» ) 

=  n  log  (1  -h  c)  =  n  log  6. 
Hence 

log  (a*)  =  log  (6*"*)  =  m  log  (5*)  =  nm  log  6  =  w  log  a. 

That  the  continuous  function  log  x  has  a  continuous  deriva- 
tive aj~*  may  be  shown  thus,  with  Aaj  <  05 : 

If  we  expand  the  part  within  the  brackets  and  divide  the  re- 
sulting series  throughout  by  AAcc,  we  have 

■2^(A-l)(/i-2)(Aa,)V-'+...]. 

If  we  first  put  A  =  0,  the  part  within  brackets  becomes  x~^ 
—  J(Aa;)a;~*  -|-  J(Aaj)^a:""*  —  . .  .^  which  is  a;"^  when  Aa;  =  0.  If 
we  first  put  Ax=s  0,  the  part  within  brackets  becomes  aj*~^, 
which  is  x"^  When  A  =;  0. 
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THE   THEORY    OF    AUTOMORPHIC    FUNCTIONS. 

Vorlesungen  uber  die  TheoHe  der  Aidomorphen  Fanctionen. 
Von  Robert  Fricke  und  Felix  Klein.  Leipzig,  B.  G* 
Teubner.  Bd.  I :  Die  grupperdheoretiscJien  Grundlagen, 
1897,  XIV  +  634  pp.  Bd.  II :  Die  fuiidionentheoretif^ien 
Avsfukningenund  die  Anwendungen  ;  Erste  Lieferung :  Engere 
Theorie  der  Aviomorphen  Fu/rustioiien,  1901,  282  pp. 

Side  by  side  with  the  growth  of  general  function  theory 
special  classes  of  functions  have  developed  in  which  the  general 
theories  have  found  abundant  opportunity  to  display  their 
fertility  and  power.  On  the  other  hand,  the  study  of  special 
functions  has  repeatedly  afforded  the  stimulus  and  suggested 
the  path  for  new  investigations  along  general  lines.  When,  in 
addition,  the  intrinsic  value  and  usefulness  of  such  functions  as 
the  elliptic,  hyperelliptic,  abelian,  hypergeometric,  Bessel,  etc., 
is  taken  into  consideration,  it  is  readily  seen  that  the  cultiva- 
tion of  such  special  fields  is  scarcely  second  in  interest  and  im- 
portance to  that  of  the  general  theory  itself. 

Among  the  various  classes  of  special  functions  which  have 
hitherto  engaged  the  attention  of  mathematicians,  that  of  most 
recent  origin,  and  of  by  far  the  largest  content  (at  least  poten- 
tially) is  the  automorphic  functions.  This  vast  subject,  the 
growth  of  the  past  quarter  of  a  century,  owes  its  rapid  develop- 
ment to  the  genius  and  assiduity  of  the  two  eminent  mathema- 
ticians, Klein  and  Poincar^,  as  well  as  to  the  comparatively 
high  state  of  perfection  of  other  mathematical  disciplines  which 
have  been  forced  to  contribute  their  assistance  to  this  new  field. 
Klein  and  Poincar^  have  each  brought  to  this  subject  a  breadth 
of  knowledge  and  a  corresponding  wealth  of  ideas  truly  remark- 
able at  the  present  day  when  multiplicity  of  interests  hardly 
permits  the  investigator  any  other  choice  than  to  specialize 
within  limits  more  or  less  narrow. 

Klein  in  particular  has  by  precept  and  example  urged  the 
importance  of  a  closer  unity  among  all  departments  of  mathe- 
matical thought,  and  the  great  advantage  to  be  derived  from 
bringing  to  the  aid  of  any  one  field  the  combined  resources  of 
all  the  others.  It  is  in  his  work  on  the  automorphic  functions 
that  he  has  given  the  most  brilliant  illustration  of  this  mode  of 
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treatment.  In  this  work  he  has  been  ably  seconded  by  the 
efforts  of  the  pupils  and  co-laborers  he  has  been  so  fortu- 
nate as  to  gather  about  him  at  the  Gottingen  school,  among 
whom  Robert  Fricke  is  especially  deserving  of  the  highest 
praise  for  the  ability  and  industry  which  he  has  brought  to  the 
arduous  labor  of  preparing  for  publication  the  volumes  now 
before  us,  and  for  the  wealth  of  material  which  he  himself  has 
contributed  to  the  subject. 

These  volumes  form  the  sequel  to,  and  final  elaboration  of 
the  ideas  contained  in  the  volumes  previously  published/ 
namely,  the  Ikosaeder  (by  Klein),  and  the  Elliptische  Modul- 
functionen*  (by  Klein  and  Fricke).  The  former  of  these 
works  deals  exhaustively  with  the  finite  groups  of  transforma- 
tions on  a  single  variable, and  the  functions  associated  with  them. 
The  two  large  volumes  of  the  latter  treat  in  a  very  elaborate 
manner  the  modular  group,  and  the  general  ideas  necessary  to 
be  followed  out  in  the  study  of  all  such  groups  and  their  func- 
tions. One  of  the  principal  objects  of  this  fullness  of  discus- 
sion in  the  Modulfunctionen  is  to  pave  the  way  for  a  subsequent 
discussion  of  the  general  theory  of  automorphic  functions  with- 
out the  restraint  of  burdensome  details. 

The  advantage  of  thus  disposing  of  preliminary  details,  and 
familiarizing  the  reader  with  many  of  the  fundamental  ideas  as 
applied  to  a  concrete  example  is  clearly  perceived  when  we 
observe  how  completely  are  the  various  elements  in  the  present 
work  fused  into  an  organic  whole,  each  part  in  strong  and  vital 
contact  with  every  other  part.  The  degree  of  abstractness  and 
concentration  thus  attained  is  necessary  for  a  forceful  treatment 
of  a  subject  which  seeks  to  embrace  in  one  view  such  an  infinite 
variety  and  complexity  of  phenomena. 

The  theory  of  automorphic  functions  has  for  its  object  to 
investigate  the  discontinuous  groups  of  linear  transformations 
of  a  single  variable  f,  and  to  study  the  properties  of  functions 
which  are  invariant  for  the  transformations  of  any  given  group. 

The  most  important  aid  in  this  work  comes  from  geometry,  f 
which   affords  a  concrete  representation  of  the  values  of  the 

*  The  interesting  review  of  the  Modalfunotionen  by  Professor  Cole,  and 
the  general  snrvery  of  Klein's  work  and  ideas  which  it  contains,  renders  it 
unnecessary  for  as  to  give  more  than  a  passing  notice  to  the  antecedents  of 
the  present  work.     See  Bulletin,  1st  Series,  vol.  1  (1892),  p.  105. 

t Geometry  is,  in  fact,  at  the  present  stage  of  development  of  the  subject, 
an  indispensable  tool.  To  the  lack  of  geometrical  aids  is  in  no  small  meas- 
ure to  be  attributed  the  meager  success  that  has  attended  the  various  attempts 
to  investigate  automorphic  functions  of  more  tlian  one  variable. 
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complex  variable  ?  and  pictures  the  effect  of  a  group  of  trans- 
formations applied  to  this  variable.  In  the  Automorphe  Func- 
tionen  an  introductory  chapter  of  about  sixty  pages  is  accord- 
ingly devoted  to  the  discussion  of  some  geometrical  notions  not 
explained  in  the  Modulfunctionen. 

The  first  geometrical  interpretation  of  the  complex  variable 
f  is  serviceable  only  for  a  restricted,  but  very  extensive  class 
of  groups,  the  fundamental  circle  groups  (Hauptkreisgruppen). 
The  values  of  f  are  associated  with  the  homogeneous  coordinates 
(2p  z^  z^  of  points  in  a  plane  by  means  of  the  relation 


-^^2  + 

CoUineations  which  leave  the 

conic 

(1) 

zl- 

■v,  =  o 

unaltered 

correspond  to  linear  transformations 

/rt\ 

r  = 

«?+/3 

(2) 

=7r+s 

on  f.  Taking  the  conic  (1)  as  the  absolute  for  a  system  of 
non-euclidean  measurement  of  distance,  the  transformations  (2) 
leave  distances  unaltered,  and  hence  they  are  called  (in  a  gen- 
eralized sense)  motions.  Congruent  figures,  that  is,  figures 
which  transform  into  each  other  have  like  (non-euclidean)  areas. 
The  interior  of  the  conic,  regarded  for  convenience  as  an  ellipse, 
is  called  the  "hyperbolic"  plane.* 

Out  of  the  00®  transformations  of  the  continuous  group  (2) 
let  us  suppose  a  discontinuous  group  V  selected  by  any  suitable 
definition.  This  group  is  then  properly ^  or  improperly  discon- 
tinuous, according  as  the  fundamental  region  for  F  has  a 
finite  or  an  infinitesimal  area.  By  "  fundamental  region  "  is 
meant  a  division  of  the  hyperbolic  plane  such  that  no  two 
points  of  the  region  are  congruent,  while  every  point  without 
the  region  is  congruent  to  some  point  within.     The  properties 

*  The  oases  in  which  the  oonio  is  imaginary  (giving  the  *^  elliptic  "  plane), 
or  breaks  up  into  the  oircalar  points  at  infinity  (giving  the  ordinary,  or 
**  parabolic  "  plane)  lead  to  groaps  of  finite  order,  or  groups  associated  with 
the  elliptic  functions.  These  cases  receive  their  fall  share  of  attention  in 
the  work  under  review,  but  from  lack  of  space  we  pass  them  by  without 
discussion. 
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of  a  given  group  are  all  implicitly  involved  in  the  geometrical 
properties  of  the  fundamental  regior^  which  it  defines,  and,  ac- 
cordingly, a  large  portion  of  what  follows  in  volume  I  is  de- 
voted to  a  geometric  study  of  the  fundamental  region  and  the 
network  of  congruent  regions  which  arise  from  it  by  transfor- 
mations of  the  group. 

Although,  evidently,  the  fundamental  region  can  be  selected 
with  a  high  degree  of  arbitrariness,  it  can  always  be  defined 
(and  this  in  an  infinity  of  ways)  so  as  to  be  bounded  by  straight 
lines.  The  fundamental  region  is  then  a  polygon,  and  the 
group  belonging  to  it  is  called  a  polygon  group. 

A  particularly  useful  choice  for  a  fundamental  polygon,  and 
one  which  plays  a  leading  r6le  throughout  the  book,  is  de- 
termined as  follows :  Let  C^,  (7p  Cj,  .  •  •  be  any  set  of  con- 
gruent points.  Around  the  points  C.  construct  circles  K.  of 
equal  radii  r,  meaning  by  circle  in  this  connection  the  locus  of 
all  points  whose  non-euclidean  distance  from  a  given  C.  is  con- 
stant. Assuming  r  at  first  sufficiently  small  so  that  no  two 
circles  collide,  let  the  radii  increase  simultaneously  and  at  the 
same  rate  for  all  the  circles  K.  with  the  understanding  that  the 
lengthening  of  any  particular  ray  emanating  from  C.  shall 
cease  the  instant  it  meets  a  like  ray  emanating  from  a  neighbor- 
ing point  (7^.  Imagine  this  process  to  continue  until  the 
entire  hyperbolic  plane  is  filled  without  gap  and  without  over- 
lapping. The  locus  of  the  end  points  of  the  rays  departing 
from  a  center  C.  will  consist  of  a  closed  chain  of  straight  lines 
forming  the  boundary  of  a  convex  polygon.  This  region, 
called  the  normal  polygon.,  is  evidently  a  fundamental  region  for 
the  group.* 

Now  let  the  values  of  f  be  associated  in  the  ordinary  way 
with  the  point*  of  a  complex  plane.  Then,  assuming  zl  —  z^z^ 
to  be  negative  for  the  interior  of  the  ellipse,  to  each  point  of 
the  hyperbolic  plane  correspond  two  points  of  the  f-plane 
representing  conjugate  imaginary  values  of  f.  To  each  point 
on  the  ellipse  corresponds  one  point  on  the  real  f-axis,  and  to 


*  Each  of  the  points  d  is  the  center  of  a  normal  polygon.  This  polygon 
clearly  contains  within  itself  all  points  which  are  nearer  to  G  ( in  the  non> 
enclidean  sense)  than  to  any  congruent  point.  Each  polygon  is  eqnal  in  all 
respects  to  every  congruent  polygon  (still  speaking  in  the  non-euclidean 
sense).  This  picturing  of  the  group  with  a  network  of  equal  polygons  fill- 
ing up  the  hyperbolic  plane,  is  seen  to  be  a  generalization  of  the  idea  of  a 
network  of  equal  parallelograms  filling  the  ordinary  (or  parabolic)  plane, 
with  which  the  theory  of  elliptic  functions  has  made  us  familiar. 
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each  point  outside  the  ellipse  oorrespoDds  a  pair  of  points  on 
the  real  axis.  On  account  of  the  one-to-two  correspondence  it 
is  evidently  sufficient  to  take  into  consideration  only  half  of 
the  f-plane.  Moreover,  by  a  linear  transformation  of  f  the 
real  axis  changes  into  a  circle  C  the  interior  of  which  has  a 
one-to-one  correspondence  to  the  half  ^-plane  and  hence  to  the 
hyperbolic  plane. 

In  the  hyperbolic  plane  the  polygons  crowd  together  in 
infinite  number  along  the  ellipse  which  forms  its  boundary, 
since  this  is  the  infinite  element  in  the  plane.  Any  set  of  con- 
gruent points,  such  as  the  C^  above  motioned,  will  have  limit- 
ing points,  or  points  of  accumulation,  on  this  boundary.  These 
limit  points  may  cover  the  ellipse  everywhere  densely,  in  which 
case  the  ellipse,  and  correspondingly  the  circumference  of  the 
circle  C,  forms  a  natural  boundary  for  the  group  and  its  net- 
work of  polygons.*  The  group  is  then  called  a  limit  circle 
group  (Grenzkreisgruppe).  On  the  other  hand,  segments  of  the 
ellipse  (or  circle  C)  of  finite  length  may  be  free  from  limiting 
points.  These  two  classes,  which  include  all  groups  whose 
fundamental  regions  fill  the  hyperbolic  plane,  are  specified  by. 
the  general  term,  fundamental  circle  groups. 

The  foregoing  method  of  associating  the  (f  values  with  the 
real  points  of  the  hyperbolic  plane  is  of  practical  value  only- 
when  the  substitutions  of  the  group  have  real  coefficients  since 
it  is  only  in  that  case  that  real  points  in  the  hyperbolic  plane 
are  transformed  into  real  points.*  This  difficulty  is  obviated 
by  a  more  general  procedure.  A  quadric  surface  is  taken  in 
ordinary  space,  for  convenience  the  sphere 

(3)  zJ  +  2^  +  2j_^-0. 

The  values  of  ?  are  associated  with  points  on  the  surface 
of  the  sphere  in  the  familiar  manner  of  the  Eiemann  function 
theory  by  means  of  the  relation 

*  It  foHowB  that  any  f  uDotion,  invariant  for  transformations  of  the  gronp, 
has  the  circle  for  natural  boundary  and  cannot  be  oontinned  over  this 
bonndary  Tvhich  is  everywhere  filled  with  essential  singularities  of  the 
function. 

*  That  there  is  a  practical  necessity  for  the  restriction  to  real  coefficients 
is  not  mentioned  by  our  authors,  although  they  may  have  expected  it  to  be 
inferred.  This  inference,  however,  is  not  likely  to  be  at  once  drawn  by  the 
reader,  since  the  reason  assigned  in  the  text  is  that  only  in  this  case  are 
groups  of  *' motion, '*  or  motion  combined  with  inversion,  obtained,  without 
explaining  why  it  is  desired  to  exclude  from  consideration  all  groups  other 
than  these. 
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(4)  ^^h±^A^ 

Every  coUineation  which  transforms  the  sphere  into  itself  sub- 
jects t  to  a  linear  transformation  of  one  of  two  kinds^ 

rK^  r  _  ''^  +  ^  r  _  «g  +  /3 

when  ^  is  the  conjugate  of  t*  Taking  the  surface  of  the 
sphere  as  the  absolute  for  a  system  of  non-euclidean  measure- 
ment in  space^  the  interior  of  the  sphere  is  called  the  hyperbolic 
space.  The  non-euclidean  distance  between  two  points  is  un- 
changed by  the  transformations  (5).  Those  of  the  first  type 
are  "  movements "  of  the  hyperbolic  space,  while  one  of  the 
second  type  is  a  reflection,  or  symmetrical  transformation  with 
respect  to  a  certain  plane  of  symmetry. 

The  values  of  f  =  f  +  iiy  are  likewise  represented  by  the 
coordinates  of  points  in  a  complex  plane  referred  to  f ,  17  rec- 
tangular axes.  A  third  rectangular  coordinate  t?  in  space  is 
introduced.*    Then  assiuning 


this  equation  combined  with  (4)  establishes  a  correspondence 
between  the  ^,  17,  t9  space  and  the  hyperbolic  space  such  that  to 
a  point  within  the  sphere  correspond  two  points  situated  sym- 
metrically with  respect  to  the  f  plane.  The  portion  of  the  f , 
17,  &  space  situated  on  one  side  of  the  ?  plane  has  a  one-to-one 
correspondence  with  the  hyperbolic  space.  This  is  called  the 
?  half-space.  To  each  plane  of  the  hyperbolic  space  corre- 
sponds a  half  sphere  of  the  (f  half-space  which  is  orthogonal  to 
the  ^  plane. 

Consider  now  a  discontinuous  group  F  of  transformations 
(5).  A  fundamental  region  for  F  will  consist  of  a  limited  por- 
tion of  the  hyperbolic  space  (or  of  the  f  half-space)  of  largest 
possible  extent  subject  to  the  condition  that  no  two  congruent 
points  are  within  this  region.  Such  a  fundamental  region  can 
be  selected  in  an  infinity  of  ways  so  as  to  be  bounded  by  planes 
alone.  If  this  fundamental  region  be  transformed  by  all  the 
substitutions  of  the  group,  the  totality  of  congruent  regions 
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thus  obtained  will  fill  the  hyperbolic  space  without  gap  and 
without  overlapping.  These  polyhedra  may  or  may  not  inter- 
sect the  surface  of  the  sphere.  In  the  former  case  the  surface 
is  divided  up  into  a  network  of  polygons  forming  fundamental 
regions  for  the  ^  transformations,  which,  by  the  mediation  of 
the  above  correspondence  (4),  may  be  depicted  on  the  f  plane, 
while  at  the  same  time  the  network  of  polyhedra  are  repre- 
sented by  polyhedra  in  the  f  half-space  whose  faces  are  half 
spheres  orthogonal  to  the  ?  plane.  The  group  is  then  properly 
discontinuous  in  the  ^  plane  (or  on  the  ^  sphere). 

If,  in  particular,  the  group  consists  of  all  the  transforma- 
tions which  leave  unchanged  a  point  P  outside  the  sphere,  the 
polar  plane  of  P  and  its  circle  of  intersection  with  respect  to 
the  sphere  is  invariant  for  the  group,  which  is  accordingly  a 
fundamental  circle  group.  From  this  point  of  view  it  is  called 
a  hyperbolic  rotation  group.  If  the  point  P  is  on  the  sphere, 
we  have  the  parabolic  rotation  groups  with  one  limit  point,  to 
which  the  elliptic  functions  are  related.  Finally,  when  P  is 
within  the  sphere,  the  polar  plane  does  not  intersect  the  surface 
in  real  ]K)ints,  and  hence  the  group  has  no  limit  points.  There 
are  accordingly  only  a  finite  number  of  fundamental  regions, 
and  the  group  is  finite.     It  is  called  an  elliptic  rotation  group. 

It  is  found  that  the  use  of  the  polyhedra  in  the  hyperbolic 
space  is  an  especial  convenience  and  simplification  in  the  study 
of  properties  of  non-rotation  groups,  and  indispensable  for  the 
investigation  of  groups  which  are  improperly  discontinuous  on 
the  surface  of  the  sphere  (or  in  the  f  plane).  An  example  of 
the  latter  kind  to  which  considerable  space  is  allotted  is  the 
Picard  group  which  consists  of  all  the  substitutions  of  f  formed 
with  complex  integer  coefficients  whose  determinant  is  1  or  t. 

Returning  to  the  polyhedra  into  which  the  hyperbolic  space 
has  been  divided  by  the  transformations  of  the  group,  it  is 
further  noticed  that  these  can  be  determined  in  a  manner 
exactly  analogous  to  the  determination  of  the  normal  polygons 
in  the  hyperbolic  plane.  A  set  of  congruent  points  C^,  C„  •  •  • 
is  selected  at  random  and  small  spheres  (in  the  non-euclidean 
sense)  of  equal  radii  r  described  about  each.  Then  r  is  imag- 
ined to  increase  simultaneously  for  all  these  spheres,  with  the 
understanding  that  any  ray  emanating  from  C.  stops  increasing 
when  it  meets  a  ray  proceeding  from  a  neighboring  center. 
When  this  process  is  carried  to  an  end,  the  hyperbolic  space 
will  be  filled  without  gaps  and  without  overlapping  by  poly- 
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hedra,  all  of  whose  faces  are  planes.  A  polyhedron  determined 
in  this  way  is  called  a  normal  polyhedron.  The  study  of  the 
normal  fundamental  polyhedra  here  plays  the  same  r6le  in  in- 
vestigating the  properties  of  the  group  as  the  normal  polygon 
does  in  the  case  of  the  fundamental  circle  groups. 

Particular  attention  is  devoted  to  those  non-rotation  groups 
whose  normal  polyhedra  intersect  the  surface  of  the  sphere  in 
one  or  more  distinct  networks  of  polygons.  A  classification  of 
groups  is  based  on  the  nature  of  these  nets  and  their  limit 
points. 

There  may  be  a  single  net  completely  covering  the  sphere. 
The  limit  points  are  then  isolated,  and  if  there  are  more  than 
two  of  them,  the  number  is  infinite.  On  the  other  hand,  the 
number  of  nets  may  be  two,  or  infinite.  In  either  case  the 
number  of  limit  points  is  infinite  since  the  nets  are  separated 
from  each  other  by  these  points.  Hence  non-rotation  groups 
may  be  classified  into :  *  (a)  those  with  two  limit  points ;  (6) 
those  with  an  infinity  of  limit  points.  Division  6  is  classified 
still  further  according  as  the  number  of  nets  is  (1)  one,  the 
limit  points  being  isolated  ;  (2)  two^  the  limit  points  forming 
a  non-analytic  curve  separating  the  two  nets ;  (3)  infinite,  the 
infinity  of  nets  being  separated  from  each  other  by  an  infinity 
of  limit  curves  formed  by  limit  points  of  the  group.  This  last 
case  is  further  subdivided  according  as  the  limit  curves  are  (at 
least  in  part  f)  non-analytic,  or  consist  entirely  of  circles,  and 
still  further  as  the  nets  are  simply  or  multiply  (always  with  an 
infinite  multiplicity)  connected. 

A  kind  of  converse  question  naturally  arises,  namely,  in  how 
far  can  an  arbitrarily  chosen  polygon  serve  as  the  fundamental 
region  for  a  group  of  linear  transformations,  and  thus  serve  ta 
define  and  generate  the  group  ?  The  restrictions  under  which 
a  polygon  can  be  chosen  are  determined  for  groups  in  the 
hyperbolic  plane  (fundamental  circle  groups).  The  like  prob- 
lem is  then  solved  for  polyhedra  in  the  hyperbolic  space  and 
the  results  made  useful  for  the  determination  of  polygons  suit- 
able for  defining  non -rotation  groups  by  means  of  the  theorem  : 
any  polygon  P^  (on  the  surface  of  the  sphere)  is  a  fundamental 

*  These  are  diviaioDB  II  and  IV  in  the  book.  See  pp.  164-i5.  Diyision  I 
oompntes  the  ordinary  cyclic  groups  formed  by  the  repetition  of  a  single 
operation,  and  division  III  comprises  the  rotation  gronpe  already  noticed 
above. 

t  If  analytic  curves  occur,  they  must  be  circles. 
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region  for  some  discontinuous  group  of  transformations  provided 
that  a  polyhedron  can  be  constructed  intersecting  the  sphere  in 
Pq  and  satisfying  the  restrictions  which  polyhedra  are  subject 
to  in  order  to  be  usable  for  fundamental  regions  in  the  hyper- 
bolic space. 

A  new  kind  of  fundamental  region,  the  canonical  polygon^  is 
next  introduced  which  greatly  facilitates  the  discussion  of  the 
generating  operations  of  the  group  and  the  relations  existing 
among  them.  To  make  clear  the  idea,  it  is  observed  that  the 
sides  of  a  fundamental  polygon  must  be  congruent  in  pairs,  and 
the  vertices  in  cycles.  If  the  sides  of  a  fundamental  polygon 
be  deformed  so  as  to  bring  together  and  unite  congruent  lines 
and  points,  a  closed  surface  F  is  obtained  of  a  certain  genus  p 
which  is  called  the  genus  of  the  group.  The  surface  F  may  be 
<5onveniently  thought  of  as  an  ordinary  Biemann  surface. 

Consider  now  the  reverse  process.  Take  any  Riemann  sur- 
face and  draw  from  an  arbitrary  point  E  a  canonical  system  of 
cross-cuts  which  reduces  the  surface  to  a  simply  connected  one. 
It  may  then  be  deformed  into  a  polygon  suitable  for  the  funda- 
mental region  of  a  group.  The  opposite  edges  of  the  cross-cuts 
become  congruent  edges  of  the  polygon,  and  the  substitution 
which  brings  an  edge  into  coincidence  with  a  congruent  edge  is 
one  of  the  generators  of  the  group.  If  the  fundamental  poly- 
gon is  assumed  to  have  vertices  which  are  fixed  points  for  para- 
bolic or  elliptic  substitutions,  then  a  certain  number  of  points 
^v  ^29  • "  >  ^n  ^^^  selected  in  the  Biemann  surface  and  cuts 
drawn  from  E  to  each  of  these  points.  If  e.  is  to  be  a  fixed 
point  of  an  elliptic  substitution  of  finite  period,  then  the  de- 
formation n^ust  be  carried  out  so  that  in  the  end  the  angle  at 
€.  is  an  aliquot  part  of  tt.  If,  on  the  other  hand,  e^  is  to  be  a 
fixed  point  for  a  parabolic  substitution,  the  angle  must  be  zero 
after  the  deformation.  The  polygon  so  obtained  is  the  canoni- 
cal polygon.  It  has  2n  -|-  Sp  edges  which  are  congruent  .in 
pairs.  It  is  possible  to  unite  some  of  the  congruent  edges  by  a 
suitable  deformation  of  the  jwlygon.  The  n  -f  4p  substitutions 
which  transform  congruent  edges  into  each  other  are  generators 
of  the  group.  Certain  relations  exist  among  these  which  read- 
ily permit  their  number  to  be  reduced  to  n  -f  2p  among  which 
a  single  relation  exists  (in  addition  to  the  relations  of  the  form 
F'  =  1  for  the  elliptic  substitutions). 

The  second  division  of  volume  I  is  devoted  to  an  application 
of  the  geometrical  foundation  principles,  as  laid  down  in  the 
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first  division,  to  the  detailed  study  of  polygon  groups.  The 
normal  and  canonical  polygons  are  made  the  leading  instruments 
of  investigation,  and  the  cases  of  the  elliptic  and  parabolic  ror 
tation  groups,  the  non-rotation  groups  with  two  limit  points, 
the  hyperbolic  rotation  groups,  and  the  non-rotation  groups 
with  an  infinity  of  limit  points  are  considered  in  turn.  The 
first  three  cases  are  comparatively  simple  and  easily  disposed 
of.  The  fourth  case  is  treated  at  great  length.  The  impor- 
tant principle  is  first  deduced  that  for  any  group  F  the  normal 
polygon  with  a  given  center  C  is  the  region  common  to  the 
normal  polygons  (with  the  same  center)  of  all  the  groups  whose 
composition  generates  F.  This  principle  is  applied  in  particu- 
lar to  the  cyclic  subgroups  of  F. 

Various  properties  of  the  sides  and  corners  are  next  consid- 
ered. It  is  shown  for  example  that,  while  at  an  accidental 
comer  (that  is,  one  which  is  not  a  fixed  point  for  a  substitution 
of  the  group)  in  general  only  three  polygons  meet,  for  special 
positions  of  the  center  C"  more  than  three  polygons  meet  in  such 
a  point.  All  polygons  having  the  same  genus  p  and  number  n 
of  fixed  vertices  are  said  to  be  of  the  same  kind  and  of  charac- 
ter (p,  n).  Polygons  of  the  same  kind  having  a  like  number 
of  sides,  the  sides  being  congruent  in  the.  same  order,  are  said 
to  be  of  the  same  type.  The  type  is  ordinary  or  special  accord- 
ing as  the  accidental  corners  occur  in  cycles  of  three  and  the 
fixed  corners  in  cycles  of  one,  or  not.  The  relations  which  are 
found  to  exist  between  comers,  sides,  and  number  of  cycles 
show  that  the  occurrence  of  a  special  type  involves  a  reduction 
of  the  number  of  sides  «.  Special  types  with  «  —  4  sides  occur 
with  each  group  and  arise  from  a  particular  choice  of  the  center 
CI  Special  types  in  which  the  number  of  sides  is  diminished 
by  six  or  more  below  the.  number  belonging  to  the  ordinary 
type  can  occur  only  for  special  groups.  There  are  called  gingu- 
lar  groups.^ 

*ln  fact  C  nvill  lie  either  on  the  ellipse,  or  on  a  certain  curve  of  the  third 
degree. 

t  Oar  authors  do  not  attempt  to  develop  a  theory  of  singular  groups,  hut 
content  themselves  with  remarking  on  the  possible  importance  of  these  groups 
in  relation  to  the  theory  of  algebraic  functions.  The  reader  of  the  Auto- 
morphe  Functionen  will  have  frequent  occasion,  as  here,  to  notice  the  occur- 
rence of  gaps  in  the  development  of  the  subject.  While  the  work  under 
review  may  rightly  be  regarded  as  presenting  a  systematic  and  well-developed 
theory  of  the  automorphic  functions,  a  vast  amount  of  work  yet  remains  to 
be  done.  To  mention  only  one  further  instance,  it  may  be  remarked  that 
the  theory  of  non-rotation  groups  has  not  yet  been  systematized,  and  in  spite 
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The  second  chapter  in  this  division  of  the  book  deals  with 
the  canonical  polygon  with  special  reference  to  the  form  it  may 
take  in  the  hyperbolic  plane,  and  the  transformations  it  may 
undergo  on  account  of  transformation  from  one  canonical  sys- 
tem of  cross-cuts  in  the  Biemann  surface  to  any  other.  The 
details  are  first  worked  out  for  polygons  of  character  (0,  3), 
(1,  1),  and  (0,  n).  The  methods  being  made  clear  by  these 
simplest  cases,  the  case  (p,  n)  is  then  treated  in  its  generality. 
The  remainder  of  the  chapter  is  devoted  to  an  extended  dis- 
cussion of  the  moduli  (Moduln).  The  moduli  are  the  parame- 
ters on  which  the  substitution  coefficients  depend,  and  which 
are  invariant  when  the  group  is  transformed  by  any  linear  sub- 
stitution. The  groups  so  obtained  are  said  to  belong  to  the  same 
class,  and  the  moduli  form  a  system  of  numbers  characteristic 
for  that  class.  As  the  groups  of  the  same  class  have  like 
structure,  a  determination  of  the  properties  of  tlie  class  ac- 
quaints us  with  the  properties  of  any  group  of  the  class.  Any 
particular  set  of  possible  values  for  the  moduli  determines  a 
class,  and  the  number  manifoldness  of  all  the  classes  is  meas- 
ured by  that  of  the  moduli. 

The  third  and  last  division  of  volume  I  treats  of  the  arith- 
metic definition  of  discontinuous  groups.  This  subject,  al- 
though of  fundamental  importance,  offers  at  the  present  time 
only  fragmentary  results  on  account  of  the  great  difficulties 
that  it  has  to  overcome. 

The  first  chapter  determines  the  arithmetic  characteristics  of 
the  rotation  subgroups  of  the  Picard  group.  This  is  accom- 
plished by  the  introduction  of  the  Dirichlet  and  the  Hermite 
quadratic  forms,  concerning  which  the  following  two  theorems 
are  proved :  Every  hyperbolic  or  loxodromic  cyclic  subgroup 
transforms  into  itself  a  particular  Dirichlet  form  having  for 
determinant  a  non-square ;  and,  conversely,  every  such  form 
is  invariant  for  some  such  subgroup.  Again,  every  funda- 
mental circle  group  contained  within  the  Picard  group  trans- 
forms into  itself  a  particular  indefinite  Hermite  form ;  and 
conversely,  every  such  form  is  reproduced  by  some  fundamental 
circle  subgroup  of  the  Picard  group. 

The  second  chapter  discusses  the  groups  that  reproduce  cer- 


of  the  ooDsiderable  space  devoted  to  this  subject  and  the  powerful  aid  afforded 
by  the  introdaction  of  the  faDdamental  polyhedron  in  the  hyperbolio  space, 
this  portion  of  the  field  can  hardly  be  said  to  have  been  more  than  lightly 
tonched  upon.     (Compare  the  remarks  on  page  441,  Vol.  I.) 
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tain  ternary  and  quaternary  forms.  This  includes  a  large  and 
important  class  of  groups,  among  which  the  Picard  group 
occurs  as  the  reproducing  group  of  a  particular  quaternary  form. 
A  considerable  number  of  illustrative  cases  are  worked  out. 

The  third  chapter  deals  with  groups  whose  substitutions  have 
coefficients  which  are  integers  within  a  given  field  of  algebraic 
numbers. 

Volume  II,  of  which  the  first  part  only  has  appeared,  is 
devoted  to  a  study  of  the  automorphic  functions  belonging  to 
the  groups  treated  in  the  first  volume.  By  an  automorphic 
function  of  an  independent  variable  ?  is  meant  a  function  ^(f) 
which  is  unaltered  when  ?  is  transformed  by  any  substitution 


(6)  ?'  = 


of  a  given  group  F  ;  that  is, 


*(7:rTt)-*<«- 


It  is  further  required  that  <f>{^)  have  no  essential  singularity  at 
any  point  of  the  fundamental  region  of  F,  and  that  within  this 
region  it  is  uniform  and  without  branching.  Accordingly  <f>(j^) 
is  expansible  in  the  vicinity  of  an  ordinary  point  f^  in  powers 
of  f  —  ?^,  and  in  powers  of  1/?  in  the  vicinity  of  the  infinite 
point. 

If  Sjj  and  f  Q  are  the  fixed  points  of  an  elliptic  substitution  of 
period  I,  then  since  the  corresponding  substitution  can  be 
written  in  the  form 

the  function  (^(f)  can  be  expanded  in  the  vicinity  of  f^  in  a 
series  of  ascending  powers  of 


(f-sf)- 


Every  parabolic  substitution  can  be  written  in  the  form 
_2 1 
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in  which  ^^  is  the  fixed  point.     In  the  vicinity  of  this  point 
<^(^)  can  therefore  be  expanded  in  a  series  of  ascending  powers 

2jri  ,        1 
Ofc     Y        C-Co' 

The  first  step  in  the  development  of  the  theory  of  auto- 
morphic  functions  is  to  prove  that  such  functions  exist  for 
every  group  F  which  is  properly  discontinuous  in  the  f-plane* 
This  is  accomplished  by  means  of  Riemann's  general  existence 
theorem,  the  details  of  the  proof  following  the  methods  of 
Schwarz  and  Neumann. 

If  f  =s  f  +  irjy  it  is  first  shown  that  an  automorphic  potential 
u(f,  rj)  can  be  found  which  satisfies  prescribed  boundary  condi- 
tions, and  is  uniform  and  everywhere  continuous  in  the  funda- 
mental region  of  T  except  at  one  prescribed  point  f^,  where  it 
becomes  discontinuous  like  the  real  part  of  l/(?—  ?o)' 

The  conjugate  potential  v  is  defined  by  the  integral 


It  is  shown  that  dv  has  the  automorphic  character,  and  that 
hence  v  is  reproduced  by  any  substitution  of  the  group  with 
the  addition  of  a  constant.  This  constant  is  zero  for  groups  of 
genus  zero,  and  in  that  case  the  function 

is  an  automorphic  function  of  ?. 

If  />  >  0,  the  expression  Z=u  -\-iv  behaves  on  the  closed 
Riemann  surface  JP,  on  which  the  fundamental  region  of  F  is 
depicted,  like  an  elementary  integral  of  the  second  kind. 
Hence,  according  to  the  well  known  Riemann  method,  if 
Z„  Zj,  •  •  • ,  Z^  be  /x  such  functions  having  different  poles,  con- 
stants Cp  Cg,  •  •  • ,  C^  can  be  determined  so  that 


G,Z,+  C^,  +  ...  +  C^Z^ 


1*^ 


is  reproduced  unchanged  when  continued  over  any  closed  path 
in  F.  As  a  closed  path  in  F  corresponds  to  a  path  joining  two 
congruent  points  in  the  f-plane,  this  means  that  2C-Z.  is  auto- 
morphic for  the  group  F. 

Among  the  properties  of  </)(f)  may  be  mentioned  the  following. 

It  takes  any  given  value  at  fi  points  of  the  fundamental 
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region  P,  ft  being  the  number  of  poles  of  </>(?).  From  this 
follows  that  the  region  P  can  be  conformally  represented  on  an 
ordinary  /i-leaved  Bieraann  surface  F  of  genus  p  by  means  of 
the  function  z  =  <f>(^)-  Any  automorphic  function  of  ?  is  ac- 
cordingly an  algebraic  function  on  the  Riemann  surface  F,  On 
the  other  hand  every  algebraic  function  of  z,  tF[2(?)],  is  an 
automorphic  function  of  f,  so  that  the  totality  of  automorphic 
functions  belonging  to  the  group  T  coincides  with  the  totality 
of  algebraic  functions  on  the  surface  F.  It  follows  from  this 
that  between  any  two  functions  <f>^,  <f>^  which  are  automorphic  for 
the  group  T  an  algebraic  relation  exists,  G{<f>^y  <f>^  =  0.  If 
this  relation  is  irreducible,  then  every  automorphic  function 
belonging  to  the  same  group  is  rationally  expressible  in  terms 
of  <^^  and  <^2*  I^  particular,  if  j)  =  0,  every  such  function  is 
rationally  expressible  in  terms  of  any  function  having  a  single 
pole  in  the  fundamental  region.  Such  a  function  is  called  a 
priTieipcU  function.  In  general,  a  principal  function  is  one 
which  takes  a  given  value  the  least  possible  number  of  times 
within  the  fundamental  region. 

It  is  evident  from  what  precedes  that  every  algebraic  func- 
tion on  the  Eiemann  surface  F  which  is  in  general  a  many 
valued  function  of  z,  is  single  valued  when  expressed  in  terms 
of  f.  Every  Biemann  surface  can  be  associated  with  a  group 
r  (in  fact  with  more  than  one  group),  so  that  every  algebraic 
function  can  be  expressed  as  a  uniform  function.  In  the  lan- 
guage of  geometry,  the  coordinates  of  a  point  on  any  algebraic 
curve  can  be  expressed  as  uniform  (automorphic)  functions  of 
a  variable  parameter.  To  establish  this  result  is  one  of  the 
main  problems  of  the  book,  or  more  explicitly  stated  :  given 
any  Biemann  surface  of  genus  p  and  n  arbitrarily  assigned 
points  on  it,  e^,  ^2f"'f  \i  ^^  investigate  the  existence  of  a  func- 
tion ?(«)  which  branches  at  the  given  points  and  which  can 
mediate  the  representation  of  the  Biemann  surface  on  a  polygon 
suitable  for  the  fundamental  region  of  a  limit  circle  group  and 
having  vertices  corresponding  to  ^.  which  are  fixed  points  for 
substitutions  of  periods  l^,  '2>  * '  *  >  ^n>  ^^^^^  being  any  integers 
>  1,  or  infinite. 

Since  <^(?)  takes  any  given  value  /a  times  in  every  polygon 
which  is  congruent  to  the  fundamental  region  P,  and  since 
these  polygons  crowd  together  in  infinite  number  about  the 
limit  points  of  the  group,  it  follows  that  </>(?)  takes  any  given 
value  an  infinite  number  of  times  in  the  immediate  vicinitv  of 
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such  a  point  which  is  accordingly  a  point  of  essential  singu- 
larity for  the  function.  If  these  limit  points  fill  a  curve,  the 
limit  curve,  everywhere  dense,  this  curve  forms  a  natural  boun- 
dary for  the  function  over  which  it  cannot  be  analytically  con- 
tinued. 

Corresponding  to  the  classification  of  the  discontinuous 
groups,  an  analogous  classification  of  the  automorphic  functions 
is  given. 

I.  Cydic  functions,  belonging  to  cyclic  groups. 

If  the  group  is  elliptic  of  period  /,  the  principal  function  is 
the  algebraic  function  [(?— ?o)/(?-- S],)]'*     ^^  ^^^  group  is 

2ni        1 

parabolic,  the  principal  function  is  6  >  ^-^«.  If  hyperbolic,  or 
loxodromic,  the  automorphic  functions  are  the  elliptic  functions 

ofiog[(?-g/(?-o]. 

II.  Elliptic  functions.  The  corresponding  groups  are  the 
parabolic  rotation  groups. 

III.  FundamentcU  circle  functions.  These  belong  to  groups 
whose  limit  points  lie  on  a  circle.  If  the  circle  is  everywhere 
dense  with  fixed  points,  we  have  the  special,  but  highly  im- 
portant, class  of  functions  existing  only  within  the  circle  and 
having  the  circumference  for  a  natural  boundary. 

IV.  Automorphic  functions  in  general^  tcithotU  fundamental 
circle.  This  last  and  most  extensive  division  of  functions  does 
not  at  present  admit  of  precise  classification  owing  to  lack  of 
knowledge  of  the  non-rotation  groups  to  which  they  belong. 
Three  main  subclasses  are  given,  however,  corresponding  to 
the  subdivisions  of  the  groups  mentioned  above. 

The  inverse  problem  of  determining  the  nature  of  ?  as  a 
function  of  z  in  the  Riemann  surface  F  is  next  considered. 
When  z  describes  a  closed  path  in  F,  f  is  either  unchanged  or 
undergoes  a  linear  transformation.  It  is  infinitely  many 
valued,  and  is  accordingly  called  a  polymorphic  function.  The 
important  question  arises  as  to  whether  in  case  any  Riemann 
surface  whatever  is  given,  a  polymorphic  function  exists, 
having  the  properties  of  the  function  f  and  capable  of  repre- 
senting the  Riemann  surface  on  a  polygon  (or  other  region) 
suitable  as  the  fundamental  region  for  a  group  of  linear  sub- 
stitutions. The  full  discussion  of  this  problem  is  reserved  for 
the  remaining  part  of  the  volume  which  is  not  yet  published, 
the  author  delaying  on  this  point  only  to  show  that  the  poly- 
morphic function  ^  satisfies  a  differential  equation  of  the  third 
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order  obtained  by  equating  the  "  Schwarzian  derivative  "  of  f 
to  a  certain  function  which  is  algebraic  on  the  surface  F. 

From  a  consideration  of  automorphic  functions  of  f  we  pass 
on  in  the  second  chapter  to  the  consideration  of  forms  belong- 
ing to  groups  of  genus  zero.  The  variable  ?  is  separated  into 
the  quotient  of  two  variables  ?p  fj.  Instead  of  the  group  T 
of  substitutions  of  the  form  (6),  the  corresponding  group  of 
homogeneous  substitutions 

(7)         r.  =  «,?.  + /a,?,,     ?;  =  7.?.+s»r, 

is  introduced.  The  course  of  the  investigation  is  directed 
towards  the  construction  of  binary  forms  in  f^,  f^,  having  the 
automorphic  character.  This  treatment  of  the  problem  from 
the  point  of  view  of  binary  forms  is  characteristic  of  the 
methods  of  Klein  as  previously  employed  in  the  Icosahedron 
theory  and  the  Modular  Functions. 

An  automorphic  form  is  defined  as  a  homogeneous^  non- 
branching  function  of  fj,  fg  ^^  dimension  d  (d  being  any 
rational  number)  which  is  reproduced  multiplied  by  a  constant 
/i  when  the  variables  descril)e  any  continuous  series  of  admis- 
sible value  such  that  the  end  values  5^,  f^  are  congruent  to  the 
initial  values  with  respect  to  the  homogeneous  group  of  uni- 
modular  substitutions  (7). 

That  is, 

<^K?i  +  ^*f2. 7*?,  +  s.?, )  =  f^M.,  g. 

The  quotient  of  two  forms  of  like  dimensions  and  the  same 
multipliers  is  evidently  an  automorphic  function  of  ?,/?2=  ?• 
Among  the  various  forms  that  could  be  constructed  for  a 
given  group  (p  =  0)  two  are  of  especial  interest,  the  principal 
fomiy  and  the  prime  foi*m.  The  former  is  defined  by  the 
equation 

in  which  z  is  a  principal  function,  that  is,  an  automorphic 
function  of  ?  which  takes  a  given  value  but  once  in  the  funda- 
mental region.  The  principal  form  is  absolutely  invariant,  is 
of  dimension  —  2,  has  one  pole  of  order  2  at  the  point  where 
j5=5  00,  and  vanishes  of  order  1  —  1//^  at  a  vertex  6^^  of  the 
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fundamental  region  which  is  a  fixed  point  for  a  substitution  of 
period  /^.     If  has  no  other  poles  or  zeros. 

If  6^  is  the  value  of  z  at  ?=  €^,  then  {z  —  ej  vanishes  of  the 
first  order  at  ?  =  €j^  and  at  all  equivalent  points :  Hence  the 
product 

(8)  *-,ii(^-o~^'"^*^, 


in  which  <f>^^  is  the  principal  form,  does  not  vanish  at  the  ver- 
tices, and  is  zero  of  order 


?('-D— 


2 


at  the  pole  ?q  of  (f>_^.  Accordingly,  if  the  expression  (8)  is 
raised  to  the  power  I  —  9  )>  the  result  vanishes  of  the  first  order 

at  5]j.     Such  a  form,  denoted  by  zj[^^,  Q,  is  of  dimension  v  in 
?p  51,  and  is  finite  and  diflFerent  from  zero  at  every  point  of  the 
funaamental  region  except  5J,.     It  is  called  a  prime  form. 
The  form 

is  likewise  a  prime  form  whose  zero  point  in  the  fundamental 
region  coincides  with  that  of  z. 

The  formula  az^  +  bz^  defines  a  binary  family  of  prime  forms, 
all  of  which  behave  like  z^  with  respect  to  the  substitutions  of 
the  homogeneous  group,  and  whose  zero  point  varies  with  the 
parameter  a/6. 

If  (»,  e^)  denote  the  particular  form  of  this  family  which 
vanishes  at  the  fixed  corner  e^  of  the  fundamental  region,  then 
the  form 

^*(?..f2)=v'(^;o 

is  a  non-branching  form  for  the  group.  It  is  called  the  ground 
form  belonging  to  the  corner  e^.  In  case  of  an  elliptic  point  /^ 
is  the  period  of  the  substitution,  and  for  a  parabolic  point  /^  may 
be  any  positive  integer. 

The  effect  of  the  substitutions  of  the  homogeneous  group 
upon  any  form  <^^  is  next  determined.  This  is  accomplished 
by  calculating  the  multipliers  /i^  which  arise  from  the  generat- 
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ing  substitutions.  From  this  set  of  multipliers,  called  a  mul- 
tiplier system,  the  multiplier  for  any  other  operation  of  the 
group  is  obtained  by  a  very  simple  formula. 

The  number  of  theoretically  possible  multiplier  systems  hav- 
ing been  determined,  it  is  then  proved  that  automorphic  forms 
of  any  allowable  dimension  d  exist  for  every  such  system.  This 
is  done  by  first  showing  that  every  automorphic  form  can  be 
expressed  as  a  product  of  prime  forms  and  ground  forms,  and 
that  this  product  can  be  so  chosen  that  the  system  of  multi- 
pliers will  coincide  \vith  any  given  possible  system.  In  par- 
ticular, the  forms  with  the  multiplier  system  M'k—  ^  exist  for 
every  group  F  and  for  every  integer  dimension  d.  They  are 
absolutely  unchanged  by  substitutions  of  the  group,  and  for 
this  reason  are  called  proper  automorphic  forms. 

The  variables  f^,  f^  when  regarded  as  depending  on  2^,  z^  are 
polymorphic  forms  in  the  latter.  On  multiplying  f^  and  ^2  ^7 
certain  forms  in  2j,  js;^  polymorphic  forms  are  obtained  which  are 
of  zero  dimension  and  behave  like  ?j,  fj  with  respect  to  sub- 
stitutions of  the  group.  Analytic  expressions  for  these  various 
forms  are  obtained,  and  differential  equations  of  the  second 
order  which  they  satisfy  are  deduced. 

Some  of  the  foregoing  results  are  illustrated  by  means  of  the 
hypergeometric  function. 

The  third  chapter  treats  of  the  Poincar^  series  with  a  detailed 
consideration  of  the  case  p  =  0.  This  subject,  which  is  one  of 
the  most  important  and  fundamental  in  the  entire  theory  of 
automorphic  functions,  is  handled  in  a  very  felicitous  and  attrac- 
tive manner. 

"  Poincar^  series  "  is  the  name  given  in  the  present  work  to 
the  series 

(9)        <K^v  Q  -  Z/** '-»(«*?.  +  ^u^*>  'y*?.  +  ^Q> 

k 

in  which  H(^^y  Q  ^^  ^^7  rational  homogeneous  function  of  f^, 
fg,  and  /i^  is  the  multiplier,  of  any  allowable  system,  corre- 
sponding to  the  transformation  (7).  The  function  <^  thus 
defined  is  an  automorphic  form  for  the  given  group  with  the 
multiplier  system  /i^^. 

If  the  above  series  be  divided  by  fg,  d  being  the  dimension 
of  <^,  and  the  multiplier  system  /i  =  1  taken,  the  resulting 
formula 
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with  d  a  negative  even  integer,  is  the  "  theta  "  series  introduced 
by  Poincar^,  and  is  the  principal  element  out  of  which  he 
constructs  the  analytic  theory  of  the  automorphic  functions. 
This  function  is  reproduced,  multiplied  by  a  factor,  by  any 
substitution  of  the  group ;  that  is, 


e 


(-^lTf)-w+''>-'«(0' 


while  the  corresponding  form  <^  is  entirely  unchanged. 

The  series  (9)  is  proved  by  two  methods,  both  due  to  Poin- 
car6,  to  be  convergent.  The  first  proof  establishes  the  con- 
vergence for  a  group  with  one  limit  curve,  or  an  infinite  num- 
ber of  them,  and  for  all  dimensions  d  ^  —  4.  This  is  the  most 
general  case  and  includes  all  others. 

Under  what  conditions  the  Poincar6  series  is  convergent  for 
values  of  d  greater  than  —  4  is  a  problem  not  yet  completely 
solved,  but  the  case  d  =  —  2  receives  somewhat  extensive  con- 
sideration. It  is  shown  that  for  this  value  of  d  the  series  is  no 
longer  absolutely  convergent  whenever  the  group  has  one  or 
more  limit  curves ;  but  that  for  fundamental  circle  groups  which 
are  not  limit  circle  groups,  and  for  certain  other  groups  without 
limit  curves,  the  series  is  unconditionally  and  uniformly  con- 
vergent. These  results,  which  are  largely  due  to  the  investi- 
gations of  Burnside  and  Schottky,  lead  the  authors  to  suggest 
with  Burnside  that  the  theorem  is  possibly  true  for  all  groups 
without  limit  curves.  It  is  worthy  of  remark,  also,  that  groups 
exist  (for  every  genus  p)  for  which  the  series  of  dimension 
d  =3  —  1  is  absolutely  convergent. 

The  second  proof  is  given  for  the  case  of  a  fundamental 
circle  group,  and  establishes  the  convergence  of  the  series  (9) 
for  all  dimensions  d  less  than  —  2. 

The  quotient  of  two  Poincar6  series  of  like  dimension  d  and 
with  the  same  multiplier  system  is  an  automorphic  function  of 
f  =s  ?i/?2*  Thus  the  Poincar^  series  affords  a  simple  and  ele- 
gant formula  for  the  construction  of  functions  belonging  to  the 
group. 

One  serious  obstacle  in  the  way  of  using  this  series  arises 
from  the  possibility  of  its  identical  vanishing.  That  this  possi- 
bility is  not  an  imaginary  one  is  shown  by  proving  that  identi- 
cally vanishing  series  exist,  and  in  infinite  number  for  every 
dimension  d.     The  difficulty  is  avoided  by  the  construction  of 
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series  having  one  or  more  poles  in  the  fundamental  region. 
This  is  effected  by  assigning  poles  to  the  function  H  which  is 
used  in  generating  the  series.  The  case  of  a  single  pole  in  the 
fundamental  region  being  the  simplest  one  is  considered  in  de- 
tail. It  is  proved  that  such  a  series  can  always  be  constructed, 
and  the  details  of  the  method,  and  the  actual  form  of  the  series 
are  given  except  in  the  case  of  absolute  automorphic  forms  of 
dimension  —  2  which  must  have  at  least  two  poles.  It  is 
shown  that  the  pole  can  be  taken  at  any  point  in  the  polygon 
net,  the  parabolic  fixed  points  alone  excepted. 

The  one-pole  series  is  now  placed  in  the  foreground.  On  the 
introduction  of  a  suitable  multiplying  constant,  it  becomes  dis- 
continuous at  the  pole  ?j  =  fj,  f,  =  fj  like  Iji^yi^  —  ?2?i)-  '^^ 
series  so  normalized  is  called  an  elementary  form  and  is  denoted 
by  ft  (?p  fj ;  f  J,  f 2).  It  is  worthy  of  notice  that  this  elementary 
form,  when  regarded  as  depending  on  f ,,  f^,  is  of  dimension 
~  d  ~  2,  and  in  its  manner  of  becoming  aiscontinuous  behaves 
like  an  automorphic  form  with  inverse  multiplier  system  /i~^ 
In  order  that  ft  may  be  an  automorphic  form  in  f  ^  {^  ^^  ^^ 
necessary  that,  when  expressed  as  a  product  of  prime  forms 
and  ground  forms,  it  be  of  dimension  —  1  in  the  former.  It 
also  has  the  same  property  when  regarded  as  a  form  in  ^^  ^^ 
which  fact  leads  to  the  expression  of  ft  in  this  case  by  a  very 
elegant  formula  [(12),  page  201]. 

Except  for  the  special  case  just  mentioned,  ft  is  not  auto- 
morphic in  {^,  f^*  I^  has,  however,  certain  properties  as  a 
function  of  these  variables,  which  lead  to  the  important  con- 
clusion that  every  automorphic  form  which  vanishes  in  the 
parabolic  points  can  be  expressed  in  the  form  of  a  Poincar6 
series  provided  the  dimension  d  is  one  for  which  that  series  is 
convergent.  That  automorphic  forms  exist  which  are  not  ex- 
pressible as  Poincar6  series  is  shown  by  the  occurrence  of  such 
a  case  for  d  =  —  1  in  the  modular  group. 

This  result  is  further  generalized  by  showing  that  every 
automorphic  form  with  arbitrary  poles  none  of  which  occur  at 
a  parabolic  point,  is  expressible  as  a  Poiucar6  series  plus  an 
integral  automorphic  form. 

The  fourth  and  last  chapter  generalizes  the  results  to  the 
case  p  >  0.  As  in  this  case  the  automorphic  functions  are  no 
longer  expressible  in  terms  of  a  principal  function  z,  the  simple 
prime  form  for  p  =  0  must  be  replaced  by  the  transcendental 
prime  form  which  enters  into  the  theory  of  abelian  functions. 
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The  Ritter  prime  form  introduced  here,  while  not  so  simple  an 
analytic  expression  as  the  Klein  prime  form,  has  the  advantage 
over  the  latter  of  not  vanishing  at  the  branch  points  of  the 
Riemann  surface  F. 

Klein's  prime  form  il{x,  y)  is  defined  as  the  limit  of  the 
expression 


V 


jj'+rf-f,  y-¥^y 


—  (a;,  dx)  (y,  dy)e    '''*y 

for  dx  =  0,  dy  =  0.  Here  n|;  J  is  the  normal  integral  of  the 
third  kind  on  the  ?n-leaved  Riemann  surface,  while  (x,  dx)  is 
written  for  brevity  to  represent  the  homogeneous  diflferential 
expression  x^dx^  —  x^dx^. 

Ritter's  prime  form  P(z,  e)  is 


aiz,  e)  ^ 


ft(z,  00  j)  fl(z,  oog)  •  •  •  il{z,  00  J 

in  which  e  is  any  point  of  the  Riemann  surface  and  il(Zy  oo  J  is 
Klein's  prime  form  with  the  path  of  integration  extending  to 
the  point  at  infinity  in  the  ith  sheet  of  the  surface^  while  z^  is 
one  of  the  homogeneous  variables  into  which  z  =  z^/z^  is  sepa- 
rated. The  prime  form  thus  defined  is  everywhere  continuous 
and  has  only  a  single  zero  of  the  first  order  at  z  =  e.  It  is, 
however,  in  the  periodic  property  of  this  prime  form  with  re- 
spect to  substitutions  of  the  group  F  that  its  superiority  over 
the  Klein  form  is  especially  marked,  for  while  the  latter  is  re- 
produced multiplied  by  a  function  of  z,  the  former  has  a  multi- 
plier independent  of  z. 

Expressions  are  next  obtained  in  terms  of  the  Ritter  prime 
form  for  the  polymorphic  forms  fj,  fj  whose  quotient  gives  the 
variable  f  in  terms  of  which  z  is  an  automorphic  function. 

Just  as  in  the  case  p  =  0,  the  variable  f  as  a  function  of  z 
satisfies  a  differential  equation  of  the  third  order  obtained  by 
equating  the  Schwarzian  derivative  to  a  certain  function  R 
which  is  rational  and  algebraic  on  the  Riemann  surface,  and 
which  depends  on  7i  +  3  /)  —  3  arbitrary  constants,  the  acces- 
sory parameters  of  the  differential  equation.  The  form  of  the 
function  R  is  determined  for  three  cases  of  special  interest,  viz : 

1.  When  the  group  T  is  of  character  (1,  n). 

2.  When  it  is  hyperelliptic  of  character  (p,  0). 

3.  For  the  general  case  of  character  (3,  0). 
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The  polymorphic  forms  fj,  ^  satisfy  the  differential  equation 
of  the  second  order 

cPF 

in  which  R  is  the  function  occurring  in  the  differential  equation 
of  the  third  order  for  f. 

The  general  multiplicative  forms,  that  is,  the  automorphic 
forms  which  are  reproduced  with  multiplying  constants  by  the 
operations  of  the  group  F,  are  now  taken  under  consideration, 
the  main  result  arrived  at  being  the  theorem  that  such  forms 
always  exist  for  every  integer  dimension  d  and  for  every 
theoretically  possible  multiplier  system.  Every  form  <f>  of  this 
kind  is  expressible  as  a  product  of  ground  and  prime  forms 
giving  the  zeros  of  <f>,  divided  by  a  product  of  prime  forms 
giving  the  poles  of  (f>.  As  in  the  case  p  =  0,  the  ground  form 
is  a  properly  chosen  root  of  a  prime  form  which  vanishes  at 
one  of  the  fixed  corners  of  the  fundamental  polygon.  By 
prime  form  is  here  meant  the  product  of  the  Ritter  form  by 
an  exponential  factor  whose  exponent  is  an  abelian  integral  of 
the  first  kind  on  the  Riemann  surface,  such  an  exponential 
factor  being  the  most  general  expression  for  a  multiplicative 
form  without  poles  or  zeros. 

Among  the  automorphic  forms  belonging  to  a  group  of  genus 
jp  those  of  dimension  —  2  and  multiplier  system  1  which  are 
free  from  poles  have  particular  interest.     Denoting  such  a  form 

oy  *_2(Sij  S2)  ^*  ^^  observed  that  the  integral  J^^J^Kv  Qi^f  ^?) 
is  of  dimension  zero  and  hence  a  function  of  ?  (and  therefore 
of  z)  which  is  everywhere  finite  on  the  Riemann  surface  jP.  It 
is  accordingly  an  abelian  integral  of  the  first  kind.  As  there 
are  j)  linearly  independent  integrals  of  the  first  kind  it  follows 
that  the  same  number  of  linearly  independent  functions  4>_j 
exist.  The  number  of  linearly  independent  forms  <^  of  given 
dimension  and  multiplier  system  is  t—p  +  a  +  1,  in  which  t 
is  the  number  of  zeros  of  <f>,  and  a-  is  the  number  of  linearly  in- 
dependent forms  <f>_2  which  vanish  in  these  t  zero  points.  This 
is  clearly  only  another  form  of  the  Riemann-Roch  theorem. 

The  expression  of  automorphic  forms  by  means  of  the  Poin- 
car6  series  next  demands  attention.  It  is  to  be  remarked  first 
of  all  that  in  order  to  insure  the  convergence  of  this  series,  the 
multipliers  /i^  were  assumed  unimodular.     If  a  form  <l>'  has 
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maltiplien  which  are  not  unimodular,  it  can  be  expressed  in 
the  form 

in  which  <^  is  a  form  with  unimodular  multipliers  and  the  w^ 
are  normal  integrals  of  the  first  kind  on  the  Biemann  surface 
F.  A  generator  of  F  which  corresponds  to  a  crossing  of  a  can- 
onical period  path  in  F  will  then  reproduce  <f>'  with  a  multi- 
plier e'*^*fi^  p.  and  fi^  being  the  corresponding  moduli  of  period- 
icity of  w^  and  the  multiplier  of  <t>  respectively.  By  a  proper 
choice  of  the  c.  it  is  evident  that  any  desired  multiplier  system 
may  be  assigned  to  <t>\ 

In  order  that  the  form  <^  be  expressible  as  a  Poincar^  series 
it  is  further  necessary  that  it  vanish  in  the  parabolic  fixed 
points.  After  a  somewhat  lengthy,  but  interesting  analysis,  a 
conclusion  is  reached  similar  to  that  in  case  />  =»  0,  namely  — 
every  unimultiplicative  form  of  dimension  d  satisfying  the 
convergence  condition,  which  vanishes  in  the  parabolic  points, 
and  only  such  a  form,  is  expressible  as  a  Poincar6  series  ; 
and  every  automorphic  form  with  arbitrary  poles,  none  of 
which  occur  at  parabolic  points,  is  expressible  as  a  Poincar6 
series  plus  an  integral  automorphic  form. 

J.  I.    HuTCHmSON. 
Cornell  Univsbsitt. 


LORIA'S  SPECIAL  PLANE  CURVES. 

SpezieUe  algebraisohe  und  transcenderUe  ebene  Curven,  Theorie 
und  Geschichte,  Von  Dr.  Gino  Loria.  Autorisierte, 
nach  dem  italienischen  Manuscript  bearbeitete  deutsche  Aus- 
gabe  von  Fritz  ScHt)TTE.  Leipzig,  B.  G.  Teubner,  1902, 
8vo.,  xxi  +  744  pp.  +  17  plates  containing  174  figures. 

About  ten  years  ago  the  Royal  Academy  of  Sciences  at 
Madrid  offered  its  triennial  prize  to  be  awarded  upon  the 
thirty-first  of  December,  1894,  for  "  An  ordered  account  of  all 
curves  of  any  kind  which  had  received  special  names,  and  a 
further  short  account  of  their  form,  their  equations,  and  their 
inventors."  To  this  prodigious  question  no  response  seems  to 
have  come.  Three  years  later  the  question  was  repeated. 
Professor  Loria  presented  his  researches,  which  were  received 
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in  a  most  flattering  manner,  as  well  they  might  be.  These  re- 
searches, in  a  somewhat  altered  form,  carefully  worked  oat  and 
translated  into  German,  form  the  contents  of  the  large  volume 
here  under  review. 

Although  the  work  is  encyclopsedic  and  all-inclusive  so  far 
as  it  goes,  it  does  not  cover  the  entire  question  set  by  the 
Academy  at  Madrid.  Those  curves,  which  are  made  up  of 
arcs  of  other  curves,  and  which  therefore,  though  often  of  great 
use  in  applied  mathematics  or  in  the  theory  of  the  fine  arts,  are 
not  representable  by  a  single  analytic  equation,  have  purposely 
been  omitted.  No  reference  has  been  made  to  curves  in  space. 
The  investigation  of  these  must  be  left  for  a  separate  volume, 
which  it  is  to  be  hoped  Professor  Loria  will  have  time  and  in- 
clination to  write.  In  all  other  respects  the  author  has  covered 
the  immense  field  of  special  curves  whether  named  or  not 
named.  Thus,  while  in  one  way  he  has  failed  to  compass  the 
extent  indicated  in  the  announcement  of  the  prize  question,  in 
another  way  he  has  exceeded  the  limits. 

As  the  investigations  on  special  curves  often  long  antedate 
the  Jahrbuch  and  lie  hidden  in  doctors'  theses,  in  essays,  ad- 
dresses, letters  of  a  private  correspondence,  and  in  larger 
treatises  where  they  are  introduced  only  for  some  immediate 
special  purpose,  there  can  be  little  doubt  —  as  the  author  him- 
self modestly  states  —  thaf  some  of  the  curves  have  not  been 
attributed  to  their  earliest  inventors  and  that  others  may  have 
been  overlooked  entirely.  To  find  most  of  the  special  curves  is 
not  easy  ;  to  find  them  all  is  impossible.  But  probably  no  one 
person  will  detect  more  than  a  few  corrections  or  additions  to 
this  work  of  Professor  Loria,  who  has  made  such  a  profound 
and  long-continued  study  of  the  field.  Essential  improvements 
must  be  the  result  of  years  and  of  many  collaborators. 

The  method  of  treatment  pursued  by  the  author  is,  with  the 
rarest  exceptions,  analytic.  In  the  case  of  some  curves,  like  the 
cissoid  and  conchoid,  which  date  back  to  antiquity,  a  limited 
amount  of  geometric  reasoning  has  been  employed.  For  the 
most  part,  however,  even  these  oldest  curves  have  been  handled 
analytically  by  the  methods  of  rectangular  or  polar  coordinates, 
or  both.  This  method  of  treatment  is  to  be  commended,  for 
only  in  this  manner  could  be  given  anything  approaching  such 
a  complete  and  systematic  treatment  as  would  interest  modern 
readers.  The  large  number  of  foot-notes,  referring  to  the 
places   where   the  original  treatment  of  the  curves  may  be 
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found,  will  be  of  invaluable  service  to  those  who  delight  in 
antiquarian  methods  or  research.  Most  readers  will  find  in 
the  volume  before  us  enough  to  satisfy  them,  except  where  the 
author  has  preferred  to  refer  to  some  modern  work  in  which  a 
special  curve  is  fully  treated,  rather  than  to  give  that  treatment 
in  detail.  For  example,  the  cardioid  possesses  numerous  prop- 
erties, of  which  only  a  few  are  given  in  the  text,  leaving  the 
others  to  be  studied  in  the  elaborate  thesis  of  Dr.  R.  C. 
Archibald. 

Professor  Loria's  book  will  appeal  in  different  degrees  to  a 
great  variety  of  readers.  That  everything  in  the  work  should 
be  interesting  to  a  large  number  is  inconceivable.  Despite  the 
careful  and  logical  arrangement  one  can  not  fail  to  perceive  that 
the  problems  are  distinct  and  subject  to  distinct  methods  of 
treatment.  The  theory  of  special  curves  must  necessarily  be  a 
collection  of  special  theories,  each  applicable  in  general  only  to 
its  particular  curve.  To  this  statement  there  are  a  few  excep- 
tions. If  the  curve  happens  to  be  unicursal,  that  is,  expressible 
rationally  in  terms  of  a  parameter,  there  are  general  theorems 
and  methods  which  apply.  Usually,  however,  one  finds  that 
he  has  at  his  disposal  no  other  mathematical  implements  than 
elementary  analytic  geometry  and  the  first  principles  of  the 
differential  and  integral  calculus.  There  must  be  some  special 
motive  or  no  one  would  read  the  book  through  as  he  might  read 
a  work  on  a  more  connected  field  of  mathematics.  On  the  other 
hand  there  is  much  here  which  will  interest  every  one,  especially 
one  who  teaches  the  elements  of  analytic  geometry  or  of  cal- 
culus. Every  teacher  knows  the  value  of  choosing  problems 
which  have  interested  mathematicians  from  early  times  down 
to  the  present  day.  Such  problems  are  often  easier  for  stu- 
dents to  handle  than  the  artificial  ones  invented  purposely  for 
exercises.  The  early  mathematicians  were  not  refined  experts 
in  analysis,  having  no  great  theories  on  which  to  draw.  So 
they  were  forced  to  invent  simple  curves  with  simple  properties 
immediately  connected  with  simple  geometric  constructions,  and 
these  they  treated  by  elementary  means.  The  result  is  that  this 
work  done  early  in  the  development  of  mathematical  science 
furnishes  problems  valuable  in  mathematical  teaching. 

This  material  has  been  collected  by  Professor  Loria  and  put 
into  a  form  easily  accessible  to  all.  For  example  the  chapter 
on  the  cissoid  of  Diodes  contains,  in  addition  to  the  deduction 
of  the  equation  of  the  curve,  the  following  properties  which, 
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taken  collectively,  form  a  series  of  interesting  problems  easy  to 
prove  by  elementary  methods.  "The  pedal  of  the  parabola 
with  respect  to  the  vertex  is  a  cissoid.  The  locus  of  points 
fiymmetric  to  the  vertex  of  a  parabola  with  respect  to  a  (mov- 
ing) tangent  is  a  cissoid.  If  one  parabola  rolls  externally  upon 
an  equal  parabola  the  locus  of  the  vertex  is  a  cissoid.  The  polar 
reciprocal  of  a  cissoid  with  respect  to  a  circle  about  the  cusp  as 
center  is  a  semi-cubical  parabola.  The  envelope  of  the  common 
-chords  of  a  cissoid  and  its  (moving)  circle  of  curvature  is  a  simi- 
lar cissoid  of  which  the  ordinates  for  corresponding  abscissas  are 
^  •  (J)*  as  great.  The  area  between  the  cissoid  and  its  asymp- 
tote is  three  times  the  area  of  the  generating  circle  (Fermat ; 
geometric  interpretation  by  Huygens  communicated  to  Wallis 
in  a  letter).  The  center  of  gravity  of  this  area  divides  the 
distance  between  the  cusp  and  the  asymptote  in  the  ratio  5  : 1. 
The  volume  generated  by  the  revolution  of  the  cissoid  about 
its  asymptote  is  equal  to  that  of  the  ring  generated  by  the  same 
revolution  of  the  generating  circle  (Sluse).  The  difference  be- 
tween the  lengths  of  the  cissoid  and  its  asymptote  when  the 
ordinates  y  and  —  y  become  infinite,  approaches  a  finite  quantity 
which  may  be  evaluated  by  means  of  logarithms." 

Here  are  eight  theorems  —  four  in  analytic  geometry,  four  in 
elementary  calculus.  These  theorems  are  connected  with  such 
names  as  Diocles,  Fermat,  Huygens,  Wallis,  and  Sluse ;  and  the 
footnotes  refer  to  places  where  these  and  further  theorems  may 
be  found.  Similar  treatment  is  given  to  other  curves  including 
the  cardiod,  hypocycloid  of  three  cusps,  conchoid  of  Nicomedes, 
catenary,  and  tractrix.  The  student  might  well  make  the  ac- 
quaintance of  some  of  these  famous  curves  early  in  his  career. 
They  are  certainly  more  interesting  than  purely  artificial  loci. 
Then  too  there  are  curves  in  Professor  Loria's  book  which  are 
discussed  by  means  of  hyperbolic  and  elliptic  functions  and 
offer  good  exercise  in  their  manipulation. 

Most  of  the  important  theorems  are  printed  in  heavy  faced 
type.  They  stand  out  on  the  text  with  an  emphasis  more  than 
italic  and  may  easily  be  found  by  rapidly  turning  the  pages. 
A  valuable  and  pleasing  feature  of  the  work  is  the  elaborate 
plots  of  the  important  curves.  There  are  one  hundred  and  fifty 
numbered  figures ;  but,  as  many  of  the  numbers  are  subdivided, 
there  are  actually  about  one  hundred  and  seventy-five  different 
plots.  The  volume  ends  with  an  index  of  names,  an  index  of 
subjects,  and  a  special  index  for  the  plates.     This  careful  atten- 
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tion  to  the  form  in  which  the  volume  is  offered  to  the  public  is 
especially  welcome  in  this  case  as  it  greatly  facilitates  rapid 
reference  to  any  particular  curve. 

We  now  pass  to  a  more  detailed  examination  of  the  work. 
The  first  section  of  thtee  chapters  and  thirteen  pages,  deals 
with  the  straight  line,  circle,  and  conic  sections.  Naturally  the 
treatment  is  cursory,  being  in  fact  merely  a  few  historical  notes 
upon  the  most  important  ideas  such  as  the  geometry  of  a  ruler, 
of  a  parallel  ruler,  or  of  the  compasses.  The  author  then  passes 
immediately  to  higher  plane  curves. 

The  second  section  contains  fourteen  chapters  reaching  to  the 
ninety-fourth  page  of  the  text  and  treating  of  cubics  in  point 
coordinates.  The  classification  into  five  types  (Chapter  I)  and 
the  general  treatment  of  unicursal  (rational)  cubics  (Chapter  II) 
are  the  most  straightforward,  neat  and  elementary  that  we 
know.  The  author,  relying  on  the  apology  that  his  treatment 
is  encyclopedic,  gives  F.  W.  Newman's  classification  of  cubics 
into  forty-two  subtypes,  each  bearing  a  botanical  or  architec- 
tural name.  It  seems  as  if  in  this  case  a  reference  to  the  orig- 
inal memoir  would  be  suiBcient.  In  its  place  might  have  been 
given  an  account  of  that  omitted  but  interesting  work  of  Mobius 
which  treats  curves  by  means  of  their  projection  on  a  sphere. 
The  circular  curves,  the  cissoid  with  its  generalization,  the 
cubical  parabola  and  folium  of  Descartes,  the  oblique  and  right 
strophoid,  Sluse's  conchoid,  Rolle's  curve,  and  the  various 
witches,  fill  up  the  main  part  of  the  section.  The  two  con- 
cluding, like  the  two  beginning  chapters,  are  the  most  interest- 
ing. They  treat  the  cubic  curves  which  serve  for  the  trisec- 
tion  of  an  angle  and  the  duplication  of  a  cube,  thus  solving  in 
a  manner  those  two  celebrated  problems  of  antiquity,  of  which 
at  least  one  is  supposed  to  be  of  Pythian  origin. 

At  this  point  we  enter  the  only  two  serious  complaints  to  be 
made  against  Professor  Loria's  work.  First,  there  is  practically 
no  attention  paid  to  line-coordinates,  .homogeneous  or  non- 
homogeneous.  To  be  sure  in  earler  times  these  coordinates 
were  unknown.  It  is  only  within  the  last  century  or  half- 
century  that  they  have  become  of  importance.  Hence  there 
must  be  very  few  special  curves  defined  by  means  of  them. 
Yet  in  any  extended  treatise,  even  on  special  curves,  these  coor- 
dinates merit  more  attention  than  the  author  gives  them  —  as 
they  also  do  in  elementary  instruction  where,  they  can  serve  as 
the  most  simple  and  important  examples  of  envelopes.     We 
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see  in  Professor  Loria's  work  numerous  cases  of  isolated  or 
acnodal  points ;  but  isolated  tangents  seem  to  be  lacking. 
This  geometric  phenomenon  is  however  more  worthy  of  note 
as  it  seems  more  peculiar  and  more  confusing  than  in  the  case 
of  points.  This  first  objection  may  be  only  half-hearted,  but 
not  so  our  second. 

A  more  important  objection  lies  in  the  fact  that  no  mention 
is  made  in  the  text  or  indexes  of  Abel  or  his  celebrated  theorem 
which  yields  beautifully  and  powerfully  some  of  the  most  in- 
teresting properties  of  higher  plane  curves.  That  the  theorem 
applies  in  general  is  no  hindrance  to  its  use  on  special  curves. 
The  lack  of  it  is  not  particularly  felt  when  dealing  with  rational 
curves  of  the  third  and  fourth  orders.  The  author  obtains  the 
congruences,  which  would  be  given  by  Abel's  theorem,  by  an- 
other means  —  that  of  the  rational  representation.  But  in  any 
work  on  algebraic  curves,  special  or  otherwise,  the  total  omis- 
sion of  this  theorem,  which  is  perhaps  the  greatest  single  theorem 
in  the  subject,  seems  scarcely  conceivable. 

The  third  section  extends  to  page  218  and  contains  sixteen 
chapters.  To  the  first  three  chapters,  on  classification  of 
quartics,  unicursal  quartics,  and  elliptic  and  bicircular  quar- 
tics,  the  remarks  made  upon  the  first  two  chapters  of  the 
preceding  section  apply.  The  absence  of  Abel's  theorem 
begins  to  be  felt.  The  succeeding  chapters  treat  of  Perseus's 
spiral,  Nicomedes's  conchoid,  three-cusped  curves  of  the  fourth 
order  and  in  particular  the  hypocycloid,  cartesian  ovals, 
polyzomals  of  the  fourth  order,  rational  curves  with  a  node  at 
which  the  tangents  to  the  two  branches  are  coincident,  con- 
chals,  cassinian  ovals,  curves  with  three  double  points  at  each 
of  which  both  branches  possess  inflections,  the  mussel-line,  a 
quartic  for  trisecting  angles,  quartics  which  may  be  obtained 
in  simple  manners  from  conies.  The  mussel-line,  although  not 
especially  interesting  for  its  geometric  properties,  deserves  a 
passing  note  because  among  a  number  of  other  things  it  was 
invented  by  Diirer  (1525)  for  use  in  the  fine  arts  and  was  said 
by  him  "  to  serve  many  a  useful  purpose." 

The  titles  of  the  chapters  of  the  first  three  sections  have 
been  quoted  so  fully  merely  to  indicate  the  vast  amount  of 
detail,  the  great  care  and  exhaust! veness  with  which  the  vol- 
ume before  us  has  been  compiled.  There  appear  a  number 
of  names  doubtless  quite  unknown  to  most  readers.  In  many 
cases  the  curves  themselves  possess  no  very  great  interest  and 
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are  passed  by  with  but  short  notice.  Some  of  the  chapters  are 
less  than  two  pages  in  length ;  others  extend  over  more  than 
a  dozen.  In  the  following  sections  only  the  more  important  or 
better  known  curves  will  be  mentioned. 

Section  IV  deals  with  special  curves  of  order  greater  than 
four.  The  orders  reach  nine  and  even  twenty-five  in  the  case 
of  some  curves  connected  with  lemniscate  functions.  Probably 
the  most  interesting  curve  is  Watt's,  derived  from  Watt's  par- 
allelogram. The  other  names  such  as  astroids,  scarabeans, 
nephroids,  atriphtaloids  probably  represent  so  little  to  the 
mind  as  to  be  not  worth  quoting. 

To  this  point  the  curves  have  so  been  defined  as  to  possess 
a  definite  order.  The  author  next  passes  to  curves  which  may 
have  any  desired  order.  Among  these  are  the  parabolas  and 
hyperbolas  of  order  n,  the  pearl  curves,  Cayley's  general  poly- 
zomals  defined  by  S^.  \/  U,  ==  0,  ovals,  curves  for  dividing  an 
angle  in  a  given  ratio,  self-polar  curves,  and  curves  obtained 
by  inversion  (anallagmatic).  There  are  at  the  end  of  the  sec- 
tion chapters,  which  possess  a  greater  interest,  upon  algebraic 
curves  whose  rectification  depends  on  assigned  functions.  The 
author  gives  applications  to  curves  of  which  the  length  may  be 
expressed  in  terms  of  arcs  of  an  ellipse  or  lemniscate.  Taken 
in  its  entirety  this  fifth  section  is  one  of  the  longest  in  the  book  ; 
it  contains  seventeen  chapters  and  over  one  hundred  and  fifty 


The  sixth  section  is  the  longest,  with  its  twenty-five  chapters 
and  almost  two  hundred  pages,  and  the  subject,  special  trans- 
cendental curves,  is  one  of  the  most  interesting.  Among  others 
are  found  curves  for  squaring  the  circle,  spirals  of  various  spe- 
cies, the  whole  trochoid  family  whether  the  base  upon  which 
the  circle  rolls  be  straight  line  or  circle,  the  tractrix,  catenary, 
crass- ratio  or  TF-curves  of  Klein  and  Lie,  lines  of  Mercator  and 
Sumner,  curves  assumed  by  one-dimensional  elastic  bodies,  the 
herpolhode,  and  some  other  curves  of  mathematical  physics. 
Here,  too,  is  a  short  account  of  the  crinkly  or  otherwise  amor- 
phic curves.  Strangely  enough  there  seems  to  be  no  treatment 
of  the  F-curve  in  the  text  and  the  name  does  not  occur  in  the 
index.  The  omission  appears  extraordinary  as  that  curve  not 
only  possesses  interesting  properties  of  itself,  but  aids  in  the 
representation  of  many  functions  among  which  may  be  cited 
Euler's  integrals  of  the  second  kind.  The  whole  section  is  a 
veritable  treasury  of  problems  of  a  purely  geometric  nature 
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solvable  by  the  use  of  the  simpler  transcendental  functions,  and 
as  such  it  ought  to  appeal  to  those  teachers  of  calculus  who 
prefer  not  to  draw  very  largely  on  physics  for  their  problems. 
There  are  also  excellent  examples  in  the  use  of  intrinsic  coor- 
dinates and  an  appendix  is  devoted  to  showing  how  to  pass 
from  an  equation  in  intrinsic  to  the  corresponding  equation 
in  cartesian  coordinates.  The  intrinsic  equations  are  certainly 
interesting  and  important,  and  it  is  to  be  hoped  that  they  will 
find  greater  recognition  now  that  Professor  Ces^ro's  work  has 
appeared  in  German  under  the  title  Natiirliche  Geometric.* 

The  seventh  and  concluding  section,  in  twelve  chapters  and 
about  one  hundred  and  twenty  pages,  treats  the  very  general 
question  of  curves  which  may  be  obtained  by  certain  laws  from 
a  given  curve.  The  generalized  tractrix,  evolutes,  involutes, 
glissettes,  parallel  and  radial  curves,  caustics,  pedals  and  anti- 
pedals,  and  finally  the  derivative  and  integral  curves  derived 

by  y  =/'(«)  and  y  =  ff(x)dx  where  f(x)  itself  is  defined  by 
an  equation  F(x,  y)  =  0,  form  some  of  the  topics.  The  last  is 
worthy  of  especial  mention  owing  to  the  fact  that  in  general  the 
derivative  and  integral  curves  are  discussed  only  in  the  special 
case  where  the  function /(a;)  is  a  polynomial  in  x. 

Although  we  have  reached  the  end  of  the  book  proper,  a  note 
of  a  dozen  pages  under  the  unpromising  title  :  Review  of  the 
historical  development  of  the  theory  of  plane  curves,  contains 
for  advanced  students  a  subject  of  more  interest  and  stimulus 
than  the  rest  of  the  volume  taken  together.  This  subject  is 
the  author's  recent  work  on  a  class  of  curves  which  he  calls 
panalgebraic  and  which  are  in  general  transcendental.  The 
last  seven  pages  of  the  note  form  a  summary  of  Professor 
Loria's  memoir,  originally  published  in  the  Prager  Berichtey  and 
more  recently  reprinted  with  additions  in  the  second  volume  of 
Le  3fatemaMch€  Pure  ed  Applicate.  Owing  to  the  restricted 
American  circulation  of  these  periodicals  the  researches  on  pan- 
algebraic  curves  are  probably  not  well  known  among  us,  and 
we  may  be  permitted  in  closing  this  review  to  go  into  detail 
upon  the  note  with  which  the  author  closes  his  book. 

Very  truly  he  says :  "  What  we  need  is  a  theory  which  will 
include  most  if  not  all  of  the  known  transcendental  curves.'' 
Such  is  his  theory  of  panalgebraic  curves :  for  there  are  only 
about  a  half-dozen  known  curves  which  fail  to  fall  under  this 

*  See  Dr.  Snyder's  review  in  the  Bullbtin  for  April,  1903,  pp.  349-357. 
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classification.  The  author  considers  a  function  F{x,  y,  y')  alge- 
braic in  each  of  the  three  variables  x,y^y'.  Without  loss  of 
generality  we  may  assume  that  the  function  F  is  rational  and 
integral  and  that  the  polynomials  in  x  and  y,  which  serve  as 
coefficients  of  the  powers  of  y',  have  no  common  factor  4^x^y), 
Write 

n^>  y,  y')  ^  2/.(^,  y)y'""^  =  o.  (i) 

If  the  order  of  the  polynomial  F  regarded  as  a  function  of  x 
and  yhev,  then  v  is  the  order  of  that  polynomial  fj(x,  y)  which 
has  the  highest  order. 

Definition  :  A  curve  which  satisfies  a  differential  equation  ot 
the  form  (1)  is  said  to  be  panalgebraic.  The  degree  of  the 
curve  is  said  to  be  n,  the  degree  of  the  polynomial  F  in  y\ 
The  rank  of  the  curve  is  said  to  be  v,  the  degree  of  the  poly- 
nomial i^  in  a;  and  y. 

It  is  evident  that  the  panalgebraic  curves  are  to  be  regarded 
as  the  members  of  families,  each  of  oo  ^  members :  for  the  integral 
of  equation  (1)  contains  an  arbitrary  constant.  An  algebraic 
curve  may  be  regarded  as  a  panalgebraic  curve  of  degree  zero. 
The  following  theorems  are  fundamental  in  the  theory. 

I.  If  a  curve  is  panalgebraic  when  regarded  as  a  locus,  it  iai 
panalgebraic  when  regarded  as  an  envelope,  and  conversely. 

II.  In  a  family  of  panalgebraic  curves  of  degree  n  and  rank 
V  there  are  n  curves  which  pass  through  each  point  of  the 
plane  and  v  which  touch  each  line. 

III.  In  a  family  of  panalgebraic  curves  (n,  v)  there  are  mv 
4-  nfJL  which  touch  a  given  algebraic  curve  of  order  m  and 
class  fi. 

IV.  The  points  of  tangency  of  the  tangents  drawn  from  a 
given  point  P  to  a  panalgebraic  curve  (71,  p)  lie  on  an  algebraic 
curve  of  order  1/  -f  n,  of  which  the  given  point  P  is  an  n-fold 
point. 

V.  The  tangents  drawn  at  the  points  of  intersection  of  a 
panalgebraic  curve  (n,  p)  and  a  given  line  p  touch  an  algebraic 
curve  of  class  n  +  i/,  of  which  the  given  line  p  is  an  v-fold 
tangent. 

VI.  The  cusps  of  a  panalgebraic  curve  lie  on  an  algebraic 
curve. 

VII.  The  inflection  tangents  of  a  panalgebriiic  curve  touch 
an  algebraic  curve. 
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VIII.  The  system  of  all  panalgebraic  curves  is  invariant 
under  the  group  of  all  contact  transformations. 

IX.  The  orthogonal  trajectories  of  a  family  of  panalgebraic 
curves  form  a  family  of  panalgebriac  curves  of  the  same  degree 
and  rank. 

X.  There  exist  for  panalgebraic  curves  certain  derived  al- 
gebraic curves  analogous  to  the  steinerian  and  hessian. 
Hence : 

XI.  The  inflection  points  of  a  panalgebraic  curve  lie  on  an 
algebraic  curve. 

XII.  The  cuspidal  tangents  of  a  panalgebraic  curve  touch 
an  algebraic  curve. 

When  one  considers  that  some  relatively  simple  panalge* 
braic  curves,  such  as  the  epicycloid  in  case  the  radii  of  the  two 
circles  are  incommensurable,  and  the  herpolhode  practically  fill 
completely  an  entire  region  of  the  plane,  it  is  difficult  not  to  be 
surprised  at  the  simplicity  of  the  results.  For  example  the 
logarithmic  spiral  is  of  degree  1  and  rank  1.  The  application 
of  theorem  IV  yields  the  following  result :  The  points  of  tan- 
gency  of  the  tangents  drawn  from  a  point  P  to  a  logarithmic 
spiral  lie  upon  a  conic  which  passes  through  P.  The  appli- 
cation of  the  same  theorem  to  Lissajous's  curves  (n  =  2,  v  =  2) 
yields  :  The  points  of  tangency  of  the  tangents  drawn  from  a 
point  P  to  a  Lissajous's  curve  lie  upon  a  quartic  which  passes 
twice  through  the  point  P.  A  similar  result  obtains  for  the 
epicycloid  ^n  =  2,  v  =  4)  except  that  the  locus  is  a  sextic. 
Two  general  facts,  first  the  dual  property  (theorem  I),  second 
the  invariance  under  contact  transformations  (theorem  VIII), 
will  surely  add  to  the  simplicity  and  interest  of  any  future  de- 
tailed theory  of  panalgebraic  curves. 

tn  conclusion  we  can  not  only  express  our  thanks  to  Pro- 
fessor Loria  for  his  volume  on  special  curves  and  wish  it  suc- 
cess, but  we  can,  with  a  pleasure  the  greater  by  contrast,  rec- 
ognize in  him  the  founder  of  a  theory  of  curves  more  general 
than  any  heretofore  known.  We  can  most  heartily  join  in  his 
closing  hope  that  the  present  century  will  bring  forth  the  much 
desired  general  theory  and  classification  of  transcendental  plane 
curves.  It  is  reasonable  to  assume  that  this  work  of  his  can 
not  fail  to  be  one  of  the  most  important  advances  toward  the 
full  realization  of  that  hope. 

Edwin  Bidwell  Wilson. 

£kX)LE  NOBMAI^E  SUP^BIXURE,  PARIS, 

December  ^y  1902. 
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SHORTEE   NOTICES. 

Th^ori^  SlSTneviaire  des  Series.  Par  Maurice  Godefroy,  Bib- 
lioth^caire  de  la  Faculty  des  Sciences  de  Marseille^  avec  une 
preface  de  L.  Sauvage.     Paris,  Gauthier-Villars,  1903. 

La  Fonction  Gamma.  Par  M.  Godefroy.  Paris,  Gauthier- 
Villars,  1902. 

The  text-book  literature  of  European  mathematics  has,  since 
Euler's  day,  been  blessed  with  numerous  and  most  excellent 
books  treating  the  elementary  convergent  processes  from  the 
algebraic  standpoint.  In  such  books  we  find  a  systematic  ap- 
plication of  the  algorithm  of  inequalities  to  such  questions  as 
the  convergence  of  infinite  series,  products  and  continued  frac- 
tions and,  after  Cauchy's  day,  uniform  convergence  and  term- 
wise  difierentiation  and  integration  of  series. 

These  books  which  used  to  go  by  the  generic  title  of  books 
on  algebraic  analysis  *  afford  an  admirable  introduction  to  a 
theoretic  course  in  the  calculus,  in  that  they  present  its  basal 
ideas  in  a  form  at  once  most  concrete  and  comprehensible  to 
the  beginner. 

It  has  been  the  custom  of  continental  text-book  writers  on 
the  calculus  in  recent  years  to  incorporate  such  of  this  matter 
as  relates  to  the  more  essential  notions  concerning  infinite 
series  in  the  initial  chapters  of  the  differential  calculus.  This 
course,  while  it  has  no  doubt  been  dictated  by  necessity,  seems 
from  some  points  of  view  unfortunate. 

It  has  thus  come  about  that  since  Cauchy's  Analyse  alg6- 
brique  few  books  of  similar  purpose  have  appeared  in  French 
and  of  these  the  only  one  that  need  here  be  mentioned,  Tan- 
nery's Th^orie  des  fonctions  d'une  variable,  while  admirable  in 
every  way  and  destined  not  soon  to  be  supplanted,  is  perhaps 
too  extensive  for  the  beginner. 

M.  Godefroy  has  given  us  a  book  on  the  elementary  theory 
of  series  that  has  much  to  recommend  it.  The  exposition  has 
the  traditional  French  clearness  and  evinces  a  pedagogic  in- 
sight that  one  would  only  expect  in  a  writer  accustomed  to 
actual  instruction. 


*  This  name,  apparently  coined  by  Cauchy,  is  still  used  in  Italy. 


Digitized  by  LjOOQIC 


1903.]  SHORTER.  NOTICES.  503 

The  book  begins  with  a  short  (too  short)  account  of  irrational 
numbers  defined  by  a  "  section  "  and  establishes  certain  funda- 
mental theorems  due  to  Cauchy  concerning  the  equality  of  the 
limits  ^ 


Lim 


(«-Hi  -  =«J  =  i:L"«k/«),    ii"-(a'.+i/a',)  =  ii".  v'«^.,  etc. 


After  a  section  on  continuous  functions  of  a  single  variable, 
series  with  positive  terms  are  taken  up  and  the  powerful  and 
elegant  test  of  Kummer  is  established. 

This  remarkable  criterion,  which  contains  as  special  cases  the 
geometric  test,  Raabe's  test  and  the  test  of  DeMorgan-Bertrand, 
admits  of  a  very  simple  proof;*  it  necessitates,  however,  the 
construction  of  divergent  scales  of  positive  numbers.  Our 
author,  how^ever,  gives  an  independent  deduction  of  the  geo- 
metric test  and  after  establishing  the  familiar  theorems  con- 
cerning conditionally  convergent  series  and  sundry  theorems  of 
Cauchy  and  Mertens  concerning  double  series  proceeds  to  the 
consideration  of  series  whose  terms  involve  a  variable  param- 
eter. 

The  regional  property  of  uniform  convergence  is  defined  and 
illustrated,  unfortunately  without  any  graphs,  and  Weierstrass's 
m-test  is  established.  The  rest  of  the  book  is  devoted  to  power 
series  and  the  more  important  functions  defined  by  them. 

The  statement  of  Abel's  theorem  concerning  the  interval  of 
convergence  of  a  power  series  is  open  to  the  objection  that  our 
author  fails  to  distinguish  —  although  the  distinction  is  made 
sharply  enough  in  an  earlier  part  of  the  book  —  between  a 
suite  of  numbers  that  are  always  finite  and  one  that  has  an 
upper  and  lower  boundary. 

The  demonstration  of  the  term  by  term  diflTerentiability  of  a 
power  series,  apparently  due  to  Biehler  f  is  very  simple  and 
has  the  merit  that  it  goes  back  to  first  principles ;  this  result 
might  however  have  been  more  readily  deduced  from  the  con- 
tinuity of  such  series. 

Noteworthy  features  of  the  book  are  the  proof  of  the  existence 
theorem  for  homogeneous  linear  differential  equations  with 
analytic  coefficients  and  the  proof  of  the  transcendence  of  the 
natural  base  e.     The  collection  of  excellent  examples  that  fol- 


*  Cf.  Ces^ro :  Nouvdles  Annates,  vol.  7,  3d  series,  p.  406,  the  proof  in  the 
text  is  however  sufficiently  simple. 

-f  Nouv,  Annal.f  vol.  7,  3d  series,  p.  200. 
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lows  each  chapter  will  be  found  useful  and  the  bibliography 
appended  seems  adequate. 

The  last  chapter  of  the  book  is  devoted  to  the  gamma  func- 
tion and  the  auxiliary  functions  of  Prym.  It  is  condensed  from 
La  function  gamma :  Theorie,  Histoire,  Bibliographic  of  our 
author,  and  although  the  available  analytic  processes  are  neces- 
sarily restricted,  the  proofs  are  elegant  and  compact. 

M.  B.  Porter. 

Hohere  Analysis  fur  Ingmieure.  Von  Dr.  John  Perry. 
Autorisierte  deutsche  Bearbeitung  von  Dr.  Robert  Fricke 
und  Fritz  SUchtino.  Leipzig,  B.  G.  Teubner,  1903. 
8vo.,  viii  +  423  pp. 

It  is  interesting  to  note  in  what  numbers  the  last  few  years 
have  produced  treatises  on  the  differential  and  integral  calculus 
which  have  for  their  aim  the  fulfilment  of  the  needs  of  some 
special  class  of  students.  For  instance,  there  are  for  students 
of  physics  the  elaborate  treatise  of  Boussinesq  and  the  smaller 
book  by  H.  A.  Lorentz,  for  chemists  the  work  of  Nemst  and 
Schoenfliess  recently  translated  into  English  by  Young  and 
Linebarger,  for  students  of  political  economy  a  small  primer  by 
Irving  Fisher,  and  for  engineers  the  work  of  Perry.  The 
question  naturally  arises  whether  so  much  subdivision  in  the 
study  of  calculus  is  necessary.  It  will  prove  a  matter  of  seri- 
ous inconvenience  if  each  specialist  must  have  a  special  course 
and  a  special  book  to  suit  his  needs.  There  can  be  little  doubt 
that  the  present  tendency  to  this  subdivision  is  due  partly  to 
the  fact  that  mathematicians  are  apt  to  wish  too  selfishly  to 
make  their  elementary  courses  strictly  mathematical  instead  of 
practical,  and  in  this  respect  we  hope  they  will  mend.  A  great 
part  of  the  difficulty,  however,  is  due  to  the  inertness  of  the 
students  of  special  branches,  who  wish  to  learn  so  much  and 
only  so  much  of  calculus  as  appears  to  them  necessary  for  their 
immediate  needs.  The  short-sightedness  of  this  attitude  ren- 
ders it  dangerous.  To-day  many  a  chemist  or  economist, 
whose  elementary  education  was  finished  a  decade  ago,  com- 
plains of  experiencing  inconveniences  because  he  did  not  study 
calculus.  Perhaps  before  twenty-five  years  are  past  those  who 
now  are  trying  to  learn  as  little  of  it  as  possible  will  be  wishing 
that  they  had  not  tried  to  economize  so  much.  In  the  earlier 
years  of  instruction  time  is  not  so  precious  as  later,  symbolic 
processes  fix  themselves  more  readily  upon  the  mind  which 
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later  will  be  occupied  more  with  thought.  Thus  a  student 
who  leaves  his  undergraduate  course  without  a  thorough  knowl- 
edge of  the  purely  formal  manipulation  of  mathematics  seldom 
can  make  good  his  loss. 

It  seems  to  us  that  one  who  studies  Professor  Perry's  book 
will  run  just  this  risk  of  acquiring  an  insufficient  formal  knowl- 
edge of  calculus.  The  author  states  that  "  the  young  engineer 
cannot  be  practiced  too  thoroughly  in  the  mere  simplification 
of  algebraic  and  trigonometric  relations,  including  those  which 
contain  complex  quantities."  The  statement  applies  as  well  to 
the  calculus  and  casts  considerable  doubt  upon  the  efficacy  of 
the  author's  arrangement  of  his  book,  in  which  he  leaves  such 
simple  rules  of  operation  as  the  differentiation  of  a  sum,  product, 
or  quotient  of  two  functions  or  of  a  function  of  a  function,  until 
the  last  chapter  (p.  305)  to  be  classed  under  the  title,  "  More 
difficult  exercises  and  theorems.''  To  whom  the  work  will  be 
valuable  is  hard  to  say.  So  full  is  it  of  applications  to  me- 
chanics, electricity  and  magnetism,  thermodynamics,  and  elas- 
ticity as  to  be  practically  unintelligible  to  one  who  has  not  had 
considerable  training  as  an  engineer ;  and  so  little  stress  does  it 
lay  on  the  formal  side  of  calculus  that  even  the  engineer,  far 
from  obtaining  a  working  knowledge  of  the  subject,  would  do 
well  if  he  learned  so  much  as  "  not  to  be  afraid  of  calculus  when 
he  saw  it." 

We  pass  over  the  surprisingly  few  offenses  against  accuracy  in 
demonstrations  and  definitions  and  turn  our  attention  to  a  few 
features  which  might  advantageously  be  copied  in  other  elemen- 
tary text-books  on  calculus.  The  first  is  the  omission  of  in- 
determinate forms  0/0,  c»/c»,  0  oo,  etc.,  of  which  the  rigorous 
treatment  is  a  matter  of  considerable  difficulty.  It  is  doubtful 
if  students  even  understand  what  they  are  doing  when  they 
differentiate  numerator  and  denominator  until  they  find  a  de- 
terminate result.  The  whole  subject  may  well  be  postponed 
until  after  treating  the  algebraic  operations  upon  series.  Sec- 
ondly the  introduction  of  the  simpler  differential  equations 
and  the  methods  of  integrating  them  affords  a  pleasant  and 
valuable  change  from  the  lengthy  treatment  of  the  formal  in- 
tegration of  a  rational  function  or  a  flinction  rational  in  the 
domain  (x,  \/ax^  +  bx  +  c)  with  which  most  text-books  insist 
on  tormenting  the  students  notwithstanding  that  a  table  of  inte- 
grals like  Professor  B.  O.  Peirce's  serves  every  purpose. 
Meanwhile,  despite  the  fact  that  almost  every  application  of  cal- 
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cuius  involves  a  differential  equation,  the  students  remain  unable 
to  treat  even  the  equation  of  harmonic  motion  and  completely 
ignorant  of  the  necessity  and  significance  of  "  determining  the 
arbitrary  constants."  Thirdly  the  author  introduces  Fourier's 
series  long  before  he  reaches  the  chapter  on  "  more  difficult 
.exercises  and  theorems "  in  which  he  first  states  the  rule  for 
differentiating  a  product.  Curious  as  this  arrangement  may 
seem,  we  wish  to  use  it  to  call  attention  to  the  value  and  the 
possibility  of  early  introducing  the  expansion  of  a  function 
into  a  Fourier's  series.  Mathematicians  as  a  rule  are  so  pre- 
occupied with  contemplating  the  difficulties  encountered  in  prov* 
ing  the  expansibility  of  an  arbitrary  function  into  a  Fourier's 
series  that  their  students  study  calculus  three  hours  a  week 
for  two  full  years,  one  hundred  and  eighty  lessons,  without 
hearing  of  any  such  series.  Yet  so  valuable  are  these  series 
in  physics  and  astronomy  that  they  might  well  be  introduced, 
even  crudely,  as  Professor  Perry  introduces  them,  early  in  the 
study  of  calculus.  The  actual  determination  of  the  coefficients 
in  a  case  of  the  simpler  functions  is  not  difficult  and  furnishes 
a  practical  problem  in  integration. 

Such  are  some  of  the  advantages  and  disadvantages  of  Pro- 
fessor Perry's  Calculus  for  Engineers.  We  can  heartily  recom- 
mend to  any  teacher  the  perusal  of  this  book.  In  many  places 
he  will  find  his  eyes  opening  to  ways  in  which  the  treatment 
of  difficulties,  unsuspected  and  unappreciated  by  the  student, 
may  be  replaced  by  questions  of  practical  use  and  interest 
without  endangering  the  career  of  any  possible  future  pure 
mathematician.  It  will  be  only  by  a  rational  compromise  on 
both  sides  that  the  inconvenience  of  the  present  tendency  to 
different  courses  and  different  books  for  each  class  of  specialists 
can  be  avoided  without  harm  to  any. 

E.  B.  Wilson. 

Lemons  swr  les  Fondions  Miromorphes.  Par  £mile  Borel. 
Recueillies  et  r6dig6es  par  Ludovic  Zoretti.  Paris,  Gau- 
thier-Villars,  1903.     8vo.,  vi  +  122  pp. 

The  Le9ons  sur  les  Fonctions  M^romorphes  is  a  natural 
sequel  to  the  author's  Lemons  sur  les  Fonctions  Enti^res  which 
appeared  about  three  years  ago.  The  results  are  in  great  part 
mere  generalizations,  to  the  case  of  functions  possessing  poles, 
of  the  results  earlier  obtained  for  functions  possessing  no  singu- 
larities in  the  finite  region  of  the  complex  plane.     Considerable 
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attention  is  paid  to  numerical  equalities  and  inequalities. 
The  work  draws  its  inspiration  from  Weierstrass,  Du  Bois- 
Reymondy  and  especially  from  Cauchy.  It  is  distinctly  of  the 
modern  French  School,  however,  for  with  the  exceptions  of 
Mittag-Leffler  and  Lindel5f,  who  draw  from  the  same  source, 
the  names  that  one  meets  are  Picard,  Poincar6,  Hadamard,  Borel 
and  other  less-known  French  mathematicians. 

The  chief  topics  treated  are  Mittag-Leffler's  theorem  that  a 
meromorphic  function  is  the  sum  of  an  integral  (transcendental) 
fqnction  and  a  series  of  rational  fractions;  Weierstrass's  theorem 
that  a  meromorphic  function  is  the  quotient  of  two  integral 
functions;  Hadamard's  investigation  on  Taylor's  series  with 
applications  to  meromorphic  functions  and  to  the  zeros  of  inte- 
gral functions ;  the  generalization  of  Picard's  theorem  to  the 
statement  that  any  meromorphic  function  must  take  on  every 
value,  except  possibly  two,  an  infinite  number  of  times ;  and 
series  of  rational  fractions,  with  ordinary  and  extraordinary 
distributions  of  poles,  as  applied  to  the  study  of  meromorphic 
functions.  Four  notes,  two  of  which  Mr.  Zoretti  contributed, 
bring  the  subject  so  far  up  to  date  as  to  include  some  memoirs 
not  published  when  the  book  went  to  press. 

This  little  book,  like  the  others,  is  of  great  value  in  putting 
us  abreast  of  the  present  state  of  a  particular  branch  of  mathe- 
matics. So  carefully  has  the  matter  been  chosen  and  so  clearly 
has  Mr.  Zoretti  written  that  only  a  very  limited  knowledge  of 
the  theory  of  functions  is  presupposed.  This  pedagogical 
method  is  peculiarly  French.  It  quickly  places  the  student  in 
absolute  command  of  an  advanced  field  so  that  he  may  com- 
mence his  investigations  at  once  without  that  vast  auxiliary 
knowledge  which  some  consider  necessary.  By  such  a  work 
as  these  Leyons  the  whole  mathematical  world  is  given  the 
same  advantage. 

E.  B.  Wii^N. 


NOTES. 


The  April  number  (volume  25,  number  2)  of  the  American 
Journal  of  Mathematics  contains  the  following  papers :  "  The 
double-six  configuration  connected  with  the  cubic  surface,  and  a 
related  group  of  Cremona  transformations,"  by  Edward  Kas- 
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NER;  "  Untersuchungen  iiber  lineare  Differentialgleichungen 
4.  Ordnung  and  die  zugehorigen  Gruppen,"  by  Saul  Epsteen  ; 
"  The  logic  of  relations,  logical  substitution  groups,  and  cardi- 
nal numbers,"  by  A.  N.  Whitehead  ;  "  On  differential  equa- 
tions belonging  to  a  ternary  linearoid  group,"  by  F.  E.  Boss ; 
"  On  a  certain  group  of  isomorphisms,"  by  J.  W.  Young. 

The  April  number  (second  series,  volume  4,  number  3)  of 
the  Annals  of  Mathematics  contains  :  "  The  cardioid  and  tri- 
cuspid :  quartics  with  three  cusps,"  by  R.  C.  Archibald  ; 
"  Note  on  a  partial  differential  equation  of  the  first  order,"  by 

E.  D.  Roe,  Jr.  ;  "  On  a  generalization  of  the  set  of  associated 
minimum  surfaces,"  by  A.  S.  Gale  ;  "  Twisted  quartic  curves 
of  the  first  species  and  certain  covariant  quartics,"  by  H.  S. 
White  ;  "  On  the  characteristics  of  differential  equations.  Part 
I,"  by  E.  R.  Hedrick. 

At  a  meeting  held  in  Boston,  April  18,  an  association  of 
teachers  of  mathematics  in  New  England  was  organized  for  the 
improvement  of  methods  of  mathematical  instruction  in  schools 
and  colleges.  Professor  T.  S.  Fiske  made  an  opening  address 
on  methods  of  improving  the  teaching  of  mathematics  and  Mr. 
W.  T.  Campbell,  of  the  Boston  Latin  School,  read  a  paper  on 
"  Observational  geometry."  The  following  officers  were  elected : 
President,  Mr.  E.  H.  Nichoi^  ;    vice-president,  Professor,  W. 

F.  Osgood  ;  secretary  and  treasurer,  Mr.  F.  P.  Dodge,  Rox- 
bury  Latin  School,  Boston,  Mass.  The  association  has  at  pres- 
ent about  one  hundred  and  sixty  members.  Copies  of  the 
constitution  and  of  the  circular  letter  issued  as  a  call  for  the 
recent  meeting  can  be  obtained  from  the  secretary. 

At  the  meeting  of  the  London  mathematical  society  on 
March  12,  the  following  papers  were  read  :  "On  the  conver- 
gence of  certain  multiple  series,"  by  G.  H.  Hardy  ;  "  On 
certain  sequences  for  determining  the  nth  root  of  a  rational 
number,"  by  Mr.  S.  M.  Jacob  ;  "  Note  on  the  approximate 
calculation  of  the  frequencies  of  a  vibrating  circular  plate,"  by 
Professor  H.  Lamb  ;  "  On  surfaces  which  have  assigned  fami- 
lies of  curves  as  their  lines  of  curvature,"  by  Professor  A.  R. 
Forsyth  ;  "  Note  on  a  point  in  Hilbert's  *  Grundlagen  der 
Geometric,'"  by  Mr.  E.  T.  Dixon;  "Extension  of  two 
theorems  on  covariants,"  by  Mr.  J.  H.  Grace  ;  "  Note  on 
double  limits  and  on  the  inversion  of  a  repeated  infinite  inte- 
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gral/'  by  Professor  T.  J.  I^A.  Bromwich  ;  "  On  the  represen- 
tation of  a  group  of  finite  order  as  an  irreducible  group  of 
linear  substitutions,  and  the  direct  establishment  of  the  rela- 
tions  between   the   group   characteristics,"   by  Professor  W. 

BURNSIDE. 

The  section  of  the  history  of  sciences  of  the  international 
congress  of  historic  sciences,  which  met  in  Borne  in  April, 
1903,  has  decided  to  form  an  international  commission  on  the 
organization  of  a  congress  of  the  history  of  sciences.  The  fol- 
lowing officers  have  been  chosen  :  President,  J.  Tannery, 
Paris ;  secretaries,  P.  Giaoot,  Turin,  and  G.  Loria,  Genoa. 
Professor  D.  E.  Smith  has  been  appointed  the  American  repre- 
sentative. The  next  meeting  of  the  congress  will  be  held  in 
Berlin,  in  September,  1906. 

The  German  association  for  the  promotion  of  the  teaching 
of  mathematics  and  natural  sciences  held  its  twelfth  general 
meeting  at  Breslau,  June  1-5. 

The  several  American  universities  below  oflTer  during  the 
academic  year  1903-1904  advanced  courses  in  mathematics  as 
follows : 

University  of  California. — By  Professor  I.  String- 
ham  :  Logic  of  mathematics,  two  hours ;  Analytic  non-euclidean 
geometry  of  space,  two  hours. — By  Professor  G.  C.  Edwards  : 
Ordinary  differential  equations,  three  hours. — By  Professor  M. 
W.  Haskell.  :  Theory  of  functions  of  a  complex  variable,  three 
hours. — By  Mr.  A.  W.  Whitney  :  Theory  of  probabilities, 
two  hours. — By  Dr.  D.  N.  Lehmer  ;  Synthetic  projective  geom- 
etry, three  hours. — By  Dr.  E.  M.  Blake  :  Line  geometry,  three 
hours. — By  Dr.  T.  M.  Putnam  :  Theory  of  numbers,  three 
hours ;  Mathematical  seminar,  foundations  of  dynamics,  two 
hours. 

The  University  of  Chicago.  —  The  following  advanced 
mathematical  courses,  four  hours  weekly,  are  offered  during  the 
four  quarters  (su,  a,  «?,  sp)  of  the  year  beginning  June  17, 
1903  :  —  By  Professor  E.  H.  Moore  :  Theory  of  functions  of 
real  variables  (su) ;  Seminar  (a,  w,  sp). — By  Professor  O. 
BoLZA  :  Theory  of  equations  (a,  w) ;  Quaternions  (sp) ;  Elliptic 
functions,  the  Weierstrass  theory  (a) ;  Applications  of  elliptic 
functions  (su) ;  Abelian  functions  (tc,  sp) ;  Invariants  (su), — 
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By  Professor  H.  Maschke:  Solid  analytics  (sp);  Twisted 
curves  and  surfaces  [w,  up) ;  Invariants  {w), — By  Professor  H. 
E.  Slaught  :  Advanced  int^ral  calculus  {aw), — By  Professor 
J.  W.  H.  Young  :  Solid  analytics  and  determinants  {su) ;  con- 
ferences on  the  pedagogy  of  mathematics  (su). — By  Professor 
L.  E.  Dickson  :  Theory  of  functions  of  a  complex  variable 
(«w);  Theory  of  functions  (a,  w), — By  Mr.  A.  C.  Lunn:  The 
differential  equations  of  mathematical  physics  («m,  sp) ;  Graphic 
methods  in  the  teaching  of  elementary  mathematics  (su). — By 
Dr.  S.  Epsteen  :  History  of  elementary  mathematics  (^/,  2 
hours). — By  Professor  K.  Laves  :  Analytic  mechanics  (a,  w). 
— By  Professor  F.  R.  Moulton  :  Introduction  to  celestial  me- 
chanics (w,  sp) ;  Selected  chapters  of  celestial  mechanics  {m). 

Cornell  University. — By  Professor  L.  A.  Wait  :  Ad- 
vanced analytic  geometry  (plane  and  solid),  three  hours ;  Ad- 
vanced differential  calculus,  three  hours. — By  Professor  G.  W. 
Jones:  Higher  algebra  and  trigonometry,  three  hours. — By 
Professor  J.  McMahon  :  Higher  plane  curves,  two  hours ; 
Potential  function,  two  hours  ;  Quaternions,  two  hours ;  The- 
oretical mechanics,  two  hours ;  Mathematical  theory  of  sound. 
— By  Professor  J.  H.  Tanner  :  Theory  of  equations,  two 
hours ;  Invariants,  two  hours. — By  Dr.  J.  I.  Hutchinson  : 
Theory  of  functions,  two  hours ;  Elliptic  and  abelian  functions, 
two  hours;  Projective  geometry,  three  hours. — By  Dr.  V. 
Snyder  :  Advanced  integral  calculus,  two  hours ;  Line  geom- 
etry, three  hours. — ^By  Dr.  W.  B.  Fite  :  Differential  equations, 
two  hours ;  Theory  of  groups,  three  hours. 

Harvard  University.  —  By  Professor  J.  M.  Peirce  : 
Quaternions  ;  Theory  and  application  of  tetrahedral  coordi- 
nates ;  t  The  algebra  of  logic ;  f  Finite  differences ;  f  The  cal- 
culus of  probabilities ;  f  Linear  associative  algebra.  — By  Pro- 
fessors W.  E.  Byerly  and  B.  O.  Peirce  :  Trigonometric 
series,  spherical  harmonics,  and  the  potential  function.  By 
Professor  W.  E.  Byerly  :  Calculus  (second  course);  Introduc- 
tion to  modern  geometry  and  modern  algebra ;  f  Dynamics  of 
a  rigid  body.  —  By  Professor  W.  F.  Osgood  :  The  theory  of 
functions  (first  course).  —  By  Professor  M.  B6cher  :  f  Infinite 
series  and  products  ;  Algebra ;  f  Linear  differential  equations. 
—  By  Dr.  C.  L.  Bouton  :  fThe  theory  of  numbers;  fThe 
elementary  theory  of  differential  equations;  fGreometric  trans- 
formations. —  By  Mr.  J.  K.  Whittemore  :  Celestial  me- 
chanics ;  t  Hydromechanics. 
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These  courses  will  involve  three  lectures  a  week  throughout 
the  year,  except  those  preceded  by  f,  which  involve  about  half 
"this  number  of  lectures.  Professor  B5cher,  Dr.  Bouton,  and 
Mr.  Whittemore  also  offer  courses  in  reading  and  research  in 
Differential  equations,  Continuous  groups,  and  Differential 
geometry  respectively. 

Stanford  University. — Professor  E.  E.  Allardice  :  In- 
variants, two  hours,  first  semester ;  Definite  integrals,  two  hours, 
second  semester;  Geometry  of  three  dimensions,  two  hours; 
Theory  of  functions,  three  hours. — ^By  Professor  R.  L.  Green  : 
Advanced  coordinate  geometry,  two  hours;  Theory  of  equa- 
tions, three  hours. — By  Professor  L.  M.  Hoskins  :  Theory  of 
attraction  and  the  potential  function,  two  hours. — By  Professor 
G.  A.  Miller  :  Elementary  theory  of  groups,  three  hours ; 
Theory  of  numbers,  two  hours,  second  semester ;  History  of 
mathematics,  two  hours,  first  semester ;  Seminar  in  the  theory 
of  groups,  two  hours. — By  Professor  H.  F.  Blichfeldt: 
Determinants,  two  hours,  first  semester ;  Non-euclidean  geom- 
etry, two  hours,  second  semester ;  Differential  equations,  three 
hours. 

Northwestern  University  : — Mrat  semester. — ^By  Profes- 
sor T.  F.  HoLGATE :  Linear  systems  of  conies,  two  hours. — ^By 
Professor  H.  S.  White  :  Theory  of  functions,  two  hours ;  Plane 
cubics  and  quartics,  three  hours.  Second  semester. — By  Profes- 
sor T.  F.  HoLGATE :  Theory  of  numbers,  two  hours. — By  Pro- 
fessor H.  S.  White  :  Elliptic  functions,  three  hours ;  Projec- 
tive geometry  of  surface  and  twisted  curves,  two  hours. 

Yale  University. — By  Professor  James  Pierpont  :  Ad- 
vanced calculus,  three  hours ;  Projective  geometry,  three  hours ; 
Theory  of  functions  of  real  variables,  three  hours.  —  By  Pro- 
fessor P.  F.  Smith  :  Continuous  groups,  three  hours ;  Higher 
analysis  for  engineers,  two  hours,  first  semester.  —  By  Professor 
H.  A.  Bumstead  :  Problems  in  mathematical  physics,  two 
hours.  —  By  Dr.  A.  S.  Gale  :  Differential  equations  and  func- 
tion theory,  three  hours.  —  By  Dr.  H.  E.  Hawkes  :  Higher 
algebra,  two  hours;  Elliptic  functions,  three  hours. — By  Dr. 
W.  A.  Granville  :  Differential  geometry,  two  hours.  —  By 
Dr.  E.  R.  Hedrick  :  Calculus  of  variations,  three  hours.  —  By 
Dr.  E.  B.  Wilson  :  Analytic  mechanics,  two  hours ;  Intro- 
duction to  mathematical  physics,  two  hours;  Non-euclidean 
geometry,  two  hours. 
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The  several  foreign  universities  and  technical  schools  below 
offer  during  the  present  summer  semester  courses  in  mathe- 
matics as  follows : 

University  of  Berlin.  —  By  Professor  J.  Knoblauch  : 
Analytic  geometry,  four  hours ;  Theory  of  partial  differential 
equations,  four  hours ;  Theory  of  ray  systems,  one  hour.  —  By 
Professor  R.  Lehmann-Filh^s  :  Differential  equations,  four 
hours ;  Exercises,  one  hour.  —  By  Professor  H.  A.  Schwarz  : 
Integral  calculus,  four  hours ;  Exercises ;  Applications  of 
elliptic  functions,  two  hours;  Calculus  of  variations,  four 
hours  ;  Colloquium ;  Seminar.  —  By  Professor  F.  Schur  :  In- 
troduction to  the  theory  of  ordinary  differential  equations,  two 
hours.  — By  Dr.  E.  Landau  :  Theory  of  numbers,  four  hours ; 
Introduction  to  the  theory  of  functions,  four  hours  ;  Theory  ot 
Riemann  zeta-functions,  one  hour.  —  By  Professor  G.  Frobe- 
Nius  :  Theory  of  algebraic  equations,  four  hours ;  Seminar.  — 
By  Professor  F.  H.  Schottky  :  Theory  of  abelian  functions, 
four  hours;  Seminar.  —  By  Professor  G.  Hettner:  Theory 
of  potential,  two  hours. 

University  of  Czernowitz.  — By  Professor  O.  Tumlirz  : 
Mathematico-physical  seminar,  two  hours ;  proseminar,  two 
hours. 

University  of  Graz.  —  By  Professor  J.  Frischauf: 
Differential  and  integral  calculus,  and  its  application  to  geom- 
etry, five  hours.  —  By  Professor  V.  D.  R.  von  Kollesberg  : 
Analytic  and  projective  geometry  of  the  plane,  five  hours; 
Mathematical  seminar,  two  hours. — By  Dr.  J.  Streissler: 
Descriptive  geometry,  three  hours. 

University  of  Innsbruck.  —  By  Professor  O.  Stolz: 
Theory  of  functions  of  a  complex  variable  according  to  Cauchy 
and  Weierstrass,  with  exercises  in  the  mathematical  seminar, 
three  hours ;  Arithmetic,  the  theory  of  real  numbers,  with 
exercises  in  the  mathematical  seminar,  four  hours.  —  By  Pro- 
fessor W.  WiRTiNGER :  Higher  algebra,  three  hours ;  Abelian 
functions,  two  hours  ;  Seminar,  two  hours. —  By  Professor  K. 
ZiNDLER  :  Plane  and  solid  analytic  geometry,  two  hours ;  Line 
geometry,  three  hours ;  Seminar,  one  hour. 

University  of  Konigsberg. — By  Professor  F.  Meyer  : 
Analytic  geometry,  four  hours  ;  Exercises  in  analytic  geometry, 
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one  hour ;  Introduction  to  higher  geometry,  four  hours ;  Exer- 
cises in  higher  geometry,  one  hour. — By  Professor  A.  Schoen- 
FLIES  :  Theory  of  differential  equations  four  hours  ;  Exercises 
in  the  mathematical  seminar,  two  hours. — By  Professor  L. 
SAALSCHt^TZ :  Determinants,  two  hours ;  Gaussian  and  other 
interesting  series,  four  hours. — By  Dr.  F.  Cohn  :  Applications 
of  the  potential  theory,  three  hours. — By  Dr.  T.  Vahlen: 
Differential  calculus,  four  hours  ;  Exercises  in  differential  cal- 
culus, one  hour. 

University  of  MtJNSTER.  —  By  Professor  W.  Killing: 
Differential  and  integral  calculus,  I,  three  hours;  Synthetic 
geometry,  four  hours ;  Selected  topics  from  elementary  mathe- 
matics, two  hours ;  Exercises  in  the  proseminar,  two  hours ; 
Exercises  in  differential  and  integral  calculus,  one  hour  ;  Supple- 
ment to  analytic  geometry,  one  hour. — By  Professor  R.  von 
LiLiENTHAL:  Analytic  geometry,  I,  four  hours;  Theory  of 
determinants,  with  applications,  four  hours ;  Exercises  in  the 
mathematical  seminar,  one  hour. — By  Dr.  M.  Dehn  :  Theory 
of  numbers,  four  hours ;  Higher  mathematics  for  naturalists, 
three  hours  ;  Exercises  in  the  theory  and  application  of  elliptic 
functions,  one  hour. — By  Dr.  J.  Karst  :  Introduction  to  de- 
scriptive geometry. 

University  of  Prag.  —  By  Professor  G.  Pick  :  Differen- 
tial equations,  three  hours ;  Differential  and  integral  calculus, 
two  hours ;  Seminar,  two  hours. — By  Professor  J.  A.  Gmeiner  : 
Analytic  geometry,  three  hours ;  Number  congruences,  two 
hours. — By  Dr.  W.  Weiss  :  Elements  of  descriptive  geometry, 
two  hours. 

University  of  Vienna. — By  Professor  G.  von  Esche- 
RICH :  Elements  of  the  differential  and  integral  calculus,  five 
hours  ;  Exercises,  two  hours  ;  Proseminar,  one  hour ;  Seminar, 
two  hours. — By  Professor  F.  Mertens  :  Theory  of  numbers 
(continuation),  five  hours  ;  Exercises  in  the  mathematical  semi- 
nar, two  hour ;  in  the  proseminar,  one  hour ;  Theory  of  proba- 
bilities, three  hours  ;  Mathematical  statistics,  three  hours. — 
Professor  G.  Kohn  :  Synthetic  geometry  (continuation),  four 
hours,  with  exercises,  one  hour ;  Theory  of  invariants,  with 
geometric  applications  (continuation),  two  hours. — By  Dr.  E. 
Blaschke  :  Introduction  to  mathematical  statistics,  II,  three 
hours. — By  Dr.  Daublebsky  von  Sterneck  :  Algebra,  three 
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hours. — By  Dr.  K.  Carda  :  Selected  topics  from  the  theory 
of  contact  transformations,  two  hours. — By  Dr.  J.  Plemelj  : 
Theory  of  potential,  with  applications  (continuation),  two 
hours. 

University  of  Wurzburg. — By  Professor  F.  Prym  :  In- 
tegral calculus,  six  hours ;  Exercises  on  integral  calculus,  in 
the  proseminar,  two  hours ;  Selected  chapters  in  the  theory  of 
functions,  in  the  seminar,  two  hours.  —  By  Dr.  G.  Rost  :  De- 
scriptive geometry,  II,  four  hours  ;  Analytic  and  synthetic 
geometry  of  conies,  four  hours ;  Application  of  the  infinitesimal 
analysis  to  geometry,  four  hours ;  Selected  chapters  from  ele- 
mentary mathematics  in  the  proseminar,  two  hours. 

University  of  Basel.  —  By  Professor  H.  Kinkelin  : 
Algebraic  analysis,  three  hours  ;  Geometric  applications  of 
diiTerenlial  calculus,  three  hours  ;  Definite  integrals,  two  hours  ; 
Theory  of  probabilities,  three  hours.  —  By  Dr.  R.  Flatt: 
Line  geometry,  two  hours. 

Universfty  of  Bern.  —  By  Professor  J.  H.  Graf  :  Bes- 
sel's  functions,  three  hours  ;  Elliptic  functions,  three  hours  ; 
Function  theory,  two  hours  ;  DiflFerential  equations,  two  hours ; 
Differential  and  integral  calculus,  two  hours ;  Mathematics  of 
finance  and  insurance,  two  hours ;  Seminar,  with  Professor 
Huber,  two  hours ;  Seminar  (insurance)  with  Professor  Moser, 
one  hour. — By  Professor  G.  Sidler  :  On  elliptic  arcs,  whose 
difference  is  rectifiable,  two  hours. — By  Professor  G.  Huber  : 
Introduction  to  the  theory  of  algebraic  surfaces,  two  hours. — 
By  Professor  E.  On :  Differential  calculus,  two  hours  ;  Analy- 
tic geometry,  I,  two  hours. — By  Dr.  A.  Benteli  :  Elements 
of  descriptive  geometry,  four  hours. — By  Dr.  L.  Crelier  : 
Synthetic  geometry  of  space,  two  hours. 

University  of  Geneva.  —  By  Professor  C.  Cailler: 
Differential  and  integral  calculus  (continuation),  three  hours : 
Seminar,  two  hours. — By  Professor  H.  Fehr:  Descriptive 
and  projective  geometry,  two  hours ;  Algebra ;  General  theory 
of  equations,  two  hours ;  Exercises  in  the  calculus  (with  Pro- 
fessor Cailler),  two  hours,  and  in  algebra  and  geometry,  two 
hours. — By  Dr.  D.  Mirimanoff:  Dirichlet's  problem,  two 
hours. 
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University  of  Lausanne.  —  By  Professor  H.  Amstein  : 
Differential  and  integral  calculus,  five  hours;  Exercises,  two 
hours;  Theory  of  elliptic  functions,  three  hours;  Calculus  for 
naturalists,  three  hours ;  Selected  topics  from  the  integral  cal- 
culus (definite  integrals  and  series),  two  hours. — By  Professor 
H.  JoLY :  Analytic  geometry  (continuation),  two  hours ;  De- 
scriptive geometry  (continuation),  two  hours;  Outline  of  de- 
scriptive geometry,  four  hours;  Theory  of  numbers,  two  hours. 

University  of  Zurich.  —  By  Professor  H.  Burkhardt: 
Linear  differential  equations,  four  hours ;  Vector  analysis,  two 
hours ;  Seminar,  two  hours ;  Mathematical  treatment  of  periodic 
recurrences  in  nature,  two  hours. —  By  Professor  A.  Weiler  : 
Analytic  geometry,  II,  two  hours ;  Descriptive  geometry,  three 
hours ;  Mathematical  geography,  two  hours. — Map  projections, 
two  hours.  —  By  Dr.  F.  Kraft:  General  theory  of  assem- 
blages, four  hours.  — By  Dr.  E.  Gubler  :  Theory  of  numbers, 
two  hours ;  Political  arithmetic,  with  exercises,  two  hours. 

Carlsruhe  Technical  High  School.  —  By  Professor  R. 
Haussner  :  Elementary  and  analytic  geometry  of  the  plane 
and  space,  three  hours,  with  exercises,  one  hour ;  Synthetic 
geometry,  two  hours,  with  exercises,  one  hour.  —  By  Professor 
A.  Krazer  :  Higher  mathematics,  I,  six  hours,  with  exer- 
cises, two  hours.  —  By  Professor  F.  Schur  :  Descriptive 
geometry,  four  hours,  with  exercises,  four  hours.  —  By  Pro- 
fessor L.  Webekinb  :  Higher  mathematics,  II,  two  hours.  — 
By  Dr.  G.  Hamel  :  Elements  of  higher  mathematics,  four 
hours,  with  exercises,  one  hour. — By  Dr.  W.  Ludwig  :  The- 
ory of  projection,  two  hours,  with  exercises,  two  hours. 

Munich  Technical  High  School. — By  Professor  A.  von 
BRAUNMtJHL :  Algebraic  analysis,  with  exercises  (continuation)  ; 
projective  geometry  synthetically  treated,  with  exercises  (con- 
tinuation) ;  mathematico-historical  seminar.  —  By  Professor  S. 
FiNSTERW alder  :  Higher  mathematics,  II,  with  exercises; 
non-euclidean  geometry. —  By  Professor  W.  von  Dyck  :  Partial 
differential  equations  of  mathematical  physics;  colloquium, 
with  Professor  Finsterwalder.  —  By  Professor  L.  Burmester  : 
Descriptive  geometry,  with  exercises  (continuation). — By  Pro- 
fessor S.  GuNTHER :  Theory  of  potential  with  its  application 
to  geophysics. 
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Stuttgart  Technical  High  School.  —  By  Professor  W. 
Bketschneider  :  Elementary  mathematics.  —  By  Professor 
K.  Mehmke:  Descriptive  geometry ;  seminar — By  Professor 
K.  Reuschle:  Differential  and  integral  calculus;  Plane 
analytic  geometry  ;  Seminar.  —  By  Dr.  E.  Wolffing  :  Theory 
of  curves ;  Partial  differential  equations. 

The  current  numbers  of  the  Revue  gi^niraJe  des  sciences^  be- 
ginning with  volume  14,  number  2,  contain  a  very  interesting 
series  of  articles  in  which,  under  the  caption  "  The  evolution  of 
mechanics,"  P.  Duhem  discusses  the  relations  of  theoretical  me- 
chanics to  physical  theories.  The  titles  of  the  successive  papers 
will  give  some  idea  of  the  wide  field  covered  :  I.  Les  diverses 
sortes  d'explications  m^caniques;  II.  La  m^canique  analytique ; 

III.  Les  theories  m^canique  de  la  chaleur  et  de  I'electricit^ ; 

IV.  Le  retour  k  Patomisme  et  au  cart^ianisme ;  V.  Les  fon- 
dements  de  la  thermodynamique ;  VI.  La  statique  g6n6rale 
et  la  dynamique  g^n^rale;  VII.  Les  branches  aberrantes  de 
la  thermodynamique. 

Professor  P.  Gordan,  of  Erlangen,  has  been  made  an 
honorary  member  of  the  University  of  Juriev  (Dorpat).  Dr. 
I.  Ivanof  and  Dr.  W.  Stanievich  have  been  made  professors 
of  mathematics  at  the  St.  Petersburg  Polytechnic  School.  Dr. 
L.  Natanson  has  been  promoted  to  a  full  professorship  of 
mathematics  at  the  University  of  Cracow. 

Prebendary  W.  A.  Whitworth,  formerly  fellow  of  St. 
John's  College,  Cambridge,  has  been  appointed  Hulsean  lecturer 
for  1903. 

Mr.  Herbert  Knapman,  first  Smith's  prizeman  this  year, 
has  been  appointed  assistant  lecturer  in  mathematics  at  Uni- 
versity College,  Reading,  England. 

Mr.  W.  H.  Wagstaff  delivered  the  Gresham  lectures  on 
geometry  this  year,  April  28-May  1. 

Professor  G.  Darboux  has  recently  been  elected  member 
of  the  bureau  of  longitudes. 

Professor  W.  F.  Osgood,  of  Harvard  University,  has 
been  promoted  to  a  full  professorship  of  mathematics. 

Dr.  Arnold  Emch,  of  the  University  of  Colorado,  has  been 
promoted  to  a  full  professorship  of  graphics  and  mathematics. 
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Dr.  C.  a.  Noble  has  been  promoted  to  an  assistant  profes- 
sorship of  mathematics  at  the  University  of  California. 

At  Lehigh  University  Professor  Alexander  Macfarlane 
delivered,  April  20-30,  a  course  of  six  lectures  on  the  British 
mathematicians  Kirkman,  Babbage,  Whewell,  Dodgson,  Stokes, 
and  Rayleigh. 

Mr.  F.  G.  Wren  has  been  advanced  from  an  assistant  pro- 
fessorship to  a  professorship  of  mathematics  at  Tufts  College. 

Professor  J.  W.  Mason,  of  the  College  of  the  City  of  New 
York,  will  retire  from  service  at  the  end  of  the  present  year. 

Dr.  N.  M.  Ferrers,  for  a  long  time  one  of  the  editors  of 
the  Quarterly  Journal  of  Matheraaiics,  died  on  January  31, 
1903. 

Professor  Josiah  Willard  Gibbs,  of  Yale  University, 
died  at  New  Haven,  April  28, 1903,  of  heart  disease.  He  was 
born  in  New  Haven,  February  11, 1839,  and  graduated  at  Yale 
in  1858.  After  receiving  the  doctor's  degree  in  1863  from  the 
same  institution,  he  studied  in  Paris,  Berlin,  and  Heidelberg. 
In  1871  he  was  appointed  to  the  professorship  of  mathematical 
physics  at  Yale  which  he  held  to  the  time  of  his  death.  Pro- 
fessor Gibbs  was  a  member  of  the  Royal  Society  of  London,  of 
the  National  Academy  of  Sciences,  and  of  many  other  learned 
bodies.  Quite  recently  he  joined  the  American  Mathemat- 
ical Society.  He  was  an  authority  of  the  first  rank  in  thermo- 
dynamics and  in  the  application  of  vector  analysis  to  physical 
problems. 
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THE  APRIL  MEETING  OF  THl5- ]tf1«19RIC4 Jf  «    . 
MATHEMATICAL  SOCIETY. 

A  REGULAR  meeting  of  the  American  Mathematical 
Society  was  held  in  New  York  City  on  Saturday,  April  25, 
1903,  extending  through  the  usual  morning  and  afternoon 
sessions.  About  fifty  persons  were  in  attendance,  including  the 
following  forty  members  of  the  Society. 

Dr.  Grace  Andrews,  Dr.  C.  L.  Bouton,  Professor  E.  W. 
Brown,  Mr.  J.  S.  Brown,  Professor  F.  N.  Cole,  Miss  E.  B. 
Cowley,  Professor  E.  S.  Crawley,  Dr.  W.  S.  Dennett,  Dr.  L. 
P.  Eisenhart,  Dr.  William  Findlay,  Professor  H.  B.  Fine,  Pro- 
fessor T.  S.  Fiske,  Miss  Ida  Griffiths,  Professor  G.  H.  Hallett, 
Miss  Carrie  Hammerslough,  Professor  James  Harkness,  Dr.  H. 
E.  Hawkes,  Dr.  J.  I.  Hutchinson,  Dr.  S.  A.  Joffe,  Dr.  Edward 
Kasner,  Professor  C.  J.  Keyser,  Mr.  L.  L.  Locke,  Professor 
James  Maclay,  Dr.  C.  R.  Mann,  Professor  E.  H.  Moore,  Pro- 
fessor W.  F.  Osgood,  Dr.  I.  E.  Rabinovitch,  Miss  I.  M. 
Schottenfels,  Dr.  Arthur  Schultze,  Dr.  W.  M.  Strong,  Mr. 
John  Tadock,  Jr.,  Professor  H.  W.  Tyler,  Professor  E.  B.  Van 
Vleck,  Professor  J.  M.  Van  Vleck,  Mr.  H.  E.  Webb,  Profes- 
sor A.  G.  Webster,  Dr.  J.  K.  Whittemore,  Miss  E.  C.  Williams, 
Dr.  Ruth  G.  Wood,  Professor  R,  S.  Woodward. 

The  President  of  the  Society,  Professor  Thomas  S.  Fiske, 
occupied  the  chair.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society  :  Professor  W. 
N.  Ferrin,  Pacific  University,  Forest  Grove,  Ore.^  Mr.  E.  H. 
Koch,  Jr.,  Mackenzie  School,  Dobbs  Ferry,  N.  Y.;  Professor 
N.  C.  Riggs,  Armour  Institute  of  Technology,  Chicago,  111.; 
Mr.  K.  D.  Swartzel,  Harvard  University,  Cambridge,  Mass.- 
Thirteen  applications  for  admission  to  the  Society  were  received. 

The  foUoAving  papers  were  read  at  this  meeting : 

(1)  Dr.  H.  E.  Hawkes :  "On  non-quaternion  number  sys- 
tems in  seven  units.'' 

(2)  Professor  B.  O.  Peirce  :  "  On  families  of  curves  which 
are  the  lines  of  certain  plane  vectors,  either  solenoidal  or 
lamellar." 

(3)  Professor  E/W.  Brown  :  "  On  the  variation  of  the  arbi- 
trary and  given  constants  in  dynamical  equations.'' 
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(4)  Dr.  L.  p.  EiSEXHAKT :  "  Congraences  of  tangeDts  to  a 
surface^  and  derived  congruenoes.'' 

(5)  Dr.  H.  F.  Stecker  :  "  Least  distance  in  the  non-eucli- 
dean  plane." 

(6)  Professor  L.  E.  Dickson  :  "  Fields  whose  elements  are 
linear  differential  equations." 

(7)  Dr.  Saul  Epsteen  :  "  On  linear  differential  congru- 
ences." 

(8)  Professor  R.  8.  Woodward  :  "  The  deviation  from  the 
vertical  of  falling  bodies  "  (preliminary  communication). 

(9)  Dr.  Edward  Kasner  :  "  The  automorphic  groups  of 
the  manifolds  defined  by  a  general  and  a  symmetric  determi- 
nant." 

(10)  Mr.  C.  H,  Sis  AM :  "On  some  directrix  curves  on 
quintic  scrolls." 

(11)  Mr.  L.  I.  Neikirk  :,  "Groups  of  order  jp"*  which  con- 
tain cyclic  subgroups  of  order  p"*~*." 

(12)  Miss  I.  M.  Sqhottenfels :  "On  the  simple  groups 
of  order  8!/2." 

(13)  Dr.  E.  B.  Wilson:  "The  so-called  foundations  of 
geometry." 

Mr.  Sisam's  paper  was  communicated  to  the  Society  through 
Dr.  Snyder ;  Dr.  Epsteen's  through  Professor  Dickson.  Mr. 
Neikirk  was  introduced  by  Professor  Crawley.  In  the  absence 
of  the  authors,  Mr.  Sisam's  paper  was  read  by  Dr.  Hutchin- 
son, and  the  papers  of  Professor  Peirce,  Dr.  Stecker,  Professor 
Dickson,  Dr.  Epsteen  and  Dr.  Wilson  were  read  by  title. 

Professor  Dickson's  paper  will  be  published  in  the  Bulletin. 
Abstracts  of  the  other  papers  follow  below.  The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  At  the  December  meeting  of  the  Society  Dr.  Hawkes 
gave  a  method  for  the  enumeration  of  all  non-quaternion  num- 
ber systems  with  skew  units.  The  present  paper  applies  this 
method  to  the  case  n  =  7  and  deduces  expeditious  means  of 
carrying  out  further  enumerations  should  it  be  desirable. 

2.  If  ifc  s  f{x,  y)  =  c  represents  any  family  of  curves  in  the 
7^  plane,  any  vector  V  the  components  of  which  are  of  the  form 

(du  I  du     \ 
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where  F  is  arbitrary,  evidently  has  the  u  curves  for  its  lines^ 
Of  all  the  vectors  which  have  these  given  lines,  an  infinite 
number  are  in  general  solenoidal  and  an  infinite  number  are 
lamellar,  but  no  one  can  be  both  solenoidal  and  lamellar,  un- 
less u  happens  to  satisfy  Lamp's  well  known  condition  for  an 
isothermal  parameter  \y\y)lh\  a  function  of  u  only],  in 
which  case  there  are  a  set  of  such  vectors  connected  by  a 
linear  relation. 

In  certain  general  problems  in  mathematical  physics,  classes 
of  lamellar  or  solenoidal  vectors  appear  which  are  known  to 
satisfy  in  each  case  some  general  condition  common  to  all  of 
the  class.  Sometimes,  for  instance,  the  tensor,  or  the  diverg- 
ence, or  the  tensor  of  the  curl  of  a  vector  must  be  constant  in 
a  given  region ;  or  the  tensor,  or  the  divergence,  or  the  curl 
must  be  expressible  in  terms  of  the  parameter  of  the  lines  of 
the  vector,  or  in  terms  of  the  parameter  of  the  orthogonal 
lines.  Professor  Peirce's  paper  discusses  briefly  the  possible 
lines  of  plane  vectors  which  satisfy  a  few  of  the  more  common 
conditions.  For  example,  it  is  shown  that,  if  u  =  c,  v  =  £  are 
the  equations  of  curves  in  the  xy  plane  which  cut  each  other 
orthogonally,  the  condition  that  the  u  curves  shall  be  possible 
lines  of  a  set  of  solenoidal  vectors,  the  tensors  of  which  involve 
u  only,  is  the  condition  that  the  v  curves  shall  be  possible  lines 
of  a  set  of  lamellar  vectors,  the  tensors  of  which  involve  u 
only.  If  the  u  curves  are  possible  lines  of  a  solenoidal  vector, 
the  tensor  of  which  is  expressible  in  terms  of  r,  the  v  curves 
are  the  lines  of  a  lamellar  vector,  the  tensor  of  which  is  a  func- 
tion of  V  only.  If  a  solenoidal  vector  which  has  the  u  curves 
for  lines  has  a  tensor  expressible  in  terms  of  u,  the  il  curves 
must  form  a  parallel  system,  etc.,  etc. 

3.  Professor  Brown's  paper  contains  certain  results  with 
reference  to  the  arbitrary  constants  which  arise  in  the  integra- 
tion of  a  set  of  dynamical  equations  and  also  with  reference  to 
the  constants  which  occur  in  the  force  function.  The  equa- 
tions are  supposed  to  have  been  solved  by  trigonometric  series 
with  arguments  some  of  which  are  arbitrary  and  some  of  which 
are  present  in  the  force  function.  In  the  latter  part  of  the  paper 
it  is  considered  under  what  circumstances  we  may  substitute  a 
variable  value  for  a  constant  as  well  in  the  solution  as  in  the 
force  function.  It  then  appears  that  Newcomb's  well  known 
theorem  on  the  secular  accelerations  is  a  particular  case  of  sub- 
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stitutioa  of  a  variable  for  a  constant  in  the  solution  of  a  set  of 
such  differential  equations. 

4.  Given  a  family  of  curves  upon  a  surface  S;  the  tangents  to 
these  curves  form  a  rectilinear  congruence  for  which  8  is  one  of 
the  focal  sheets.  The  other  focal  sheet  is  a  determinate  surface 
/Sp  and  upon  it  there  is  a  family  of  curves  to  which  the  lines  of 
the  congruence  are  tangent.  If  tangents  are  drawn  to  the 
curves  on  8^,  which  are  conjugate  to  the  latter,  a  second  con- 
gruence is  formed  with  8^  for  one  focal  sheet  and  another  sur- 
face 8^  for  the  other  sheet.  This  process  can  be  continued  in- 
definitely unless  one  of  the  surfaces  reduces  to  a  curve.  In  a 
similar  manner  we  can  get  another  sequence  of  congruences  by 
starting  with  the  tangents  to  the  conjugates  of  the  given  curves 
on  8.  These  are  the  derived  congruences  of  Darboux.  After 
finding  the  expressions  for  the  different  functions  of  these  con- 
gruences in  terms  of  functions  of  8,  Dr.  Eisenhart  applies  them 
to  a  study  of  such  sequences  where  all  the  congruences  of  the 
series  are  of  a  particular  form.  Thus  it  is  shown  that  the  sys- 
tem of  curves  upon  three  consecutive  surfaces  cannot  be  formed 
of  lines  of  curvature,  so  that  there  cannot  be  a  sequence  of  con- 
gruences of  Guichard,  as  Bianchi  calls  those  whose  develop- 
ables  touch  the  focal  sheets  in  lines  of  curvature  of  the  latter. 
From  this  it  follows  almost  immediately  that  there  are  no  series 
of  congruences  of  which  each  member  is  a  normal  congruence. 

If  a  congruence  of  Ribaucour  is  defined  as  one  whose  devel- 
opables  cut  the  mean  surface  in  a  conjugate  system,  the  condi- 
tion that  the  tangents  to  the  curves  v  =  const,  of  a  surface  form 
such  a  congruence  takes  a  very  simple  form.  From  this  it  is 
found  that,  when  the  tangents  to  the  curves  u  »  const,  conju- 
gate to  the  former  also  form  a  congruence  of  this  kind,  all  the 
members  of  the  sequence  are  congruences  of  Ribaucour.  A 
large  number  of  surfaces  are  found  to  have  a  conjugate  system 
which  has  this  property.  It  is  shown  that  the  only  isothermic 
surfaces  whose  lines  of  curvature  form  such  a  system  have 
either  of  the  following  linear  elements  when  referred  to  this 
system  : 

ds"  =  UV{du^  +  dv%     ds"  =  e^'^(du-  +  dv% 

where  U  is  q>  function  of  u  alone  and  F  is  a  function  of  v 
alone. 

When  one  proceeds  to  the  determination  of  the  surfaces  with 
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these  linear  elements^  he  finds  that  U  or  V  must  be  constant^  so 
that  the  only  surfaces  are  surfaces  of  revolution.  From  this 
one  is  led  to  the  result  that  the  tangents  to  the  meridians  of  a 
surface  of  revolution  form  a  normal  congruence  of  Ribaucour. 
The  equations  of  condition  that  the  tangents,  to  a  given  &mily 
of  curves  on  S  form  a  cyclic  congruence  can  be  brought  to  a 
very  simple  form,  so  that  quite  a  number  of  theorems  follow 
almost  immediately.  Among  others  one  notes  that  when  the 
tangents  to  the  lines  of  curvature  in  one  system  upon  a  surface 
form  a  cyclic  congruence,  it  is  at  the  same  time  a  congruence  of 
Ribaucour  and  conversely.  The  discussion  closes  with  an-  in- 
quiry as  to  the  existence  of  a  sequence  of  cyclic  congruences  for 
which  the  circles  of  each  congruence  are  equal,  and  it  is  found 
that  there  are  none  of  this  kind. 

5.  The  problem  treated  in  Dr.  Stecker's  paper  is  an  applica- 
tion of  the  calculus  of  variations  to  determine,  directly  from 
the  distance  integral,  the  least  distance  between  two  fixed  points 
in  the  non-euclidean  plane. 

7.  In  the  Ooniptes  RenduSy  1897,  page  489,  Guldberg  shows 
that  it  is  possible  to  find  for  linear  diiFerential  forms  a  theory 
which  is  analogous  to  the  Galois  field  theory.  In  the  present 
paper  Dr.  Epsteen  develops  this  theory  up  to  the  point  of 
demonstrating  the  theorem  :  Every  existent  differential  field  of 
order  8  may  be  represented  as  a  Guldberg  field  of  order  »  =  j>" ; 
the  Gtti^ j>")  is  defined  uniquely  bjr  its  order ;  in  particular,  it 
is  independent  of  the  special  irreducible  differential  congruence 
used  in  its  construction.  This  is  the  exact  analogue  of  a 
well-known  theorem  of  E.  H.  Moore  (Chicago  Congress  Papers, 
page  220 ;  Dickson,  Linear  Groups,  page  14). 

8.  In  his  preliminary  communication  Professor  R.  S.  Wood- 
ward reviewed  the  history  of  the  problem  of  the  deviation 
from  the  vertical  of  falling  bodies  from  the  time  of  its  earliest 
treatment  by  Gauss  *  and  Laplace, f  in  1803,  down  to  the  pres- 
ent time.  He  also  presented  a  solution  of  the  problem  differ- 
ing from  any  of  the  solutions  hitherto  published,  but  giving 
the  same  results,  to  terms  of  the  order  of  the  square  of  the 
angular  velocity  of  the  earth,  as  those  derived  by  Gauss,  and 

*  Werhif  vol.  5.  pp.  495-503. 

t  Micanique  CHetie^  vol.  4,  chapter  5. 
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as  those  required  by,  though  not  fully  worked  out  in,  Laplace's 
investigation. 

9.  The  first  part  of  Dr.  Kasner's  paper  is  devoted  to  certain 
general  principles  of  invariant  theory,  while  the  second  is  an  ap- 
plication to  the  problem  announced  in  the  title.  If  the  coeffi- 
cients of  a  form  are  interpreted  as  homogeneous  point  coor- 
dinates in  a  space  of  sufficiently  high  dimension,  then  any 
invariant  equated  to  zero  represents  a  variety  which  is  trans- 
formed into  itself  by  a  certain  group  of  coUineations.  This 
group  includes  the  so-called  induced  group  of  the  coefficients, 
and  in  many  cases  coincides  with  it.  It  follows  that  any  co- 
variant  (in  the  domain  of  the  coefficients)  of  an  invariant  is 
also  an  invariant,  a  principle  which  includes  for  example  the 
Aronhold  process  as  a  very  special  case. 

The  conclusion  concerning  the  general  determinant 

A»|a«|=.0 

is  that  its  collineation  group  is  composed  of  two  continuous 
systems  containing  2(n'  —  1)  parameters.  The  proof  involves, 
in  addition  to  the  general  principles,  a  geometric  discussion  of 
the  manifold  A  ==  0  in  space  of  n*  —  1  dimension,  in  particular 
its  two-fold  projective  generation.  The  case  n  =  2  gives  of 
course  the  well  known  six  parameter  group  connected  with  a 
quadric  surface. 

10.  Mr.  Sisam's  paper  proved  the  two  following  theorems  : 
1°  Every  unicursal  quintic  scroll  has  three  coplanar  genera- 
tors ;  the  residual  may  be  either  a  conic,  a  double  directrix  or  a 
simple  directrix  and  a  fourth  generator.  2°  If  the  asymptotic 
lines  of  a  (4,  1)  scroll  are  reducible,  two  real  and  two  imaginary 
generators  issue  from  each  real  point  of  the  four-fold  line. 

11.  The  groups  of  operations  of  order  p"  which  contain  a 
cyclic  subgroup  of  order  p"*~*  have  been  determined  by 
Miller  (see  Transactions,  volume  3,  number  4).  In  the  pres- 
ent paper  Mr.  Xeikirk  has  determined  the  groups  of  order  jf 
which  contain  a  cyclic  subgroup  of  order  ^;"*•"^  The  investi- 
gations are  number-theoretic  in  character  and  are  based  on  a 
division  of  the  groups  considered  into  classes.  This  division 
is  shown  to  depend  on  the  partitions  of  m  which  give  the 
orders  of  the  independent  operations  that  enter  into  the  con- 
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struction  of  the  required  group.  Denoting  the  cyclic  sub- 
group of  order  p"*~^  by  {P}  and  the  partition  by  [a,  6,  *  •],  the 
numbers  of  resulting  groups  are  given  by :  [m  —  3,  3] , 
12  groups,  4  in  which  {P}  is  self-conjugate,  including  the 
abelian  group  of  this  type,  and  8  in  which  {P}  is  not  self-con- 
jugate; [m--3,  2,  1],  20 +  p  groups  in  8  +  p  of  which 
{P}  is  self-conjugate;  [m  — 8,  1,  1,  1],  5  groups,  in  all 
of  which  {P}  is  self-conjugate.  The  total  number  of  these 
groups  is  therefore  87  +  p. 

The  formal  generational  equations  of  all  these  types  in  terms 
of  independent  operators  are  given  in  the  course  of  the  inves- 
tigation. 

12.  Miss  Schottenfels's  paper  con&ins  the  proof  that :  1^  All 
types  of  simple  groups  of  order  8!/2  or  20160,  contain  at  least 
960  conjugate  subgroups  of  order  7.  2°  No  simple  group  of 
this  order  contains  an  operator  where  period  is  a  multiple  of  7 
greater  than  1.7,  and  all  such  simple  groups  are  identical,  with 
respect  to  the  number  of  such  operators  or  elements. 

13.  The  first  part  of  Dr.  Wilson's  paper  contains  criticisms 
on  Professor  Hilbert's  "  Grundlagen  der  Geometrie  '*  which  ap- 
peared in  the  Mathematiache  AnncUen,  October,  1902.  The 
second  part  is  occupied  with  the  construction  of  some  Hilbertian 
geometries  and  in  particular  a  two-dimensional  geometry  in  three 
dimensions.  The  paper  is  to  appear  in  the  Archiv  der  Maihe- 
mathik  und  Physik. 

F.  N.  Cole. 
Columbia  Univeksity. 
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THE   APRIL   MEETING  OF  THE  CHICAGO 
SECTION. 

A  regular  meeting  of  the  Chicago  Section  of  the  American 
Mathematical  Society  was  held  on .  Saturday,  April  11, 
1903,  at  the  Armour  Institute  of  Technology,  in  Chicago,  open- 
ing at  9  A.  m.     The  following  members  were  present : 

Professor  W.  W.  Beman,  Professor  D.  F.  Campbell,  Dr.  J. 
V.  Collins,  Professor  E.  W.  Davis,  Professor  B.  F.  Finkel 
Mr.  W.  B.  Ford,  Professor  Thomas  F.  Holgate,  Professor  A. 
M.  Kenyon,  Professor  Ifurt  Laves,  Dr.  A.  C.  Lunn,  Pro- 
fessor H,  Maschke,  Professor  Malcolm  McNeill,  Professor  E. 
H.  Moore,  Professor  F.  R.  Moulton,  Professor  E.  B.  Skinner, 
Professor  C.  A.  Waldo,  Professor  H.  S.  White,  Professor  B.  F. 
Yanney,  Professor  J.  W.  A.  Young,  Professor  A.  Ziwet. 

Professor  Waldo  was  elected  chairman.  The  following 
papers  were  read  : 

(1)  Mr.  Oswald  Veblen  :  "  A  set  of  independent  axioms 
of  geometry.'* 

(2)  Dr.  F.  R.  Moulton  :  '*  The  conditions  for  the  conver- 
gence of  the  expressions  for  the  ratios  of  the  triangles  when 
developed  as  power  series  in  the  time  intervals.'* 

(3)  Professor  A.  S.  Chessin  :  "  On  the  strains  in  a  rapidly 
rotating  disc." 

(4)  Dr.  Saul  Epsteen:  "On  Loew/s  fundamental 
theorem." 

(5)  Professor  Peter  Field;  "On  the  form  of  a  plane 
quintic  curve  with  five  cusps." 

(6)  Professor  H.  S.  White  :  "  Polar  triangles  of  a  conic 
and  triply  tangent  conies  of  a  cubic." 

(7)  Professor  H.  Maschke  :  "  Invariants  and  covariants 
of  quadratic  differential  quantics  in  n  variables." 

(8)  Mr.  E.  L.  Hancock  :  "  Asymptotic  lines  on  certain 
surfaces  of  revolution." 

(9)  Professor  Archibald  Henderson  :  "  On  the  construc- 
tion of  a  double-six." 

(10)  Professor  Archibald  Henderson  :  "On  the  graphic 
representation  of  the  straight  lines  upon  the  twenty-one  differ- 
ent types  of  the  cubic  surface." 
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(11)  Mr.  O.  J.  Ferguson:  "Problems  in  projective 
geometry.'' 

(12)  Professor  E.  W.  Davis:  "Some  groups  in  the  logic 
of  relatives/' 

(13)  Mr.  N.  J.  Lennes:  "Theorems  on  the  polygon  and 
the  polyhedron." 

Mr.  Veblen  and  Mr.  Lennes  were  introduced  to  the  Section 
by  Professor  Moore,  and  Professor  Henderson  by  Professor 
Maschke ;  Mr.  Ferguson's  paper  was  presented  through  Pro- 
fessor Davis,  In  the  absence  of  Professor  Chessin  and  Mr. 
Hancock  their  papers  were  read  by  title. 

The  report  of  the  committee  on  the  requirements  for  the 
Master's  degree,  with  mathematics  as  the  major  subject,  was 
taken  up  for  consideration  and  after  discussion  was  again  laid 
on  the  table  till  the  next  meeting. 

The  North  Central  Association  of  Science  Teachers  being  in 
session  at  Armour  Institute,  a  joint  meeting  was  arranged  with 
r  the  mathematics  section  of  this  association,  at  which  Professor 
W.  W.  Beman  presided  and  the  following  papers  were  read  : 

"Introduction  of  physical  and  other  problems  into  ele- 
mentary mathematical  courses,  and  the  necessary  conse- 
quences," by  Professor  C.  E.  Comstock,  of  Bradley  Polytech- 
nic Institute. 

"What  is  the  laboratory  method?"  by  Professor  J.  W.  A. 
Young,  of  the  University  of  Chicago. 

The  discussion  of  these  papers  was  opened  by  Miss  Long,  of 
the  Lincoln,  Nebraska,  High  School. 

Abstracts  of  the  papers  presented  at  the  Sectional  meeting 
are  as  follows  : 

1.  The  aim  of  Mr.  Veblen's  paper,  which  is  intended  as  a 
dissertation  for  the  doctor's  degree  at  the  University  of  Chicago, 
is  to  present  a  system  of  axioms  that  are  at  once  independent  of 
one  another  and  sufficient  for  the  deduction  of  the  euclidean 
geometry.  The  axioms  are  stated  in  terms  of  two  fundamental 
symbols,  point  and  order,  and  thus  follow  the  trend  of  develop- 
ment inaugurated  by  Pasch  and  continued  by  Peano,  rather 
than  that  of  Hilbert.  All  other  geometrical  concepts,  such  as 
line,  plane,  space,  motion,  are  defined  in  terms  of  point  and 
order.  In  particular,  the  congruence  relations  are  made  the 
subject  of  definitions  rather  than  of  axioms.  This  is  accom- 
plished by  the  aid  of  projective  geometry  according  to  the 
method  first  given  analytically  by  Cayley  and  Klein. 
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2.  In  rectangular  heliocentric  coordinates  the  functions  con- 
sidered in  Professor  Moulton's  paper  are 

where  the  x  and  y  are  defined  by  the  differential  equations 

All  the  singularities  of  x  and  y  considered  as  functions  of 
t  are  found  and  also  the  conditions  under  which  the  denomi- 
nator of  (1)  can  vanish.  Having  located  all  the  singularities 
of  the  function,  the  true  radius  of  convergence  around  any 
initial  point  is  easily  found.  The  problem  is  solved  in  all 
detail  for  all  classes  of  conies,  and  tables  are  constructed  giving 
numerical  results  for  the  various  cases  which  can  arise.  The 
relation  of  the  limits  in  this  part  of  the  theory  of  orbits,  to  • 
those  of  the  series  used  in  the  Astronomiccd  Journal,  No.  510, 
is  given,  and  an  exhibition  of  the  corresponding  question  in 
Laplace's  method.  The  paper  will  be  published  in  the  Astro- 
nomical  Journal, 

3.  Professor  Chessin  finds  expressions  for  the  displacements 
of  a  particle  in  a  thin  rotating  disc  in  terms  of  the  coordinates 
of  the  particle  and  certain  constants  determined  from  the  sur- 
face conditions. 

5.  Del  Pezzo  has  shown  how  it  is  possible  to  obtain  the  equa- 
tion of  a  five  cusped  quintic  curve  by  inverting  a  quartic  which 
has  two  cusps  and  which  is  inscribed  in  and  circumscribed  about 
the  fundamental  triangle.  The  equation  of  the  quintic  is 
written  in  the  form  CJ  —  ^'^^  =  0,  where  C^  is  a  quartic  and 
the  ^'s  are  conies ;  the  constants  being  so  chosen  that  x,  y,  z 
are  factors  of  the  equation.  Professor  Field  divides  the  plane 
into  regions  by  drawing  the  curves  Q,  <^,  <f>^,  and  by  their  aid 
obtains  the  form  of  the  curves  represented  by  the  above 
equation. 

6.  A  plane  cubic  may  be  so  situated  with  reference  to  a  conic 
as  to  admit  an  inscribed  triangle,  self-conjugate  with  respect  to 
the  conic,  and  having  one  degree  of  freedom.     It  is  shown  by 
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Professor  White  that  the  vertices  of  such  a  triangle  will  be  con- 
tacts of  a  tritangential  conic.  There  are  3  systems  of  such 
couicSy  corresponding  to  the  3  pro-Hessians  of  the  cubic.  The 
tritangential  conies  of  a  simply  infinite  system  like  that  men- 
tioned above  are  poloconics  of  a  simple  infinity  of  straight  lines, 
with  respect  to  some  one  of  the  3  pro-Hessians.  It  is  found  that 
these  lines  form  a  pencil,  all  passing  through  one  common  point. 
There  is  thus  shown  the  existence,  under  special  conditions,  of 
a  covariant  point  in  the  system  of  a  conic  and  a  cubic. 

7.  Professor  Maschke's  paper  will  be  published  in  the  Trans- 
actions. 

8.  Mr.  Hancock  considers  two  surfaces  of  revolutions  8  and 
/8p  generated  by  the  curves  C  and  C^.  Q  is  formed  by  taking 
on  the  tangents  to  C  a  length  equal  to  l~^  times  the  length  of  the 
tangent.     The  generating  curves  then  are 

Z  =/(«),       2,  =  (/-I)  Uj  {lu,)  +filu,), 

and  the  equation  of  transformation  from  S  to  S^,  w  =  lu^,  v  =  v^. 
The  condition  that  the  asymptotic  lines  on  8  go  over  into 
the  asymptotic  lines  on  8^  by  the  transformation  is  DJD^" 
s=  e*  D/D".  This  is  seen  in  particular  when  the  generating 
curves  are  z  =  i**"  4-  C^  and  z^  =  k^  u*"  -f-  C^.  The  paper  will 
be  offered  to  the  AmetHcan  Journal  of  Mathematics  for  publica- 
tion. 

9.  A  double-six,  in  the  Schlafli-Cayley  notation,  is  repre- 
sented by  the  scheme 


/I       2      3      4      5      6\ 
\r     2'     3'     4'     5'     67 


and  is  defined  to  be  two  systems  of  six  lines  each,  such  that  no 
two  lines  of  the  same  system  intersect,  but  that  each  line  of  the 
one  system  intersects  all  but  the  corresponding  line  of  the  other 
system.  In  Professor  Henderson's  paper  there  is  given  a  sim- 
ple method  of  constructing  a  double-six,  viz.,  if  we  select  the 
-equations  of  the  five  lines  1',  3',  4',  5',  6',  such  that  they  do 
not  intersect,  but  such  that  they  are  all  met  by  the  same  straight 
line  2,  whose  equations  are  also  known,  then  the  equations  of 
the  remaining  six  lines  1,  3,  4,  5,  6  and  2',  are  uniquely  deter- 
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mined.  Using  quadriplanar  ooordinates  and  properly  choosing 
the  constants,  a  thread  model  of  the  configuration  was  very 
easily  constructed. 

10.  Cayley  in  his  Memoir  on  cubic  surfaces  (Collected 
mathematical  papers,  volume  VI  (1868),  pages  359-465),  has 
given  a  treatment  of  the  twenty-three  types  of  the  cubic  sur- 
face, the  division  depending  upon  the  nature  of  the  singularities, 
and  not  upon  the  reality  of  the  lines.  The  equations  there  given 
are  canonical  forms  in  quadriplanar  coordinates.  Two  of  the 
surfaces  however  are  scrolls,  in  which  there  is  no  question  of  the 
twenty-seven  lines. 

In  Professor  Henderson's  second  paper  there  is  developed 
a  simple  method  of  graphically  representing  the  lines  on  the 
remaining  twenty -one  types  of  the  cubic  surface,  given  by  the 
above-mentioned  canonical  forms.  By  this  method  the  mutual 
relations  of  the  lines,  as  well  as  their  relation  to  the  fundamen- 
tal tetrahedron,  are  shown  and  the  results  obtained  are  equally 
adapted  to  the  construction  of  thread  models  or  perspective 
drawings  of  the  various  configurations. 

The  paper  was  illustrated  by  perspective  drawings  in  colors 
of  the  lines  upon  the  twenty-one  types  of  the  cubic  surface,  and 
incidentally  there  was  shown  a  graphic  representation  of  the 
projection  of  the  lines  upon  a  cubic  surface  with  a  conical  point 
into  the  Pascal  configuration. 

11.  Mr.  Ferguson's  paper  contained  demonstrations  of  the 
following  theorems  :  1  °  If  a  range  of  points  /a  is  projective  to 
a  pencil  of  rays  S,  and  if  through  the  points  of  fi  there  are  drawn 
rays  perpendicular  to  the  corresponding  rays  of  /S,  these  gen- 
erate a  ruled  surface  of  the  fourth  order.  2°  In  two  projec- 
tive sheaves  of  rays  the  common  perpendiculars  of  correspond- 
ing rays  generate  a  ruled  surface  of  the  sixth  order. 

12.  Professor  Davis  established  a  one  to  one  correspondence 
between  the  different  ways  in  which  3,  4,  •  • .,  n  relatives  can  be 
connected  by  logical  multiplication  and  addition,  and  the  sub- 
stitutions on  3,  4,  •  •  •,  n  letters. 

13.  Under  formal  definitions  of  polygon  and  polyhedron, 
Mr.  Lennes  proved  certain  theorems  on  the  partition  of  the 
plane  and  space. 

Thomas  F.  Holgate, 
Secretary  of  the  Section. 


Digitized  by  LjOOQIC 


1903.]     APRIL  MEETING  OF  SAN  FRANCISCO  SECTION.  587 


THE  APRIL   MEETING  OF  THE  SAN  FRANCISCO 

SECTION. 

The  third  regular  meeting  of  the  San  Francisco  Section  of 
the  American  Mathematical  Society  was  held  on  Saturday, 
April  25^  1903,  at  Stanford  University.  The  following  fifteen 
members  were  present : 

Professor  R.  E.  Allardice,  Dr.  E.  M.  Blake,  Professor  H. 
F.  Blichfeldt,  Professor  G.  C.  Edwards,  Professor  R.  L.  Green, 
Professor  L.  M.  Hoskins,  Dr.  D.  N.  Lehmer,  Dr.  J.  H.  Mc- 
Donald, Professor  G.  A.  Miller,  Dr.  H.  C.  Moreno,  Dr.  T.  M. 
Putnam,  Professor  Irving  Stringham,  Mr.  L.  C.  Walker,  Mr. 
A.  W.  Whitney,  Professor  E.  J.  Wilczynski. 

A  morning  and  an  afternoon  session  w^re  held,  Professor 
Stringham  acting  as  chairman  at  both  sessions.  Professor  M. 
W.  Haskell  was  elected  a  member  of  the  programme  committee 
in  place  of  Professor  E.  J.  Wilczynski,  who  will  be  abroad  next 
year. 

The  following  papers  were  read  at  this  meeting  : 

(1)  Professor  E.  J.  Wilczynski  :  "  Invariants  of  systems 
of  linear  partial  differential  equations,  and  the  theory  of  con- 
gruences." 

(2)  Dr.  D.  N.  Lehmer  :  "  Preliminary  report  on  a  table  of 
smallest  divisors." 

(3)  Professor  H.  F.  Blichfeldt  :  "  Note  on  linear  substi- 
tution groups  of  finite  order," 

(4)  Professor  R.  E.  Allardice  :  "  On  some  curves  connected 
with  a  system  of  similar  conies  through  three  points." 

(5)  Dr.  Saul  Epsteen  :  "  Necessary  and  sufficient  condi- 
tion for  the  existence  of  invariant  subgroups." 

(6)  Professor  G.  A.  Miller  :  "  On  reciprocal  groups." 

(7)  Dr.  H.  C.  Moreno  and  Professor  G.  A.  Miller  :  "  On 
the  non-abelian  groups  in  which  every  subgroup  is  abelian." 

(8)  Mr.  W.  A.  Manning  :  "  On  the  class  of  primitive  substi- 
tution groups." 

(9)  Miss  Ida  M.  Schottenpels  :  "  Generational  definition 
of  an  abstract  group  simply  isomorphic  with  the  simple  substi- 
tution group  G^Jieo-" 

(10)  Dr.  T,  M.  Putnam  :  "  Certain  subgroups  of  the  quater- 
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naiy  linear  fractional  group  of  determinant  unity^  in  the  general 
Galois  field/' 

The  papers  by  Dr.  Epsteen  and  Miss  Schottenfels  were  read 
by  Professor  Wilczynski  and  the  secretary  respectively.  All 
the  other  papers  were  read  by  their  authors.  '  Abstracts  are 
given  below. 

1.  Professor  Wilczynski  considers  in  his  paper  a  system  of 
two  linear  homogeneous  partial  differential  equations  with  two 
independent  variables  x^  and  x^ 

n^  n^ay^  +  hy^  +  cz^  +  dz^  +  ey  +fz  =  0, 

^^^         ft'  =  a'y,  +  b%  +  c'z,  +  d\  +  e'y  +f'z  =  0, 

where  y^^  =  ^y/^y     h  ~  ^V^^w  (*  =  1>  ^)* 
If  one  makes  the  transformations 

(2)  y  =  ai7  +  ^?,         2  =  717  +  5?,  (ao^  -  ^7  +  0)  ; 

(3)  f.=/x(^x,^.)  i^^flx,.x,),        (||^A)  +  o), 

where  a,  /},  7,  <J,  /^  and  /o  are  arbitrary  functions  of  x^  and  x^y 
(1 )  is  transformed  into  another  system  of  the  same  form.  More- 
over one  may  replace  the  system  by 

(4)  <^ft  +  -i/rft'  =  0,     x'^  +  ®^'  =  ^^     <^®  —  '^  4=  0, 

where  ^,  -^/r,  y^,  a>  are  arbitrary  functions  of  x^  and  x^  and  ob- 
tain again  a  system  of  the  same  form.  These  are  the  most  gen- 
eral transformations  which  convert  a  general  system  (1)  into 
another  of  the  same  form. 

The  author  considers  the  functions  of  the  coefficients  of  (1) 
which  remain  invariant  under  these  transformations,  and  actu- 
ally computes  them  for  a  reduced  form. 

If  one  considers  four  sets  of  simultaneous  solutions 

y(*)  =  /*)(a:.,  X,)     z(*)  =  h^^\x.„  X,),     (k  =  1,  2,  3,  4) 

one  may  interpret  them  as  the  homogeneous  coordinates  of  two 
points  in  space,  the  locus  of  each  being  a  surface.  The  trans- 
formations (2\  (3)  and  (4)  merely  displace  these  points  on  the 
line  joining  them  and  otherwise  change  merely  the  parametric 
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representation  of  the  two  surfaces.  They  leave  invariant,  there- 
fore, the  congruence  of  lines  obtained  by  joining  corresponding 
points  of  the  two  surfaces.  The  theory  of  a  system  of  form  (1) 
is  therefore  geometrically  a  theory  of  congruences.  This  leads 
to  geometric  interpretations  for  the  vanishing  of  certain  invari- 
ants, the  determination  of  the  developable  surfaces  of  the  con- 
gruence, its  focal  surfaces,  etc.  The  properties  thus  obtained 
are  all  projective.  But  not  all  projective  properties  will  appear, 
owing  to  the  fact  that  congruences  which  are  not  mere  projec- 
tive transformations  of  each  other,  may  belong  to  the  same 
system  (1).  This  question  is  investigated  in  the  paper.  All 
systems  of  form  (1)  may  be  reduced  to  a  few  simple  types. 
The  general  type  corresponds  to  a  congruence  with  distinct  non- 
d^enerate  focal  surfaces.  For  instance,  the  system  of  partial 
differential  equations  of  the  theory  of  functions  belongs  to  a 
congruence  whose  focal  surfaces  have  degenerated  into  two  dis- 
tinct curves,  and  may  be  taken  as  the  type  of  such  systems. 

The  theory  of  the  Laplace  transformations  of  an  equation  of 
the  form 

+  «^  +  *^,  +  «^  =  0, 


dxdy  dx         dy 

which  is  so  important  in  the  theory  of  surfaces,  is  also  general- 
ized to  a  system  of  the  kind  considered  and  finds  its  geometrical 
interpretation  the  same  as  in  that  older  theory.  It  is  of  course 
connected  with  the  theory  of  the  covariants  of  such  a  system. 
The  author  points  out  moreover  that  this  theory  can  be  gen- 
eralized for  other  systems,  and  that  geometrically  other  config- 
urations, complexes,  etc.,  may  be  studied  in  this  way. 

2.  Dr.  Lehmer's  factor  tables  are  intended  to  give  the 
smallest  divisors  of  all  numbers  less  than  ten  millions.  Multi- 
ples of  2,  3,  5  and  7  are  not  tabulated.  All  other  numbers  are 
of  the  form  210a;  +  jR  where  R  is  prime  to  210.  There  are  48 
values  of  R  which  give  the  headings  for  as  many  columns. 
The  values  of  x  are  list^  at  the  side.  Each  page  of  the  tables 
contains  100  rows  and  48  columns  and  serves  to  factor  21,000 
numbers.  The  plan  of  the  table  is  somewhat  similar  to  that 
used  by  Lebesgue  (Tables  diverses  pour  la  decomposition  des 
nombres  en  leurs  facteurs  premiers.  Par  V.  A.  Lebesgue, 
Paris,  1864),  but  differs  from  it  in  several  important  particu- 
lars. 
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• 

3.  In  determining  the  linear  homogeneous  substitution 
groups  of  finite  order  in  two  variables,  Gordan  makes  use  of 
the  equation  1  +  cos  <^j  +  cos  <^j  4-  cos  <^3  =  0  ;  4>^f  4>^y  4>^  being 
rational  angles  ("  Ueber  endliche  Gruppen  linearer  Transfor- 
mationen  einer  Veranderlichen,"  Mathematische  AnncUen,  1877, 
page  29).  By  forming  the  corresponding  equation  for  a  linear 
homogeneous  group  G  in  n  variables  it  may  be  proved  that  all 
the  substitutions  of  such  a  group  whose  orders  are  products  of 
primes  greater  than  (n—  1)  (2?i  +  1)  form  a  subgroup  Gj. 
Professor  Blichfeldt  proved  that  G^  is  abelian  and  self-conju- 
gate under  G,  He  also  pointed  out  the  following  results  :  (1) 
No  simple  group  whose  order  is  divisible  by  a  prime  greater 
than  (n  —  1)  (2n  +1)  can  be  simply  isomorphic  with  a  linear 
homogeneous  substitution  group  in  n  variables.  (2)  If  the 
determinants  of  the  substitution  of  a  linear  homogeneous  sub- 
stitution group  in  n  variables  are  all  unity,  and  if  n  is  a  prime, 
then  the  order  of  the  group  is  not  divisible  by  any  prime 
greater  than  (n  —  1)  (2n  +  1). 

4.  This  paper  may  be  considered  a  continuation  of  the  one 
published  in  the  Ti'anaactionSy  volume  4  (1903),  page  103.  In 
it  Professor  AUardice  gives  an  investigation  of  the  loci  of  the 
vertices  and  foci  of  the  system  of  conies  through  three  points. 
He  also  considers  the  envelope  of  the  directrices.  Each  pair  of 
vertices  and  each  pair  of  foci  has  a  distinct  locus,  and  each  di- 
rectrix has  a  distinct  envelope.  The  loci  are  of  the  eighth  and 
sixth  degrees  respectively,  and  the  envelope  is  of  the  fourth 
degree. 

6.  Dr.  Gpsteen  shows  that  a  certain  theorem  of  Lie's  may 
be  stated  as  follows  :  The  necessary  and  sufficient  conditions 
that  a  continuous  r-parameter  group  G^  may  contain  an  inva- 
riant subgroup  g^  («  <  r),  is  that  the  adjoint  group  G^  shall  be 
reducible.  A  number  of  consequences  are  easily  deduced  from 
this  by  utilizing  the  notions  of  reducibilityof  the  adjoint  group. 
For  instance,  if  G^  is  integrable,  so  is  its  adjoint  group.  If  a 
group  coincides  with  its  adjoint,  and  contains  an  invariant 
subgroup,  it  is  reducible.  The  quotient  groups  are  the  same 
for  all  composition  series  apart  from  their  order.  By  intro- 
ducing a  notion,  which  in  the  theory  of  continuous  group  cor- 
responds to  the  group  of  contragredient  isomorphisms,  the 
"  total  adjoint  group  "  is  defined,  and  the  total  adjoint  group  is 
then  shown  to  be  always  reducible. 
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6.  Several  years  ago  Professor  Tanner  called  attention  *  to 
the  indications  of  the  existence  of  a  reciprocity  theorem,  viz., 
that  in  every  group  of  totitives  of  order  g  there  are  as  many 
subgroups  of  order  g^  as  there  are  of  order  g  -s-^Tj,  g^  being  any 
divisor  of  g.  As  the  groups  of  totitives  are  included  among 
the  abelian  groups,t  the  theorem  whose  existence  Professor 
Tanner  suspected  is  included  in  the  theorem  that  every  abelian 
group  of  order  g  has  as  many  distinct  subgroups  of  order  g^  as 
there  are  subgroups  of  order  g-^g^  The  last  theorem  is 
readily  proved  by  means  of  the  characteristics  of  an  abelian 
group.  Professor  Miller  proved  this  theorem  without  using 
characteristics  and  pointed  out  some  of  its  applications. 

7.  At  the  first  meeting  of  the  Section,  Dr.  Moreno  presented 
some  results  in  regard  to  non-abelian  groups  in  which  every 
subgroup  is  abelian.^  The  present  paper  completes  the  deter- 
mination of  all  such  groups.  The  following  are  some  of  the 
most  important  results :  The  order  of  such  a  group  cannot  be 
divided  by  more  than  two  distinct  primes.  If  it  is  divisible  by 
two  primes  (p,  g),  the  Sylow  subgroup  whose  order  is  a  power 
of  one  of  these  primes  is  of  type  (1,  1,  1,  •  •  •),  while  the  other 
Sylow  subgroup  is  cyclic.  The  former  of  these  Sylow  sub- 
groups is  also  the  commutator  subgroup  and  includes  no  invari- 
ant operator  besides  the  identity.  When  the  order  of  such  a 
group  is  p*,  it  contains  just  p  +  1  subgroups  of  order  p^"^  and 
none  of  these  can  have  more  than  three  invariants.  The  paper 
will  be  ofifered  to  the  Transactions  for  publication. 

8.  Mr.  Manning  investigated  the  primitive  substitution 
groups  of  class  3p,  p  being  a  prime,  which  contain  substitutions 
of  order  p  and  degree  Sp.  Jordan  announced  that  the  d^ree 
of  a  primitive  group  containg  such  a  substitution  cannot  exceed 
3p  +  4.  By  using  this  theorem  it  is  shown  that  such  groups 
do  not  exist  when  p>  6.  When  p  =  5,  there  are  the  three 
primitive  groups,  GgJ,  GH^y  and  G\l^^.  The  two  cases,  in 
which  p  =  2  and  p  =  3,  are  not  here  considered  since  they  have 
already  been  worked  out  by  Jordan. 

^'TaDDer,  Proc,  London,  Math.  8oc.,  vol.  27  (1896),  p.  329. 
\  Annals  of  Math.,  vol.  2  (1900),  p.  79. 

t  BULLBTIK,  Tol.  8  ( 1902),  p.  434.  When  Pm-i  bae  only  two  inyariants 
eaoh  of  them  may  be  unity.    This  special  oase  was  overlooked. 
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9.  In  a  paper  presented  to  the  Society,  October,  1901,  Miss 
Schottenfels  determined  the  generational  definition  of  the  ab- 
stract group  of  order  960  holoedrically  isomorphic  to  the 
ternary  group  (Jalois  field  [2*]  of  the  same  order  with  the 
following  definition  : 

(1)  {E,EJ^  =  {E^^f  =  {_E,E,r  =  7, 

where  E^yE^jE^B^  satisfying  relations  (1)  are  the  generators  of 
the  group. 

This  group  can  be  immediately  extended  by  an  operator  C  of 
order  7,  say  C^  =  /,  to  the  abstract  simple  group  of  order  81/2 
holoedrically  isomorphic  to  the  simple  ternary  group  Galois 
field  [2*]  of  order  8!/2,  with  generators  O,  £"„  E^  E^,  B^, 
satisfying  the  further  relations 

(2)  {CE^Y  =  (CE^)'  =  (CE'/  =  {CBJ^  =  /. 

10.  In  the  determination  of  the  cyclic  subgroups  of  the 
quaternary  group  of  determinant  unity,  taken  in  a  general 
Galois  field,  the  canonical  forms  with  unequal  multipliers  give 
rise  to  some  difficulties  which  do  not  present  themselves  in  the 
others.  Dr.  Putnam  investigates  these  cases,  starting  with  the 
homogeneous  group  and  passing  from  it  to  the  fractional  form 
in  the  usual  way.  The  paper  is  supplementary  to  the  article 
published  in  the  American  Journal  of  Ma/thematics,  volume  24 
(1902),  page  319. 

G.  A.  Miller, 
Secretary  of  th^  Section, 
Stakfobd  Univebbitt. 
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A  FUNDAMENTAL  THEOREM  WITH  RESPECT 

TO  TRANSITIVE  SUBSTITUTION 

GROUPS. 

BY  PBOFESSOB  Q.   A.    MILLEB. 

( Read  before  the  American  Mathematical  Society,  February  28,  1903. ) 

Let  G  represent  any  transitive  group  of  degree  n  and  of 
order  g  —p\^p^  •  •  -p^  )  Pv  Pv'"  >  Pm  being  distinct  primes. 
According  to  Sylow's  theorem  G  contains  at  least  one  subgroup 
of  each  of  the  orders  p'^,  p;%  •  •  • ,  p^.  It  will  be  convenient  to 
speak  of  these  subgroups  as  the  Sylow  subgroups  of  G.  Since 
G  is  transitive,  all  the  prime  factors  of  n  are  included  among 
the  factors  of  g.  The  theorem  in  question  may  now  be  stated 
as  follows : 

Theorem.  If  p^  is  the  highest  power  of  p^  which  divides  n, 
each  Sylow  subgroup  of  order  p*»  in  G  has  a  transitive  consti- 
tuent of  degree  pf  and  all  its  other  transitive  ccmstituents  are  of 
degree  pf"^^,  7^0- 

Corollary  1.  If  n=  22>",  p  being  any  odd  prime,  each  of 
the  Sylow  subgroups  whose  order  is  a  power  of  p  has  just  two 
transitive  constituentSy  ea^h  being  of  degree  p". 

Corollary  IL  If  n  is  a  power  of  aprime,  a  Sylow  subgroup 
of  G  whose  order  is  a  pouter  of  the  same  prime  must  be  transitive. 

The  proof  of  the  theorem  results  from  the  following  elemen- 
tary considerations  :  Let  G,  represent  the  subgroup  of  G  which 
is  composed  of  all  its  substitutions  which  omit  a  given  letter. 
Every  Sylow  subgroup  of  Cr,  is  found  in  some  Sylow  subgroup 
of  G.  Whenever  the  orders  of  these  subgroups  are  different 
the  former  is  composed  of  all  the  substitutions  of  the  latter 
which  omit  one  letter.* 

Since  p^^  is  any  prime  divisor  of  g  we  may  confine  our  at- 
tention to  the  Sylow  subgroups  of  (?,  and  G  whose  orders  are 
pj»"^  and  p'^  respectively.  At  least  one  transitive  constituent 
of  the  latter  must  be  such  that  the  order  of  its  largest  sub- 
groups of  lower  degree  than  its  own  may  be  obtained  by 
dividing  its  own  order  by  />f  ;  i.  6.,  one  of  its  transitive  consti- 

^Cf.  Bamnde,  Theory  of  groupe  of  finite  order,  1897,  p.  94. 
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tuents  mast  be  of  degree  pf.  If  another  transitive  constituent 
were  of  degree  p[,  S<j9,  G^  would  contain  a  subgroup  of 
order  pj»""*>j9^*"^.  As  this  is  impossible,  a  Sylow  subgroup 
of  order  p*'  contains  at  least  one  constituent  of  d^ree  pf  but 
it  contains  no  constituent  of  lower  degree. 

This  proof  remains  true  even  if  /9  «  0,  for  in  this  case  a 
Sylow  subgroup  of  order  j:>^»  is  of  degree  less  than  n  and  hence 
may  be  supposed  to  have  a  constituent  of  degree  1.  In 
all  other  cases  the  degree  of  this  Sylow  group  is  evidently 
equal  to  n.  That  the  Sylow  subgroup  of  order  p^^  may  have 
constituents  whose  degrees  exceed  pf  follows  directly  from 
the  three  transitive  groups  of  degree  6  and  order  24.  In  two 
of  these  the  Sylow  subgroups  of  order  8  involve  just  two 
transitive  constituents,  of  dqgrees  4,  2  respectively,  while  our 
theorem  merely  proves  that  there  is  a  constituent  of  degree  2 
and  that  there  cannot  be  one  of  a  lower  degree. 

As  an  application  of  this  theorem  we  may  prove  the  follow- 
ing :  If  the  degree  of  a  simply  transitive  primitive  group  is  np^^ 
p  being  any  prime  which  does  not  divide  n>  1,  ^  m^aximal  sub- 
group of  degree  np^  —  1  cannx>t  involve  a  transitive  constituent 
of  degree  (n  —  1)  p*.  If  a  =  0  this  theorem  requires  no  proof. 
If  a  >  0,  the  Sylow  subgroup  of  order  p^  in  (?  would  contain 
two  transitive  constituents,  of  degrees  (n  —  1)  p*,  p*,  respec- 
tively. Hence  G  would  involve  a  substitution  not  found  in 
(tj  which  would  not  connect  all  the  transitive  constituents  of 
Gj.  This  is  impossible  since  G^  is  maximal  in  a  primitive 
group.  For  instance,  in  a  simply  transitive  primitive  group  of 
degree  18,  the  maximal  subgroup  of  degree  17  cannot  involve 
a  transitive  constituent  of  degree  9. 
Stanford  Univebsity,  t 

February,  1903. 
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THE    CHARACTERIZATION   OF   COLLINEATIONS. 

BY  DB.  BDWABD  KA8NBB. 

(Read  before  the  Amerioan  Mathematioal  Society,  Febmary  28,  1903.) 

A  COLLINEATION  is  Ordinarily  defined  as  a  point  transforma- 
tion which  converts  collinear  points  into  coUinear  points^  t.  e., 
one  for  which  the  family  of  oo*  straight  lines,  or  the  equivalent 
differential  equation  y"  =  0,  is  invariant.  The  question  sug- 
gests itself  whether  this  definition  does  not  contain  redundan- 
cies— whether  it  is  not  sufficient  to  require  that  only  some 
straight  lines  shall  remain  straight.  If  we  understand  by  a 
»imple  system  of  lines  any  system  possessing  the  property  that 
through  each  point  of  the  region  of  the  plane  considered  there 
passes  one  and  only  one  line,  then  the  result  of  this  note  may 
be  stated : 

If  four  simple  systems  of  straight  lines  remuin  straight  after  a 
point  transformation^  then  the  same  is  necessarily  true  of  all 
straight  lines,  and  the  transformation  is,  therefore,  a  coUineation. 

To  prove  this  consider  the  general  point  transformation  T 

(1)  X^<Kx,y),    Y^ir(x,y), 

where  <^  and  -^  are  one-valued  continuous  functions  possessing 
first  and  second  derivatives  in  the  region  considered.  It  is 
assumed,  of  course,  that  the  Jacobian,  J  =  <^,'^y  —  '^x^y>  ^^^^ 
not  vanish  identically.     The  once  extended  transformation  is 

and  the  twice  extended  may  be  written  * 
where 

a)         ^  =  <^,^xx  -  fy4>..  +  20xV^.,  -  H.K 
g  =  <l>yi'„  -  -f A- 

*  Lie-ScbefFera,  Continuirlicbe  GruppeD,  1893,  p.  33. 
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If  now  T  transforms  any  straight  line  into  a  straight  line,  then 
for  that  line  y"  =  0  and  F"  =»  0,  so  that  from  (3) 

(5)  a  +  %'  +  7y"H-Sy'^  =  0. 

This  differential  equation  of  the  first  order  and  third  degree  is 
satisfied  by  all  the  invariant  straight  lines.  Assuming  that 
there  are  four  simple  systems  of  such  lines,  then  through  each 
point  there  pass  four ;  these  give  four  values  o(y\  correspond- 
ing to  fixed  values  of  a,  /S,  7,  S.  Equation  (5)  is  therefore  an 
identity.  This  means,  however,  that  F"  =  0  is  a  consequence 
of  y"  =  0,  or  that  y"  =  0  is  invariant  under  T.  *  This  proves 
the  result  stated  above. 

The  result  may  be  restated  in  terms  of  differential  equations 
as  follows.  A  simple  infinity  of  straight  lines  is  represented 
by  a  Clairaut  differential  equation 

(6)  y^xy'+f{y'), 

where  y'  is  a  one-valued  function  of  a;,  y.  If  an  equation  of 
this  kind  is  transformed  into  a  similar  equation,  then  the  cor- 
responding lines  remain  straight.  Hence,  if  T  iranaf amis  four 
(Xairaut  equations  of  the  first  degree  into  OmravJt  equations,  then 
the  same  is  true  of  all  Clairaut  equaiions,  and  T  is  a  collineation. 

It  may  be  added  that  what  has  been  obtained  is,  in  a  sense, 
the  minimum  definitive  property  of  the  coUineaiions.  For  there 
exist  non-projective  transformations  which  possess  one,  two,  or 
three  simple  systems  of  invariant  straight  lines.  A  familiar 
example  of  the  latter  type  is  given  by  inversion  with  respect  to 
a  circle;  here  the  three  invariant  systems  are  the  pencils 
through  the  circular  points  at  infinity  and  through  the  center 
of  the  circle.  An  example  where  all  three  systems  are  real  is 
given  by  the  quadratic  transformation  X=  l/x,  F=  1/y, 
which  leaves  invariant  the  systems  x  =s  const.,  y  =  const., 
yfx  =  const.  The  same  systems  are  invariant  under  the  three 
parameter  group  X=  oaf,  F=  bxf. 

The  problem  of  determining  all  transformations  possessing 
three  invariant  systems  of  straight  lines  is  one  of  considerable 
diflSculty.  The  writer  expects  to  discuss  it,  as  well  as  the 
extension  of  the  results  to  space,  in  a  future  paper. 

Columbia  Univbesity. 

*  The  direct  integration  of  the  equations  a  =  /?  =  >'  =  (5  =  0,  leading  to 
collineations,  was  aooompliahed  by  Soheffera  ;  cf.  p.  34,  1.  c.  For  infinites- 
imal transformations  the  analysis  is  simpler.  Lie-Scheflers,  Diflerential- 
gleiehnngen,  1891,  p.  389. 
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A  MODERN  FRENCH  CALCULUS. 

Ooura  cPAncUyse  MathinuUiqtie.  Par  £douard  GtOURSAT, 
Professeur  k  la  Faculty  des  Sciences  de  Paris.  Tome  I. 
Gauthier-Villars,  Paris,  1902. 

The  revision  of  the  fundamental  principles  of  the  calculus, 
which  was  initiated  by  Cauchy  and  Abel  and  carried  through 
by  Weierstrass  and  his  followers,  led  to  the  development  of 
the  €-proof  (early  introduced  by  Cauchy)  and  to  the  precise 
formulation  of  definitions  and  theorems.  In  Grermany  and 
Italy  a  tendency  sprang  up  to  place  only  such  restrictions  on 
definitions  and  theorems  as  are  necessarily  imposed  by  the 
nature  of  the  case.  Thus  functions  continuous  throughout  no 
interval  whatever  were  admitted  as  the  integrand  of  a  definite 
integral  simply  because  the  form  of  the  definition  of  the  integral 
applied  to  a  certain  class  of  these  functions,  and  the  question 
was  examined  of  how  &r  the  ordinary  theorems  of  the  integral 
calculus  hold  for  such  functions.     Again,  the  theorem  that 

^  ^  =  w-r,~  was  proved  with  fewer  restrictions  than  the  con- 
dxdy       oydx  ^ 

tinuity  of  all  the  derivatives  that  enter.  While  this  procedure 
is  perfectly  justifiable  so  far  as  it  is  a  question  of  research  in 
a  special  field,  it  is  important  not  to  lose  sight  of  the  fisict  that 
investigations  of  this  sort  are  but  a  very  special  phase  of  mod- 
em analysis,  and  that  even  the  specialist  in  the  field  of  analysis 
may  never  need  to  trouble  himself  about  the  integrals  of  other 
functions  than  those  which  are  continuous  except  at  a  finite 
number  of  points.  That  which  is  essential  for  every  mathe- 
matician to  know  who  has  occasion  to  use  the  calculus  to 
any  extent  is  a  simple  formulation  of  the  theorems  and 
simple  tests  for  the  validity  of  the  processes  of  the  calculus 
which  have  been  handed  down  to  us  from  Euler's  time  and 
earlier  : — when  may  a  convergent  series  of  continuous  functions 
be  integrated  term  by  term,  when  may  a  definite  integral  whose 
integrand  satisfies  reasonable  conditions  of  continuity  be  difier- 
entiated  under  the  sign  of  integration  ?  These  are  questions 
of  general  interest  to  mathematicians.  To  the  importance  of 
a  simple  and  lucid  answer  French  mathematicians  are  alive. 
With  full  appreciation  of  modern  standards  of  rigor  they  do 
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not  allow  themselves  to  obscnre  in  their  presentation  of  the 
calculus  the  main  facts  of  analysis  by  cumbersome  detail^. 

The  book  before  us  belongs  to  the  best  type  of  modern 
French  treatises  on  the  calculus.  It  is  based  on  Professor 
Goursat's  university  lectures.  According  to  the  plan  of  instruc- 
tion in  France  the  student  of  mathematics  learns  at  the  lyde 
the  meaning  and  use  of  derivatives,  differentials  not  being  in- 
troduced, and  the  rudiments  of  algebraic  analysis. "*"  Thus  the 
university  teacher  can  assume  that  the  student  is  familiar  with 
the  notion  of  the  limit  and  the  elementary  methods  of  the  cal- 
culus, and  that  he  has  su£5cient  maturity  to  understand  a  treat- 
ment of  the  calculus  such  as  is  given  in  American  universities 
in  a  second  and  third  course. 

After  some  introductory  paragraphs,  in  which  Rollers  theorem 
and  the  law  of  the  mean  are  given,  the  author  proceeds  to  a 
systematic  treatment  of  partial  differentiation,  based  on  the 
total  differential  of  a  function.  The  ftmdamental  theorems  on 
which  the  properties  of  such  differentials  rest  and  which  are 
overlooked  in  English  texi^books  on  the  calculus  f  are  here 
given  their  proper  place.  J 

Chapter  II,  pages  40-100,  begins  with  the  existence  theorem 
for  implicit  functions,  the  proof  being  that  which  Dini  gave  in 
his  lectures  of  1877/78 ;  and  then  follows  the  differentiation 
of  the  functions  thus  defined,  properties  of  the  Jacobian  deter- 
minant, and  change  of  variable.  In  algebra  and  algebraic 
analytic  geometry  the  mere  rudiments  of  partial  differentiation 
suffice  for  the  applications  that  arise ;  but  in  differential  geom- 
etry and  mathematical  physics  this  is  not  the  case.  It  is 
highly  desirable  that  partial  differentiation  should  be  studied 
more  at  length  than  is  at  present  the  case,  and  a  complete  and 
lucid  treatment  such  as  is  here  given  §  will  aid  the  teacher  in 
modifying  his  course  in  that  direction. 

In  American  collies  students  of  calculus  are  not  mature 
enough  to  appreciate  existence  theorems  at  the  time  when  they 

*Cf.  Pierpont,  *' Mathematical  instraotion  in  Franoe,"  Bullstik  (2),  6 
(1900),  p.  225. 

tOf.  The  writer's  review:  **A  modern  English  oaloxdns,''  Bullktin 
(2),  8  (1902),  p.  253. 

iCf,  %  16,  top  of  p.  29,  and  the  oorresponding  theorem  in  §  14. 

\  Th^  present  treatment  is  mnch  fuller  than  that  of  Jordan,  Cours  d'ana- 
lyse,  and  is  illustrated  hy  numerous  applications  of  substantial  oharaoter. 
A  few  examples  taken  from  thermodynamios  would  have  been  a  useful  ad- 
dition. 
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study  partial  dififerentiation  and  it  is  best  to  assume  that  equa- 
tions defining  implicit  functions  can  be  solved  and  lead  to  func- 
tions which  have  derivatives.  It  is  easy,  however,  in  using 
Professor  Goursat's  book,  to  assume  these  theorems  at  this  stage 
and  take  them  up  later.  In  a  logical  development  of  the  cal- 
culus they  belong  where  the  author  has  put  them  and  for  the 
working  mathematician  the  arrangement  here  adopted  is  the 
most  satisfactory  one. 

A  few  matters  of  detail  before  leaving  these  chapters.  On 
page  5,  line  12  from  the  top,  the  words  "et  k  reste*^^  should 
be  inserted  before  "  sup^rieure.^'  The  definition  of  approaching 
a  limit  in  the  case  of  a  function  of  several  variables  is  not  given ; 
the  continuity  of  such  a  function  is  however  carefully  defined. 
The  law  of  the  mean  for  functions  of  several  variables  might 
well  have  been  given  a  place  in  Chapter  I.  It  appears  nowhere 
explicitly,  merely  as  a  special  case  of  Taylor's  theorem  with  the 
remainder  in  Chapter  III.  On  page  45,  near  the  bottom,  it  is 
not  of  course  true  that  if  the  three  partial  derivatives  vanish 
simultaneously,  the  point  is  necessarily  a  singular  point.  This 
oversight  occurs  at  various  other  places  in  the  book.  In  the 
theorem  at  the  beginning  of  §  28  it  is  necessary  for  the  proof 
that  for  the  system  of  values  of  (u^,  •  •  •,  i^J  considered  the  par- 
tial derivatives  11^^,  •  •  •,  11^^  should  not  vanish  simultaneously. 
This  requirement  should  be  made  in  the  statement  of  the  the- 
orem. In  this  section  (§  28)  the  author  does  not  bring  out 
with  all  the  clearness  one  could  wish  the  fact  that  there  are  in 
all  three  cases  :  (a)  the  case  in  which  the  Jacobian  determinant 
does  not  vanish ;  (6)  the  case  in  which  it  vanishes  identically ; 
and  (c)  the  case  in  which  it  vanishes  at  a  given  point,  but  not  at 
all  points  in  the  neighborhood.  Cases  (a)  and  (6)  are  treated. 
But  little  is  known  about  case  (c),  and  there  is  no  reason  for 
considering  it;  but  the  classification  is  important.  A  large 
number  of  examples  are  given  at  the  end  of  Chapters  I  and  II, 
all  of  which  are  taken  from  life.  While  the  student  will  need 
to  do  many  easy  examples,  like  those  given  in  English  books  on 
calculus,  at  the  start,  he  will  have  the  satisfaction  in  working 
these  more  difficult  ones  of  knowing  that  they  are  not  artificial, 
that  they  truly  illustrate  the  actual  applications  of  partial  dif- 
ferentiation. 

Chapter  III  is  devoted  to  Taylor's  theorem  with  the  re- 
mainder and  to  Taylor's  series,  both  for  functions  of  one  and 
for  functions  of  several  variables,  and  to  applications.     The 
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French  have  not  oommitted  themselves  to  the  exclusive  use  of 
power  series.*  When  it  is  simpler  to  use  Taylor's  theorem 
with  the  remainder^  they  do  so ;  and  it  is  an  excellent  feature 
of  the  book  before  us  that  the  infinite  series  is  not  employed 
when  the  finite  series  is  better  suited  to  the  purpose.  Inde- 
terminate forms  are  treated  by  the  use  of  Taylor's  theorem,  but 
we  miss  the  more  general  theorem  that  if  f(a)  =  ^(a)  =  0  or 
00,  and  if  f'(x)/<f>\x)  approaches  a  limit,  then  J[x)/4>{x)  ap- 
proaches a  limit  and  lim  f(x)/(f>(x)  =  lim  f'(x)/<f>'(x).  Thus 
such  limits  as 

lim  X  log  X  or  hm  , 

or  more  generally 

lim  a:*(loga:)^, 

when  a:  ss  0  or  00  ;  or  again 

lim  of  e"' 


must  each  be  evaluated  by  a  special  investigation, — one  for 
which  no  general  method  is  given. 

The  treatment  of  maxima  and  minima  of  functions  of  several 
variables  is  admirable,  adequate  and  clear,  but  not  overdoncf 
The  examples  studied  are  well  chosen  and  include  clothed 
problems  that  do  not  come  under  the  ordinary  rule. 

Chapters  IV- VII,  pages  150-368,  are  entitled  respectively 
Definite  Int^rals,  Indefinite  Integrals,  Double  Int^»ls,  and 
Multiple  Integrals,  Integration  of  Total  Differentials.  In 
American  colleges  the  custom  is  growing  of  introducing  the 
definite  integral,  defined  as  the  limit  of  a  sum  and  represented 
by  the  area  under  a  curve,  early  in  the  first  course  in  calculus, 
and  of  applying  it  to  the  solution  of  a  variety  of  problems  in 
physics  and  mechanics.  Thus  the  student  comes  to  the  second 
course  in  calculus  with  a  pretty  good  idea  of  what  integrals  are 

*  This  tendency  in  Germany  is  well  hit  off  by  Bohlniann  in  his  report  on 
important  works  on  the  calcalns,  Jahresberieht  der  Deuiachen  Matkematiker' 
Vereinigung,  vol.  6  ( 1897),  p.  110.  One  of  the  entries  in  the  table  of  contents 
reads  "  £s  gibt  nnr  Potenzreihen ! '' 

t  The  definition  of  a  maximum  or  a  minimnm  on  page  130  would  seem  to 
ezolnde  the  ease  that  f{e-\-h)  — /(c)  can  vanish  tor  other  values  of  h  than 
the  value  A  =  0  ;  but  this  is  not  the  definition  employed  on  page  136  :  '*  Le 
oasoii  6*--ac  =  0'    •  ." 
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and  what  they  are  for,  and  he  is  prepared  for  the  study  of  double 
integrals^  improper  integrals  and  functions  defined  by  integrals. 
It  is  at  this  stage,  that  is,  in  the  second  calculus  course  in 
American  colleges,  that  these  chapters  of  Professor  Goursat's 
book  may  be  employed  with  great  advantage.  They  give  a 
simple  and  rigorous  elementary  treatment  of  the  subjects  just 
mentioned  —  particularly  the  chapter  on  double  integrals,  pages 
282-333  —  a  masterpiece  of  presentation,  so  clear  and  rigorous 
and  to  the  point  that  it  may  well  serve  as  a  text  in  the  treat- 
ment of  this  subject.  Regarding  the  first  of  these  chapters  a 
similar  remark  applies  to  the  one  made  concerning  the  existence 
theorem  for  implicit  functions  in  Chapter  II ;  namely,  that  in 
the  second  course  in  calculus  it  is  well  to  assume  the  theorems 
about  continuity,  the  proof  coming  more  properly  at  a  later 
stage,  when  questions  of  uniform  convergence  are  treated  ;  but 
here  again  the  arrangement  which  the  author  has  adopted  will 
commend  itself  to  die  working  mathematician  as  being  the 
natural  sequence  of  topics.  There  is  one  omission  that  seems 
to  us  unfortunate.  It  is  that  of  Duhamel's  theorem  regarding 
the  representation  of  any  infinitesimal  in  a  limit  of  a  sum  by 
another  infinitesimal  that  differs  from  it  by  one  of  higher  order. 
But  as  we  are  treating  this  subject  at  length  elsewhere,  we 
restrict  ourselves  here  to  a  reference.* 

The  following  topics  considered  in  these  chapters  deserve 
special  mention  because  of  the  lucid  and  rigorous  treatment : 
change  of  variables  in  simple  and  multiple  integrals  §§  84, 
128,t  130, 145,  150;  improper  integrals  simple  and  multiple, 

*Annal$of  Math.  (2).  4  (July,  1903). 

fThe  method  here  set  forth  of  proving  by  means  of  Green's  theorem  that 
when  carvilinear  coordinates  x=/(tt,  v),  y  =  ^(t<,  v)  are  introdnoed,  the 
area  Q  bounded  by  the  carves  «  =  Kq,  w  =  Mq  +  dw,  t  =  %  ©  =  «\,  +  dt>  is 


dx 
du 

dx 
dv 

du 

dv 

Q=     p..     ;».      ^«^*» 


where  the  Jacobian  is  to  be  formed  for  a  certain  point  i^u\  t/)  in  12,  is 
especially  elegant.  The  author's  reason  for  not  extending  it  to  triple  in- 
t^rals  was  doubtless  that  the  formulas  become  a  little  long ;  but  they  pre- 
sent no  serious  difficulty  and  the  generalization  may  well  serve  as  an 
exercise  for  the  student,  his  attention  oeing  first  called  to  the  fact  that  the 
three-rowed  Jacobian  may  be  written  in  the  form 
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§  89*-91,  133 ;  line  and  surface  integrals,  including  Green's 
and  Stokes's  theorems,  §§  93,  126,  135,  136,  149,  151-155: 
differentiation  under  the  sign  of  integration,  §  97;  approximate 
calculation  of  an  integral  by  Simpson's  and  Gauss's  rules; 
Amslers's  planimeter,  §  99-102 ;  the  geometric  interpretation 
of  the  method  of  rationalization  employed  for  computing  the 

integrals  fli{Xy  \/a  +  bx  +  (xx?)dxy  §  105. 

Chapters  VIII,  IX,  pages  369-478,  deal  with  infinite  series. 
The  subject  is  treated  ab  initio  and  the  ordinary  tests  for  con- 
vergence and  theorems  relating  to  the  algebraic  transformation 
of  series  are  developed  with  the  clearness  and  rigor  that  mark 
the  whole  book.  But  the  last  page  of  §  169  relating  to  double 
series  whose  terms  are  not  all  of  like  sign  needs  to  be  expanded. 
—  The  definition  of  uniform  convergence  in  the  case  of  infinite 
series  is  the  one  given  by  Darboux,t  and  is  as  follows :  The 
series  of  continuous  functions 

convergent  in  the  interval  (a,  ft),  is  said  to  be  uniformly  conver- 
gent in  this  interval  if  to  every  positive  e  there  corresponds  a 
positive  integer  n,  independent  of  «,  such  that  the  remainder 

remains  in  absolute  value  less  than  e  for  all  values  of  x  in  the 


/• 

/« 

d 

/. 

/» 

.   d 

u 

/u 

.   d 

fu 

/. 

9p 

0U, 

~du 

<Pv 

<l>w 

^rv 

0« 

^« 

+  T. 

•^u 

«*. 

The  possibility  of  this  extension  was  pointed  out  by  the  anthor  in  bis 
original  paper,  Bulletin  des  sciences  math.  (2),  18  (1894),  p.  72. 

*Tbe  tbeoretioal  developments  here  given  are  especially  simple.     The 
rule  for  the  convergence  of  the  integral 


£f[')dx. 


when  f{x)  is  disoontinnons  at  the  point  x  =  a,  page  198,  bottom,  can,  how- 
ever, be  formulated  still  more  simply  if  we  require  merely  that  for  some  value 
of  0  <  fc  <  1  the  variable  (a: — a)*  f{x)  shall  approach  a  limit  when  »  ap- 
proaches a.  A  similar  remark  applies  to  the  formulation  of  the  other  tests 
for  convergence  and  divergence  of  improper  integrals. 
t-4nn.  Eeole  norm.  (2),  4  (1875),  page  77. 
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interval.  It  will  be  observed  that  this  definition  diflfere  from  the 
one  ordinarily  given  in  that  it  does  not  require  that  |  Iij[x)  \  <  c 
for  every  n'>my  but  only  for  one  value  of  n.  Nevertheless 
the  proof  that  such  a  series  represents  a  continuous  function  is 
sound.  The  proof  that  the  series  may  be  integrated  term  by 
term  is,  however,  invalid,  as  the  following  example  shows  :  let 

8j[x)  ass  nxe""^  when  n  is  odd ; 
SJx)  =  0  "     n  "  even. 

Here  the  term  by  term  integral  in  the  interval  (0,  1)  has  the 
value 

SJ^x)dx  =B  ^(1  —  e"**)  when  n  is  odd ; 

0  "     n  "  even. 


What  is  true  is  this :  if  such  a  series  be  integrated  term  by 
term  and  parentheses  then  be  suitably  introduced,  the  series  of 
parentheses  will  converge  toward  the  integral  of  the  function 
as  its  limit.  Tannery  *  has  called  attention  to  the  fact  here 
mentioned,  namely,  that  a  series  uniformly  convergent  according 
to  Darboux's  definition  can  not  always  be  integrated  term  by 
term,  but  both  Picard  f  and  Goursat  appear  to  have  overlooked 
Tannery's  corrections.  In  §  175,  however,  which  deals  with 
the  differentiation  of  an  improper  integral 


i: 


f{xya)dx 


under  the  sign  of  integration,  the  definition  of  the  uniform  con- 
vergence of  such  an  integral  is  the  one  ordinarily  given.  If 
such  an  integral  converges  uniformly  (and  the  integrand  is 
continuous  in  x,  a),  it  represents  a  continuous  function  of  a  and 
may  be  integrated  under  the  sign  of  integration : 

Xai  /»•  /»•  /»ai 

dal  f(x,a)dx=z  j    dx  j    f{x,a)da. 

These  theorems  are  precisely  analogous  to  the  theorems  about 

*  FonotioDB  d'ane  variable,  Paria,  1886,  p.  366,  foot-note.  The  foot-note 
of  pages  133-4,  eo  far  as  it  relates  to  int^P^^oi^t  contains  an  inaconrapy, 
vrbich  is  oorreoted  in  the  later  foot-note  jnst  cited. 

t  Traits  d'analyse,  vol.  I,  chap.  VIII,  1st  ed.,  p.  195  ;  2d  ed.,  p.  211. 
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uniformly  oonvergent  series  and  should  be  given  along  with 
the  sufficient  condition  the  author  deduces  for  differentiating 
under  the  sign  of  int^ration.  The  theorems  relating  to  the 
transformation  of  power  series  in  one  and  in  several  variables, 
and  the  theorems  that  follow  from  these,  together  with  the 
proof  of  the  analytic  character  of  the  implicit  functions  defined 
by  a  system  of  analytic  equations,  FJ^x^y  -  -  •,  x^;  y„  •  •  ■,  y^)  =  0 
(i  =  1,  ■  •  •,  p)  are  all  faithfully  developed,  pages  419-461  being 
devoted  to  this  topic.  The  method  of  the  fonctiona  majorantes 
is  explicitly  set  forth.  Analytic  functions  of  real  arguments 
are  defined  by  the  property  that  they  admit  a  development  by 
Taylor^s  theorem.  The  author  does  not  neglect  to  remind  the 
reader  that  in  spite  of  th^  important  r6le  that  these  functions 
play,  they  form  after  all  but  a  very  special  group  of  real  func- 
tions of  real  variables  within  the  general  group  of  continuous 
functions.  Finally  the  development  of  a  continuous  function 
into  a  Fourier's  series  is  established.  The  volume  ends  with 
three  chapters,  pages  479-610,  on  applications  of  the  differen- 
tial calculus  to  curves  and  surfaces. 

The  extraordinarily  high  standard  of  simplicity  and  attrac- 
tiveness in  style,  combined  with  modem  rigor,  which  Picard 
set  in  his  Traits  d'analyse  is  fully  maintained  by  Professor 
Goursat.  The  objects  of  the  two  works  are  quite  different. 
Picard's  purpose  was  to  write  a  treatise  on  differential  equa- 
tions, and  he  developed  only  such  parts  of  analysis  and  geom- 
etry as  bear  on  this  subject.  Goursat,  on  the  other  hand,  has 
set  himself  the  task  of  writing  a  systematic  treatment  of  the 
calculus,  and  thus  the  whole  field  of  the  calculus  is  included 
here. 

A  treatise  on  advanced  calculus  which  should  present  the 
whole  subject  rigorously  and  attractively,  and  at  the  same  time 
in  the  spirit  of  medern  analysis,  has  been  sorely  needed  by 
students  of  matliematics  who  intend  to  proceed  to  the  study  of 
mathematical  physics  or  of  some  of  the  various  branches  of 
analysis  —  theory  of  functions,  differential  equations,  calculus 
of  variations,  etc.  Professor  Goursat's  work  meets  the  needs 
of  such  students  in  a  thoroughly  satisfactory  manner,  and  we 
recommend  it  to  them  most  heartily.  The  teacher  of  calculus 
will  find  many  suggestions  in  the  book  which  will  enable  him 
to  improve  his  course,  and  he  may  often  with  advantage  refer 
even  an  elementary  class  to  the  more  elementary  parts  of  the 
book  for  collateral  reading.     The  range  of  the  book  is  wide. 
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While  beginning  with  the  elements  of  the  calculus,  it  carries 

the  reader  to  the  point  where  he  is  prepared  to  use  original 

sources  and  extracts  firom    €-proofs   the  underlying  thought. 

When  the  future  historian  inquires  how  the  calculus  appeared 

to  the  mathematicians  of  the  close  of  the  nineteenth  century, 

he  may  safely  take  Professor  Groursat's  book  as  an  exponent  of 

that  which  is  central  in  the  calculus  conceptions  and  methods 

of  this  age.  W.  F.  Osgood. 

Harvard  Univebsity, 

February,  1903.    


SHORTER  NOTICES. 

Niedere  Zahlentheorie.  Erder  Teil.  By  Dr.  Paul  Bachmann. 
B.  G.  Teubner^s  Sammlung  von  Lehrbiichem  auf  dem  Gebiete 
der  mathematischen  Wissenschaften  mit  Einschluss  ihrer 
Anwendungen.     Band  X,  1.     Leipzig,  1902.     x  +  402  pp. 

In  view  of  the  ambitious  series  of  volumes  by  Bachmann; 
giving  a  comprehensive  exposition  of  number  theory,  a  series 
not  yet  completed,  the  appearance  of  a  new  volume  on  the  ele- 
ments of  the  subject,  quite  independent  of  the  series  mentioned, 
will  doubtless  cause  some  surprise.  When  the  invitation  came 
to  the  author  to  contribute  to  Teubner^s  Sammlung  a  text  upon 
the  subject  on  which  he  is  so  eminent  an  authority,  he  hesitated 
long,  fearing  that  a  text  on  the  elements  of  number  theory  ran 
the  risk  of  conflicting  with  his  Elementen.  The  author  has  at- 
tempted to  avoid  this  conflict  in  two  directions :  first  by  the 
addition  of  much  important  material ;  second,  by  employing  a 
method  of  construction  difierent  at  least  in  essential  points. 
The  author  believes  that  the  present  book,  both  in  contents  and 
in  foundation,  may  well  be  considered  as  a  supplementary  vol- 
ume to  his  former  series.  As  indicating  in  detail  parts  difier- 
ing  essentially  from  the  Elementen,  there  may  be  mentioned  the 
chapter  on  the  different  euclidean  algorithms,  including  Farcy's 
series,  the  theory  of  binomial  and  general  congruences,  the  ex- 
haustive treatment  of  the  known  proofs  by  elementary  number 
theory  of  the  quadratic  reciprocity  law  and  the  interrelations  of 
these  proofs.  The  theory  of  higher  congruences  is  appropri- 
ately introduced,  even  in  the  Niedere  Zahlentheorie,  both  by 
way  of  climax  to  the  elementary  parts  and  to  aflbrd  a  satisfac- 
tory insight  into  the  means  employed  by  Gauss  in  his  seventh 
proof  of  the  reciprocity  law. 
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The  iDtroduction  (15  pages)  gives  a  brief  history  of  number 
theory.  Chapter  I  is  a  rather  formal  discussion  of  the  con- 
cept number,  the  idea  of  sequence  being  taken  for  the  founda- 
tion. The  38  pages  of  Chapter  II  are  devoted  to  the  divisi- 
bility of  numbers.  On  pages  34  and  35  is  given  a  simple 
proof  of  the  existence  of  integers  f  and  i;  satisfying  the  equa- 
tion of  +  617  ss  S,  where  S  is  the  greatest  common  divisor  of  a 
and  6,  use  being  made  of  the  modulus  of  Dedekind  and  Kro- 
necker.  But  this  proof  of  the  fundamental  theorem  gives  no 
algorithm  for  finding  f  and  rf  as  does  the  proof  based  on 
Euclid's  algorithm.  A  series  of  special  recent  theorems  due  to 
Weill,  Andr6,  de  Polignac,  Catalan,  Landau,  and  Liouville 
show  that  certain  expressions  in  fractional  form  have  integral 
values.  The  33  pages  of  Chapter  III  are  devoted  to  the  usual 
theorems  on  residues  and  congruences.  The  54  pages  of 
Chapter  IV  are  devoted  to  the  euclidean  algorithm,  continued 
fractions.  Farcy's  series.  The  27  pages  of  Chapter  V  relate 
to  the  theorems  of  Fermat  and  Wilson  and  their  generalization. 
Chapter  VI,  on  the  theory  of  quadratic  residues,  is  the  longest 
in  the  book,  containing  ,138  pages ;  it  is  devoted  chiefly  to  the 
various  proofs  of  the  reciprocity  law,  a  chronological  table  of 
which  appears  on  pages  203  and  204,  with  an  addition  on  page 
402.  The  82  pages  of  the  final  Chapter  VII  gives  the  theory 
of  higher  congruences.  The  theory  of  primitive  roots  is  treated 
at  length  with  two  distinct  proofs  of  the  existence  of  primitive 
roots  modulo  p,  a  prime.  A  general  theory,  including  that  of 
circulating  decimals,  is  then  developed.  Finally  follows  the 
chief  results  of  Gralois,  Schonemann,  Dedekind,  and  Serret  on 
higher  congruences.  On  pages  373-375  is  given  Grauss's  elegant 
and  simple  method  of  determining  the  number  of  incongruent 
primary  irreducible  functions  (mod  p)  of  degree  n ;  following 
this  is  the  usual  purely  arithmetic  development. 

The  author  has  certainly  succeeded  admirably  in  the  task  he 
has  undertaken.  It  will  appeal  especially  to  the  student  who 
wishes  a  complete  account  of  the  results  and  methods  of  the  ele- 
mentary parte  of  the  theory  of  numbers. 

L.  E.  Dickson. 
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The  Conatnustive  Development  of  Gh*oup  Theory y  with  a  Bibliog- 
raphy.  By  Burton  Scott  Easton.  Philadelphia,  Publi- 
cations of  the  University  of  Pennsylvania.  Mathematics, 
No.  2, 1902.    8vo,  iv  4- 89  pp.    Ginn  &  Co.,  Selling  Agents. 

"The  purpose  of  this  monograph  is  to  present  in  a  consecu- 
tive form  the  principal  features  of  abstract  and  substitution 
group  theory."  It  has  been  the  aim  of  the  author  "to  examine 
in  detail  all  memoirs  dealing  directly  with  such  group  theory 
(excluding,  in  particular,  that  of  linear  groups)  and  to  con- 
struct from  this  material  a  continuous  treatise  on  the  subject." 
These  few  words  from  the  preface  are  suflBcient  evidence  of  the 
importance  and  difficulty  of  the  task  which  the  author  has  set 
for  himself. 

The  monograph  consists  of  two  parts  —  a  bibliography,  cov- 
ering pages  5-38  ;  and  a  compendium,  covering  pages  39-86. 
The  former  is  preceded  by  a  prefatory  note  and  a  list  of  peri- 
odicals with  abbreviations,  while  the  latter  is  followed  by  a 
good  subject  index.  The  bibliography  includes  157  names  and 
gives  under  each  name  the  titles  and  places  of  publication, 
arranged  in  chronological  order.  As  this  is  the  first  publica- 
tion of  its  kind,  it  is  a  very  welcome  addition  to  the  literature 
on  the  subject  and  will  doubtless  prove  valuable  to  all  workers 
in  this  field. 

Although  great  care  seems  to  have  been  exercised  in  compil- 
ing the  bibliography,  yet  it  can  scarcely  be  expected  that  the 
first  edition  of  such  a  comprehensive  collection  would  be  free 
from  errors.  A  few  corrections  are  made  in  the  addenda  which 
closes  the  memoir.  To  these  should  be  added  Tanner's  paper 
"  On  the  enumeration  of  groups  of  totitives,"  Proceedings  of 
the  London  Mathematical  Society,  volume  27;  Hurwitz,  "Alge- 
braische  Gebilde  mit  eindeutigen  Transformationen  in  sich," 
Mathematische  Annalen,  volume  41 ;  Study,  "SpharLsche  Trig- 
onometrie,"  Leipziger  Abhandlungeny  volume  20 ;  the  algebras 
of  Comberousse  and  Pincherle,  and  possibly  one  or  two  of  the 
papers  of  H.  Laurent. 

Many  readers  will  doubtless  regret  that  the  author  did  Hot 
aim  to  include  all  papers  on  linear  groups.  This  subject  is  so 
closely  related  to  that  of  abstract  and  substitution  groups  that 
it  frequently  seems  difficult  to  decide  whether  a  paper  on  one 
of  these  subjects  has  sufficient  bearing  on  the  other  to  be 
classed  with  its  literature.  Such  an  extension  would  however 
have  made  the  task  of  the  author  still  more  difficult,  and  he 
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can  scarcely  be  blamed  for  leaving  this  part  to  some  one  else. 
We  may  note  here  a  slight  typographical  error.  Under  M  24 
the  word  "  where  '*  should  be  replaced  by  whose. 

The  second  part  practically  consists  of  the  statement  of 
theorems  without  proof  and  a  comprehensive  list  of  references 
to  works  where  proofs  may  be  found.  These  references  are 
arranged  in  chronological  order  and  tend  to  make  this  part 
even  more  useful  than  the  first.  By  employing  abbreviations 
very  freely  a  vast  amount  of  information  is  crowded  on  less 
than  fifty  pages.  It  is  to  be  hoped  that  many  of  the  readers 
will  have  the  kindness  to  comply  with  the  author's  request  and 
notify  him  of  any  inaccuracies  which  they  may  observe.  The 
following  have  been  observed  by  the  reviewer : 

In  no.  134  it  should  be  stated  that  ^  is  a  power  of  a  prime. 
Otherwise  the  theorem  is  not  generally  true.  With  this  change 
the  theorem  belongs  under  heading  9,  "  Groups  whose  order  is 
a  power  of  a  prime  number."  As  a  special  case  of  this  theorem 
no.  119  should  read  m  >6  instead  of  "  m  >p  -f  4."  Of  course, 
the  latter  is  true,  but  it  is  not  as  general  as  the  former.  In  no. 
142  the  term  "  subgroup  "  at  the  end  of  the  first  line  should  be 
replaced  by  groups  and  in  no.  146  the  expression  "two  abelian 
subgroups  "  should  be  replaced  by  an  abelian  group.  In  no. 
166  for  n  —  1  read  m  —  1,  and  replace  " primitive  group"  by 
primitive  perfect  group  in  168. 

In  nos.  171-173  it  should  be  stated  that  the  primitive  groups 
in  question  do  not  include  the  alternating  group  and  gi'eater 
than  3  should  be  added  to  the  first  line  of  no.  175.  A  curious 
oversight  is  presented  by  no.  219.  The  holomorph  of  (?  is 
never  the  direct  product  of  G  and  its  i-group.  In  no.  20  the 
exponents  should  evidently  be  m^,m^  •  •  •  in  place  of  ml,  m2,  •  •  • 

According  to  Cantor's  dictum  *  "da  die  Geschichte  unwider- 
ruflich  die  Veroffentlichungszeit  als  allein  massgebend  be- 
trachten  muss,  wo  Erstlingsrechte  zu  vergeben  sind  "  it  would 
appear  that  the  expression  "Due  to  Dd"  under  no.  103  should 
either  be  omitted  or  replaced  by  Dive  to  Jf.f  The  references 
under  no.  105  are  somewhat  misleading  as  the  theorem  was 
first  given  in  this  form  by  M  13,267.  Its  proof  was  directly 
based  upon  older  theorems  and  due  acknowledgment  was  made  in 
the  first  publication.  G.  A.  Miller. 

*  Cantor,  VorlesuDgen  iiber  Gesobiobte  der  Matbematik,  vol.  2  (1900),  p. 
811. 

fFrobenias,  Berliner  Sitzungsberichie  (1896),  p.  1348. 
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Enumeration  des  Groupes  d' Operations  d'Ordre  DonnL  Par 
Raymond  Le  Vavasseur,  it  Toulouse.  Paris,  Hermann. 
4to,  pp.  128,  lithographed.  No  index  or  title-page.  Fr. 
6.00. 

The  appearance  of  a  new  treatise  on  groups  has  ceased  to  be 
an  event  in  the  mathematical  world,  but  M.  Le  Vavasseur's 
work  is  something  a  little  out  of  the  ordinary.  For  by  means 
of  nine  chapters  devoted  respectively  to  groups  of  orders  p,  p^y 
pq,  8,  pq^{p  >  5),  16,  p^q^  8p,  p^  and  pqr  its  purpose  is  to 
introduce  persons  unfamiliar  with  group  theory  directly  to  the 
problems  of  group  construction.  And  hence  everything  in  each 
of  these  chapters  is  directed  towards  answering  the  question, 
"  How  many  groups  are  there  of  the  assigned  order  and  what 
are  their  equations  ?" 

No  knowledge  whatever  of  the  subject  is  assumed.  The 
author  begins  with  the  fundamental  definitions  of  the  theory 
and  develops  the  necessary  preliminary  propositions  in  a  manner 
that  follows  Burnside's  treatment  with  considerable  exactness, 
introducing,  for  instance,  into  the  French  terminology  such 
phrases  as  suite  complete,  operation  conjugu^e  d'elle  m^me. 
The  whole  of  the  second  chapter  is  adapted  from  Burnside — so 
completely  that  the  writer  might  have  expressed  an  acknowl- 
edgment of  his  source  more  fully  than  in  the  single  reference 
on  page  16.  These  chapters  and  those  immediately  following 
are  devoted  to  the  simpler  cases  of  group  construction,  too 
familiar  ground  to  admit  of  much  originality  in  treatment, 
but  the  discussion  given  is  lucid  and  tolerably  concise.  It  is 
certainly  less  prolix  than  Holder^s  standard  paper  in  volume 
43  of  the  Mathematische  Annalen,  But  this  virtue  of  brevity 
cannot  be  claimed  for  the  analysis  of  groups  of  order  8p,  as 
this  chapter  fills  sixty-four  pages  and  embodies  a  treatise  on 
the  group  of  automorphisms  of  abelian  groups  of  order  p^ 
and  type  (1,  1,  1),  with  the  representation  of  such  groups  in 
linear  form  and  an  excursus  on  bilinear  substitutions.  While 
the  developments  are  interesting  and  while  the  results  are  per- 
fectly correct  (albeit  the  conclusions  for  order  56  are  not  very 
clear),  yet  the  results  could  be  attained  in  a  very  small  frac- 
tion of  the  space  used — cf.,  e,  g.,  Professor  Miller's  paper  in 
volume  43  of  the  Philosophical  Magazine, 

All  orders  less  than  30  are  discussed  with  complete  thorough- 
ness, and  the  groups  for  each  case  are  determined  and  their 
equations  given.     A  comparison  with  Holder's  results  seems  to 
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show  a  simpler  form  of  the  defining  relations,  but  inasmuch 
as  the  simplification  is  gained  by  using  generators  of  a  higher 
order  its  advantage  is  more  or  less  a  matter  of  taste.  The 
arrangement  of  the  tables  is  good,  but  the  number  of  groups 
for  a  particular  order  is  not  always  quite  obvious. 

The  chief  defect  of  the  book,  however,  is  its  plan.  It  is 
evidently  intended  for  beginners,  but  to  set  beginners  immedi- 
ately at  work  on  group  types  is  a  procedure  of  very  dubious 
wisdom.  The  methods  involved  are  necessarily  mechanical  and 
monotonous — monotonous  in  that  they  demand  the  solution  of 
a  large  number  of  congruences  that  differ  but  slightly,  and  me- 
chanical in  that  the  solution  of  such  congruences  adds  little  to 
the  mathematical  knowledge  of  the  student.  Moreover,  the 
particular  methods  employed  do  not  seem  well  adapted  for  ex- 
tension to  groups  of  a  higher  order — if  the  chapter  on  order  Sp 
were  a  fair  criterion,  more  complex  groups  would  necessitate 
a  prohibitive  amount  of  labor.  The  last  chapter  however  —  on 
orders  free  from  a  quadratic  factor — adopts  Frobenius's  method 
of  a  congruence  with  a  double  modulus,  but  terminates  so  abruptly 
that  the  author  evidently  intends  to  complete  it  later. 

The  book  is  unusually  easy  to  read.  Every  needed  theorem 
from  other  branches  of  mathematics  is  always  fully  stated  and 
generally  proved.  And  to  those  who  are  studying  relations 
between  abstract  and  linear  groups  the  book  maybe  recommended 
without  hesitation.  B.  S.  Easton. 

Elemente  der  Theorie  der  DeterminarUen  init  vielen  Vebungsauf" 
gaben.  Von  Dr.  P.  Mansion.  Dritte  vermehrte  Auflage. 
Leipzig,  Teubner,  1899.     103  pp. 

This  book,  which  has  passed  through  six  French  editions, 
is  an  excellent  introduction  to  the  more  extended  treatises  of 
Baltzer,  Pascal,  and  Gordan.  Its  scope  is  distinctly  elemen- 
tary. The  more  complicated  developments  of  determinants, 
as  Laplace's,  are  passed  over  with  a  statement  of  fact  without 
proof  while  functional  determinants,  and  the  general  develop- 
ment with  respect  to  a  row  and  column  simultaneously  are  not 
mentioned. 

The  book  opens  with  an  introduction  of  twenty-two  pages  on 
determinants  of  the  second  and  third  orders,  which  are  illus- 
trated with  a  large  number  of  problems.  The  usual  discussion 
of  the  elementary  properties  of  the  general  determinant  follows. 
The  points  of  greatest  pedagogical  interest  are,  first,  the  admir- 
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ably  clear  and  thorough  account  of  the  special  cases  that  occur 
in  the  solution  of  linear  systems  and  their  dependence,  second, 
the  treatment  of  Sylvester's  dialytic  method  of  elimination  in 
which  not  only  the  necessity  but  the  sufficiency  of  the  condition 
that  two  equations  have  X  common  roots  is  derived  —  a  point 
in  which  most  elementary  texts  are  painftdly  deficient.  A 
brief  and  hence  necessarily  unsatisfactory  note  appears  in  the 
appendix  on  the  development  of  the  properties  of  determinants 
by  means  of  alternate  numbers,  a  method  which  is  extremely 
rapid,  and  with  somewhat  mature  students  quite  teachable. 

No  geometrical  applications  are  given,  except  in  isolated  ex- 
amples. Problems  are  abundant,  well  graded  and  not  trivial. 
Not  only  is  the  book  sufficiently  elementary  to  warrant  its  wide 
use  as  a  text-book,  but  its  many  pedagogical  excellencies  make 
it  very  valuable  to  a  teacher  of  the  subject. 

H.  E.  Hawkes. 

Liniengeometrie  mit  Anwendungen.  Band  I.  By  Dr.  Konrad 
ZiNDLER,  Professor  an  der  Universitat  Innsbruck.  Samm- 
lung  Schubert,  XXXIV.  Leipzig,  G.  J.  Goschen,  1902. 
8vo.,  viii  +  380  pp.,  87  figures. 

In  this  systematic  exposition  of  line  geometry,  both  synthetic 
and  analytic  methods  are  employed.  It  is  the  first  book  of 
this  character  since  the  appearance  of  Plucker^s  original 
treatise.*  In  fact,  Sturm's  Liniengeometrie  in  three  volumes 
(1892,  1893,  1896)  is  purely  synthetic;  while  other  books, 
such  as  Koenigs's  Gfemtoie  r^l^,  treat  only  special  parts  of 
the  subject. 

Line  geometry  treats  of  manifoldnesses  of  straight  Hues  in 
space.  The  names  ruled  surface,  congruence,  complex  are 
applied  to  a  one-fold,  two-fold,  three-fold  system,  respectively. 

The  present  (first)  volume  treats  chiefly  of  linear  complexes 
and  congruences  and  their  applications;  the  second  volume 
will  be  concerned  chiefly  with  algebraic  line  configurations  of 
higher  than  the  first  degree.  The  book  is  intended  as  a  text- 
book; eighty-two  exercises  are  scattered  through  the  book, 
hints  for  the  solution  of  certain  of  which  are  given  in  the 
appendix,  with  references  for  the  others. 

Chapter  I  treats  of  the  Nullsystem  and  the  Strahlengewinde. 
Let  all  the  points  of  space  be  subjected  to  a  given  screw  motion 

*  Neae  Geometrie  des  Ranmes,  ^g^iindet  aaf  die  BetracbtuDg  der  geraden 
Linie  als  Ranm element,  I,  1868  ;  II,  1869. 
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and  let  each  point  be  made  to  correspond  to  that  plane  through 
it  which  is  normal  to  the  path  of  the  motion.  Inversely,  to 
every  plane  corresponds  a  point.  This  one-to-one  geometric 
correspondence  is  called  a  Nullsystem.  If  a  point  describes  a 
straight  line,  the  corresponding  plane  turns  about  another  line, 
and  inversely.  Moreover,  the  correspondence  preserves  inci- 
dences. Hence  a  Nullsystem  is  a  correlation  in  the  sense  of 
projective  geometry.  The  totality  of  normals,  at  all  points  of 
space,  to  the  path  of  a  screw  motion  forms  a  Strahlengewinde ; 
it  is  composed  of  oo'*  straight  lines  ;  every  point  of  space  and 
every  plane  of  space  is  the  bearer  of  a  flat-pencil  of  these  lines. 
A  simple  visualization  of  the  lines  of  a  Strahlengewinde  may 
be  obtained  by  taking  certain  oo*  tangents  to  each  of  oo^ 
coaxial  right  circular  cylinders. 

Chapter  II  treats  at  length  (pages  31-71)  of  applications 
to  the  theory  of  motion,  mechanics  and  graphic  statics. 
Chapter  III  treats  in  fifty-five  pages  the  subject  of  line 
coordinates  and  the  coordinates  of  a  s^ment  (Stab)  defined  by 
the  length  and  the  position  of  the  line  on  which  the  sect  lies. 
By  way  of  introduction,  the  chief  properties  of  homogeneous 
point  and  plane  coordinates  are  given  without  proof. 

Chapter  IV  treats  of  linear  configurations  of  lines  with 
applications  to  mechanics.  A  linear  homogeneous  equation 
between  the  six  segment  coordinates  defines  a  linear  complex. 
It  is  shown  to  be  identical  either  with  a  Strahlengewinde  or 
else  with  the  totality  of  lines  intersecting  a  given  one.  Hence 
the  linear  complex  can  be  represented  by  a  linear  homogeneous 
equation  in  line  coordinates.  Its  coefficients  define  a  correla- 
tion in  space  for  which  every  point  lies  in  its  corresponding 
plane ;  inversely,  every  such  correlation  may  be  defined  by  a 
Strahlengewinde.  The  section  of  two  linear  complexes  is  a 
congruence  of  the  first  order  and  first  class,  called  (after  Sturm) 
a  net  of  lines.  The  properties  of  nets,  including  a  complete 
classification,  are  given  on  pages  160-197. 

Chapter  V  (pages  203-278)  treats  of  imaginary  elements,  and 
their  geometric  interpretation,  including  a  historical  and  logical 
discussion.  The  final  chapter,  VI,  relates  to  roanifoldnesses 
of  linear  complexes  and  applications  to  mechanics  and  the 
theory  of  motion.  Among  the  topics  treated  may  be  mentioned 
the  cylindroid  (a  ruled  surface  of  the  third  order),  general  com- 
plex coordinates,  and  Klein  line  coordinates. 

L.  E.  Dickson. 
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NOTES. 

The  July  number  (volume  4,  number  3)  of  the  Tt'amadions 
of  the  American  Mathematical.  Society  contains  the  fol- 
lowing papers :  "  On  the  point-line  as  element  of  space :  a 
study  of  the  corresponding  bilinear  oonnex/'  by  E.  Kasneb  ; 
"  On  the  formation  of  the  derivatives  of  the  lunar  coordinates 
with  respect  to  the  elements,"  by  E.  W.  Brown  ;  "  On  redu- 
cible groups,"  by  S.  Epsteen  ;  "  Theory  of  linear  associative 
algebra,"  by  J.  B.  Shaw  ;  "  Projective  coordinates,"  by  F. 
MoRLEY  ;  •'  On  an  extension  of  the  1894  memoir  of  Stieltjes," 
by  E.  B.  Van  Vleck  ;  '*0n  the  variation  of  the  arbitrary 
and  given  constants  in  dynamical  equations,"  by  E.  W, 
Brown  ;  ''  The  primitive  groups  of  class  2p  which  contain  a 
substitution  of  order  p  and  degree  2/>,"  by  W.  A.  Manning  ; 
"  Complete  sets  of  postulates  for  the  theory  of  real  quantities," 
by  E.  V.  Huntington. 

The  July  number  (volume  25,  number  3)  of  the  American 
Jounial  of  Mathematics  contains :  "  Isothermal-conjugate  sys- 
tems of  lines  on  surfaces,"  by  L.  P.  Eisenhart  ;  "  &)me  dif- 
ferential equations  connected  with  hypersurfaces,"  by  G.  O. 
James  ;  "  On  the  forms  of  sextic  scrolls  of  genus  greater  than 
one,"  by  Virgil  Snyder  ;  "  Geometry  on  the  cuspidal  cubic 
cone,"  by  F.  C.  Ferry. 

The  concluding  (July)  number  of  volume  4  of  the  Annals 
of  Mathematics  contains  :  "  On  the  characteristics  of  differential 
equations.  Part  II,"  by  E.  R.  Hedrick  ;  "  On  the  uniformity 
of  the  convergence  of  certain  absolutely  convergent  series,"  by 
M.  Bocher;  "The  integral  as  the  limit  of  a  sum,  and  a 
theorem  of  Duhamel,"  by  \V.  F.  Osgood  ;  "  On  a  general  rela- 
tion of  continued  fractions,"  by  R.  E.  Moritz  ;  "  Note  on  the 
equilateral  hyperbola,"  by  J.  A.  Van  Groos  ;  "  A  new  proof 
of  the  generalized  Wilson's  theorem,"  by  G.  A.  Miller  ;  "  A 
sufficient  condition  for  the  maximum  number  of  imaginary 
roots  of  an  equation  of  the  nth  degree,"  by  E.  B.  Van  Vleck. 

At  the  Fourth  Colloquium,  to  be  held  in  connection  with  the 
coming  summer  meeting  of  the  American  Mathematical 
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Society  (cf.  previous  annouDcement,  Bulletin,  current  vol- 
ume, page  384)  Professor  H.  S.  White  will  give  a  course  of 
three  lectures  on  "  Linear  systems  of  curves  on  algebraic  sur- 
faces." The  Colloquium  will  open  on  Wednesday  morning, 
September  2,  and  close  on  the  following  Saturday  morning. 
The  twelve  lectures  given  in  the  three  courses  will  be  dis- 
tributed as  follows:  two  on  each  morning,  Wednesday  to 
Saturday  inclusive,  and  two  on  each  of  two  afternoons.  The 
usual  charge  of  three  dollars  will  be  made  to  those  attending 
any  or  all  the  courses. 

At  the  meeting  of  the  London  mathematical  society  held  on 
April  16,  1903,  the  following  papers  were  read:  By  Mr,  C. 
8.  Jackson  :  "  Exhibition  of  the  logo-logarithmic  slide  rule  " ; 
by  Mr.  K.  F.  Gwyther  :  "  On  the  deduction  of  Schlomilch's 
aeries  from  a  Fourier  series,  and  its  development  into  a  definite 
integral " ;  by  Mr.  E.  T.  Whittaker  :  "  On  those  functions 
which  are  defined  by  definite  integrals  with  not  more  than  two 
singularities  '* ;  by  Professor  A.  E.  H.  Love  :  "  Note  on  exact 
solutions  of  the  problem  of  the  bending  of  an  elastic  plate  under 
pressure" ;  by  Professor  A.  Lodge  :  "  Relations  between  points 
(in  a  plane)  having  conjugate  complex  coordinates." 

At  the  meeting  held  on  May  14,  the  following  papers  were 
read  :  By  Dr.  H.  F.  Baker  :  (1)  On  the  definiteness  of  quad- 
ratic forms  with  imaginary  coefficients ;  (2)  On  a  certain  form 
of  logical  argument  which  occurs  in  the  proofs  of  several  funda- 
mental theorems  of  pure  mathematics ;  (3)  On  the  summation 
of  Neumann's  series  representing  a  potential  defined  by  boun- 
dary values ;  (4)  On  the  formation  of  the  variant  equation  in 
the  theory  of  differential  equations  ;  (5)  On  some  points  in  the 
theory  of  continuous  groups;  by  Lieut-Col.  A.  Cunning- 
ham :  Announcement  of  the  discovery  made  jointly  by  Rev. 
J.  CuUen,  Mr,  A.  E.  Western,  and  the  author,  of  seven  new 
factors  of  Fermat's  numbers  (2**  4-  1) ;  by  Mrs.  Young  :  The 
surface  representing  all  right-angled  spherical  triangles;  by 
Mr.  W.  H.  BussEY :  Generational  relations  defining  an  abstract 
simple  group  of  order  32,736 ;  by  Mr.  W.  H.  Young  :  (1) 
Skew  surfaces  .contained  in  a  linear  congruence ;  (2)  Closed 
sets  of  points  and  Cantor's  numbers. 

The  National  academy  of  sciences  held  its  annual  meeting  at 
Washington,  D.  C,  April  21-23.  No  mathematical  papers 
were  presented  at  this  meeting.    Officers  for  the  ensuing  year  are 
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as  follows :  president^  Alexander  Agassiz  ;  vice-president, 
Ira  Remsen  ;  foreign  secretary,  Simon  Newcomb  ;  home  sec- 
retary, Arnold  Hague  ;  treasurer,  S.  F.  Emmons.  Professor 
Newcomb  was  also  appointed  del^ate  to  represent  thej Academy 
at  the  meeting  of  the  international  association  of  academies  held 
at  London  in  June.  Professor  E.  Pigard,  of  the  University 
of  Paris,  was  elected  foreign  associate  of  the  Academy. 

At  its  second  general  meeting,  held  at  the  Armour  Institute 
of  Technology,  Chicago,  April  10-11,  the  Central  association 
of  physics  teachers  was  reorganized  as  the  Central  association  of 
science  and  mathematics  teachers.  The  mathematical  section 
held  two  sessions,  devoted  to  the  discussion  of  improved 
methods  of  teaching  elementary  mathematics.  One  of  the 
sessions  was  held  jointly  with  the  Chicago  Section  of  the 
American  Mathematical  Society,  as  noted  in  the  Secre- 
tary's report,  page  533  of  the  present  number  of  the  Bulletin. 

The  German  mathematical  society  is  making  active  prepara- 
tions for  the  third  international  congress  of  mathematicians  to  be 
held  at  Heidelberg,  August  8-13,  1904,  under  the  presidency 
of  Professor  H.  Weber.  The  congress  will  divide  into  six 
sections  devoted  respectively  to  arithmetic  and  algebra,  analy- 
sis, geometry,  applied  mathematics,  history  of  mathematics,  and 
teaching  of  mathematics.  Exhibitions  of  models  and  of  mathe- 
matical literature  have  been  added  to  the  programme.  The 
government  of  Baden  has  appropriated  3,000  marks  toward  the 
financial  support  of  the  congress.  Cards  entitling  the  holder 
to  general  participation  in  the  various  events  of  the  congress 
will  be  issued  on  payment  of  20  marks.  Each  holder  is  then 
entitled  to  obtain  additional  cards  for  members  of  his  family 
for  10  marks  each.  A  daily  bulletin  will  be  issued  during 
the  meeting,  giving  besides  the  day's  programme  a  list  of  those 
in  attendance  and  their  lodgings. 

The  universities  below  oflfer  during  the  academic  year  1903- 
1904  advanced  courses  in  mathematics  as  follows  : 

Columbia  University.  —  By  Professor  T.  S.  Fiske  :  Ad- 
vanced calculus,  three  hours  ;  Theory  of  functions  of  a  complex 
variable,  three  hours.  —  By  Professor  F.  N.  Cole  :  Theory  of 
groups,  three  hours ;  Theory  of  invariants,  three  hours.  —  By 
Professor  R.  S.  Woodward  :  Advanced  theoretical  mechanics, 
two  hours  ;  Theory  of  the  potential  function,  two  hours ;  Mathe- 
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matical  theory  of  elasticity,  two  hours.  —  By  Professor  D.  E. 
Smith  :  History  of  mathematics,  two  hoars.  —  By  Professor  J. 
Maclay  :  Application  of  the  calculus  to  surfaces  and  curves 
in  space,  three  hours.  —  By  Professor  C.  J.  Keyser  :  Modern 
theories  in  geometry,  three  hours.  —  By  Dr.  G.  H.  Likg: 
Infinite  series  and  products,  two  hours.  —  By  Dr.  E.  Kasner  : 
Transformations  and  continuous  groups^  two  hours. 

Johns  Hopkins  University. —  By  Professor  F.  Morley  : 
Higher  geometry,  three  hours;  Vector  analysis,  two  hours, 
first  half  year  ;  Kinematics,  two  hours,  second  half-year.  —  By 
Dr.  A.  CJoHEN  :  Partial  differential  equations,  two  hours  ;  Dif- 
ferential geometry,  two  hours,  first  half-year;  Theory  of 
numbers,  two  hours,  second  half-year ;  Elementary  theory  of 
functions,  two  hours. 

The  memorial  of  the  late  Professor  Sir  G.  G.  Stokes, 
planned  by  the  Royal  Society  and  Cambridge  University,  is  to 
take  the  form  of  a  medallion  portrait  to  be  placed  in  West- 
minster Abbey. 

The  Adams  prize  for  1903  (see  Bulletin,  volume  7,  page 
321)  was  not  awarded. 

Professor  M.  Noether,  of  the  University  of  Erlangen,  has 
been  elected  corresponding  member  of  the  Paris  academy  of 
sciences. 

Professor  G.  Mittag-Leffler  has  been  elected  honorary 
member  of  the  Finnish  scientific  society  of  Helsingfors. 

The  Redpath  professorship  of  mathematics  at  McGill  Uni- 
versity has  been  filled  by  the  appointment  of  Professor  James 
Harkness,  of  Bryn  Mawr  College.  Dr.  H.  M,  Tory,  of 
McGlll  University,  has  been  promoted  to  an  associate  pro- 
fessorship of  mathematics. 

Professor  Florian  Cajori,  of  the  department  of  math- 
ematics at  Colorado  College,  has  been  elected  dean  of  the  school 
of  engineering  of  that  institution.  He  has  also  been  appointed 
one  of  the  American  representatives  of  the  international  com- 
mission on  the  organization  of  a  congress  of  the  history  of 
sciences,  referred  to  on  page  509  of  the  current  volume  of  the 
Bulletin. 

At  Purdue  University  Professor  A.  M.  Kenyon  has  been 
promoted  to  a  full  professorship  of  mathematics.  Mr.  W.  H. 
Bates  has  been  appointed  instructor  in  mathematics. 
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At  the  University  of  Nebraska,  Dr.  C.  C.  Engberg  has 
been  promoted  to  an  adjunct  professorship  of  mathematics. 

At  Cornell  University  Dr.  J.  I.  Hutchinson  and  Dr. 
Virgil  Snyder  have  been  promoted  to  assistant  professor- 
ships of  mathematics. 

Mr.  C.  H.  Ashton  has  been  appointed  to  an  assistant  pro- 
fessorship of  mathematics  in  the  University  of  Kansas. 

Mr.  L.  D.  Ames  has  been  appointed  to  an  instructorship  in 
mathematics  in  the  University  of  Missouri. 

Mr.  Clifford  Gray  and  Mr.  E.  A.  Hook  have  been  ap- 
pointed instructors  in  mathematics  at  Columbia  University. 

Dr.  Carl  Stromquist  has  been  appointed  to  an  instructor- 
ship  in  mathematics  in  the  Greene  School  of  Science  of  Prince- 
ton University. 

Mr.  a.  H.  Wilson,  of  Princeton  University,  has  received 
leave  of  absence  and  will  spend  the  coming  year  at  the  Uni- 
versity of  Greifswald. 

The  death  of  Professor  C.  A.  Bjerknes,  of  the  Univer- 
sity of  Christiania,  is  announced. 

Professor  L.  Gegenbauer,  of  the  University  of  Vienna, 
died  on  June  3,  at  the  age  of  fifty-four. 

The  following  catalogues  of  second-hand  mathematical  works 
have  recently  appeared  :  Burgersdijk  and  Niermans,  Leyden,  a 
few  entries;  Adolf  Geering,  Baumleingasse  10,  Basel,  cata- 
logue no.  175,  a  few  entries ;  Ferdinand  Schoningh,  Lortzingstr. 
2,  Osnabruck,  catalogue  no.  43, 176  entries  ;  W.  Junk,  Berlin, 
N.  W.,  5,  a  catalogue  of  42  pages,  representing  a  library  of 
mathematical,  physical,  and  astronomical  works  to  be  sold  en 
Hoc  for  10,000  marks ;  Osk^r  Schack,  Konigsstrasse  15,  Leip- 
sic,  catalogue  no.  98,  401  entries  in  mathematics  and  physics ; 
Paul  Geuthner,  10  rue  de  Buci,  Paris,  catalogue  no.  6,  241 
entries,  writers  before  1800,  also  91  portraits  ;  Oskar  Gerschel, 
16  Calwerstr.,  Stuttgart,  catalogue  no.  27,  480  entries. 
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NEW    PUBLICATIONS. 

I.     HIGHER   MATHEMATICS. 

Adam  (C).     See  Descartes. 

BiANCHi  (L.).  Lezioni  sulla  teoria  dei  gpruppi  continui  di  trasforma- 
zioni.     Pisa,  1903.     8vo.     708  pp.   (Lith.).  Fr.  16.00 

BoucHEB  (M.).  Essai  sur  Thyperespace,  le  temps,  la  matiftre  et 
r^nergie.     Paris,  Alcan,  1903.      16mo.     208  pp.  Fr.  2.50 

BuRKLEN  (O.  T.).  Fornielsammlung  und  Repetitorium  der  Mathematik, 
enthaltend  die  wichtigsten  Formeln  und  Lehrs&tze  der  Arithmetik, 
Algebra,  algebraischen  Analysis,  ebenen  Geometrie,  Stereometrie, 
ebenen  und  sph&rischen  Trigonometrie,  mathematiachen  Geographie, 
analytischen  Geometrie  der  Ebene  und  des  Raumes,  der  Differential- 
und  Integralrechnung.  2te  Auflage,  4ter  Abdruck.  Leipzig, 
G5schen,  1903.  12mo.  229  pp.  Cloth.  (Sammlung  G^chen» 
No.  51.)  M.  0.80 

Crefcoevb  (A.  J.  M.).  Cours  d'analyse.  Calcul  diff^rentiel  et  calcu] 
integral.    M^thode  simple.    Anvers,  1902.    8vo.    336  pp.        Fr.  5.50 

Delaporie  (L.  J.).  Essai  philoaophique  sur  les  g^m4tries  non- 
euclidiennes.      (Th&se.)      Paris,  Naud,  1903.      Svo.      119  pp. 

Descartes.  Oeuvres  de  Descartes.  Publides  par  Charles  Adam  et 
Paul  Tannery,  sous  les  auspices  du  miniature  de  Tinstruction 
publique.  Vol.  5:  Correspondance,  mai  1647-f4vrier  1650.  669 
pp.  Vol.  6:  Diacours  de  la  m^thode  et  Essais.  12  4-730  pp. 
Paris,  Cerf,  1902-1903.     4to. 

Du  Bois  ( H.  E.  J.  G. ) .  Het  verband  tuschen  wiskundige,  proef onder- 
vindelijke  en  toegepaste  natuurkunde.  Utrecht,  1902.  8vo.  44 
pp.  M.  1.20 

Forsyth  (A.  R.).  Treatise  on  differential  equations.  3d  edition. 
London,  Macmillan,  1903.      8vo.      528  pp.      Cloth.  14s. 

Frizzo  (G.).  De  numeris  libri  duo  authore  loanne  Noviomago,  esposti 
ed  illustrati.  Appendice.  Verona  e  Padova,  Drucker,  1903.  8vo. 
25  pp. 

HoLST  (E.).  Om  h(5iere  arithmetiske  raekker  samt  nogle  af  de 
almindeligst  forekomraende  konvergerende  raekker,  med  inledende 
saetninger  om  den  hele  funktion.  4te  oplag.  Christiania,  1902. 
8vo.     55  pp.     Boards.  M.  1.50 

KoENiGSBERQER  (L.).  Hermann  von  Helmholtz.  Vol.  II.  Braun- 
schweig, Vieweg,  1903.      8vo.      16  +  383  pp.,  2  portraits.      Cloth. 

M.  lO.OO 

.      Vol.   III.     Braunschweig,  Vieweg,   1903.      8vo.      10  +  142  pp., 

4  portraits,  1  facsimile.     Cloth.  M.  9.0O 

Krazer  (A.).  Lehrbuch  der  Thetafunktionen.  Leipzig,  Teubner,  1903. 
Svo.  24  +  512  pp.  Cloth.  (B.  G.  Teubner*s  Sammlung  von 
Lehrbilchem  auf  dem  Gebiete  der  mathematischen  Wiasenschaften, 
mit  Einschluss  ihrer  Anwendungen,  Vol.  12.)  M.  24.00 
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MoLLERUP  (J.).  Studier  over  den  plane  geometrie  aksiomer.  Kjoben- 
havn,  1903.      8vo.      94  pp.  K.  3.60 

Mizio  (E.).  Trasformazione  plana  doppia  del  terzo  ordine.  Livorno, 
Giusti,  1903.      8vo.      24  pp.  ^ 

OxDRACEK  (J.).  Analytische  Geometrie  ebener  Kurven  in*  BUschel* 
Kooidinaten.  Heft  I:  Ebene  Kurven  in  Xormalen-Koordinaten 
erster  Art.      Wicn,  Gerold,  1903.      8vo.      6  +  32  pp.  M.  1.20 

Peche  (M.).  Welche  Minimalflachen  sind  Trfiger  einer  Schaar  reeller 
Hyperbein?      (Progr.)      Breslau,  1903.     8vo.      16  pp. 

Ricci  (G.).  Origini  e  sviluppo  del  modemi  concetti  fondamentali 
sulla  geometria.  (Annuario  della  r.  Univeraitil  degli  studl  di 
Padova  per  Tanno  1901-1902.      Padova,  1902.     4to.     8  +  360  pp.) 

JEIouch£  (£.)  et  L£vY  (L.).  Analyse  infinit^simale  &  Fusage  des 
ing^nieurs.  Vol.  II:  Calcul  integral  (int^gprales  ind€finies  et 
d^finies;  series  de  Fourier;  fonctions  elliptiques;  ^nations  dif- 
f^rentielles  ordinaires  et  aux  d^riv^es  partielles;  calcul  des  varia- 
tions).     Paris,  Gauthier-Villars,   1902.      8vo.      114-848   pp. 

Fr.  15.00 

Russell  (  B.  ) .  The  principles  of  mathematics.  Cambridge,  University 
Press,  1903.     8vo.     29  +  634  pp.     Coth.  12s.  6d. 

ScHEFFERS  (G.).  Bemerkungen  zu  einem  Satze  von  Sophus  Lie  tiber 
algebraische  Funktionen.  8vo.  {Beriohte  der  mathetnatiaoh' 
physischen  Klaaae  der  K.  Sdchaiachen  Oeaellaohaft  der  Wiaaen- 
achaften,  1903,  pp.  88-96.) 

Simon  (M.).  Analytische  Geometrie  der  Eben^.  2te,  verbesserte 
Auflage;  2ter  Abdruck.  Leipzig,  GOschen,  1903.  12mo.  207  pp. 
Cloth.       (Sammlung  Gttschen,  No.  66.)  M.  0.80 

Stiner  (G.).  Ueber  Durchschnittskurven  von  Flftchen  zweiten  Grades; 
einige  typische  Formen  der  Kurven  mit  unpaaren  Aesten.  Win- 
terthur,  1902.     4to.      16  pp.,  6  plates.  M.  1.80 

Tanniry  (P.).     See  Descartes. 

TiKHOMANDRiTSKY  (M.).  Differential  and  integral  calculus,  with  ex- 
ercises.    Vol.  II,  part  1.     St.  Petersburg,  1903.     8vo.      (Russian.) 

M.  7.60 

Versluys  (J.).  Beknopte  geschiedenis  der  wiskunde.  Amsterdam, 
1902.     8vo.     208  pp.  M.  6.00 

VVoLFFiNO  (E.).  Mathematischer  BUcherschatz.  Systematisches 
Verzeichnis  der  wichtigsten  deutschen  und  auslftndischen  LehrbUcher 
und  Monographien  des  19.  Jahrhunderts  auf  dem  Gebiete  der 
mathematischen  Wissenschaften.  In  zwei  Teilen.  Teil  I:  Reine 
Mathematik.  Mit  einer  Einleitung:  Kritische  Uebersicht  Uber 
die  bibliographischen  Hilfsmittel  der  Mathen;iatik.  Leipzig,  Teub- 
ner,  1903.  8vo.  36  +  416  pp.  ( Abhandlungen  zur  Geschichte 
der  mathematischen  Wissenschaften  mit  Einschluss  ihrer  Anwen- 
dungen,  begrttndet  von  M.  Cantor,  Heft  16  I.)  M.  14.00 

Zeemanx  (P.).  Zuivere  en  toegepaste  wiskunde.  Delft,  1902.  8vo. 
32  pp.  M.  1.00 
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II.     ELEMENTARY   MATHEMATICS. 

BoTTCHER  (R.)  iind  Sendleb  (R.).  Raumlehre  fUr  Lehrerseminare. 
Nach  dem  Lehrplan  vom  I.  VII.  1901  bearbeitet.  Teil  I: 
P]animetrie.     Breslau,  Handel,  1903.     8yo.     4  +  98  pp.      M.  1.00 

BouvABT  .(C.)  et  Ratinet  (A.).  Nouvellea  tables  de  logarithmes  ft 
cinq  d^imales  (division  cent^simale^  conforme  k  Tarrdt^  minis- 
t^riel  du  3  aoQt  1901),^il  Tusage  des  candidats  aux  teoles  poly- 
technique  et  de  Saint-Cy^r.  2e  ^tion,  revue  et  corrig^.  Paris, 
Hachette,  1903.      8vo.      128  pp.  Fr.  2.00 

Bbuhns  (C).  Neues  logarithmisch-trigonometrisches  Handbuch  auf 
sieben  Decimalen.  6te  Stereotypy Ausgabe.  Leipzig,  Tauchnitz, 
1903.  8vo.  24  +  610  pp.  (Also  English,  French,  and  Italian 
editions.)  M.  4.20 

Buttel    (P.).       Raumlehre    fftr    Mittelschulen.       Bearbeitet    von    A. 
Miller  und  H.  Jarchov.    Kiel,  Lipsius  &  Fischer,  1903.    8vo.     9  +* 
208  pp.     Cloth.  M.  1.80 

CoYM  (G.).  Geometrie  der  Ebene.  Teil  I,  erster  Jahreskuraus : 
Anschauungskursus  der  Geometrie  und  Elementarkursus  der 
Konstruktionslehre.      Leipzig,  Schneider,  1903.      8vo.      67  pp. 

M.  0.80 

DiEKMAXN  (J.).     See  Koppe. 

Gauss  (F.  G.)-  Fiinfstellige  volIstAndige  logarithmische  und  trigo- 
nometrische  Tafeln.  75te  Auflage.  Halle,  1903.  8vo.  166  +  35 
pp.      Half-morocco.  M.  2.50 

.    Kleine  Ausgabe.     Halle,  1903.     8vo.     4  +  97  pp.  Cloth.      M.  1.60 

Genau  (A.).  Geometrie  fflr  Lehrerbildimgsanstalten.  lite  Auflage, 
nach  den  LehrplUnen  vom  1.  VII.  1901  bearbeitet  von  A.  Genau 
und  J.  Grftnder.     BUren,  Hagen,  1903.      8vo.     3  +  265  pp.     Cloth. 

M.  3.75 

GrI^nder  (J.).     See  Genau  (A.). 

Hall  (H.  S.)  and  Ste\'ens  (F.  H.).  A  school  geometry.  Part  I: 
Lines  and  angles;  rectilineal  figures.  Part  II:  Areas  of  rectilineal 
figures.  (Containing  the  substance  of  Euclid,  book  I.)  London 
and  New  York,  Macmillan,   1903.      12mo.      10  +  140  pp.      Cloth. 

$0.40 

Harrison  (J.).  Practical  plane  and  solid  geometry  for  elementary 
students.  Adapted  to  requirements  of  South  Kensington  Syllabus. 
London,  Macmillan,  1903.      8vo.      264  pp.      Cloth.  2s.  6d. 

Harst  (A.  D.  VAN  DER).  Over  het  invoeren  van  wortels  door  ver- 
menigvuldiging  bij  goniometrische  vergelijkingen.  's  Gravenhage, 
1902.      Svo.      28  pp.  M.  0.50 

Jarchov  (  H.  ) .     See  Buttel  ( P. ) . 

Knops  (K.).     See  Koppe. 

Koppe  und  Diekmann's  Geometrie  zum  Gebrauch  an  hCheren  Unter- 
richtsanstalten.  Teil  III.  2te  Auflage.  Ausgabe  ftlr  Real- 
lehranstalten.  Grundlagen  der  darstellenden  Geometrie;  die 
wichtigsten  SUtze  fiber  Kegelschnitte  in  elementar-synthetischer 
Behandlung.  Von  K.  Knops.  Analytische  Geometrie  der  Ebene. 
Von  J.  Diekmann.  Essen,  Baedeker,  1903.  Svo.  6  +  240  pp. 
Cloth.  M.  3.20 
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KoPPESCHAAB  (W.  F.).  Theorie  der  logarithmen^  elementair  behandeld. 
Culemborg,  1902.      8vo.      28  pp.  M.  0.50 

.  Theorie-  der  machten  en  wortels,  elementair  behandeld.  Culem- 
borg, 1002.      8vo.      60  pp.  M.  1.00 

Kbeuschmer.     See  Laceema:«n  (C). 

Lackemanx  (C).  Die  Elemente  der  Geometrie.  Ein  Lehr-  und 
Uebungsbuch  filr  den  geometrischen  Unterricht  an  O-klassischen 
hSheren  Lehranstalten.  Teil  2:  Trigonometrie  und  Stereometrie. 
4te,  verbesserte  und  vermehrte  Auflage,  nebst  einem  Anhang  tlber 
die  ersten  Anf&nge  des  Feldmessens.  Unter  Berlicksichtigung  der 
preuBsischen  LehrplMne  vom  Jahre  1901  bearbeitet  von  Kreuschmer. 
Breslau,  Hirt,  1903.      8vo.     68+24  pp.     Boards.  M.  1.00 

M'AuLAY  (A.).  Five  figure  logarithmic  and  other  tables.  London, 
Macmillan,  1903.     18mo.     Cloth.  28.  6d. 

Mater  (J.  E.).  Das  mathematische  Pensum  des  Primaners;  ein 
Hilfsbuch  ftir  den  Primaner  human! stischer  und  realistischer  Gym- 
nasien.  Heft  3  und  4:  Stereometrie,  Schluss;  stereometriscbe 
Aufgaben  mit  vollstHndigen  Aufl^Ssungen.  Freiburg  i.  B.,  Lorenz, 
1903.      Svo.  M.  2.00 

MOLLEB    (A.).      See  BUTTEL   (P.). 

MtJLLER  (C.  H.)  und  PRESLEB  (O.).  Leitfaden  der  Projektionslehre. 
Ein  Uebungsbuch  der  konstruierenden  Stereometrie.  Ausgabe  A: 
Vorzugsweise  ftlr  Realgymnasien  und  Oberrealschulen.  Leipzig, 
Teubner,  1903.     8vo.     8  +  320  pp.     Cloth.  M.  4.00 

.      Ausgabe   B:    FUr   humanistische    Gymnasien   und    sechsstuflge 

Realanstalten.     Leipzig,  Teubner,  1903.     8vo.     6  +  138  pp.     Cloth. 

M.  2.00 

MusMACHER  (C).  Leitfaden  und  Aufgabensammlung  filr  den 
propUdeutischen  geometrischen  Unterricht.  Leipzig,  Renger,  1903. 
8vo.      32  pp.      Boards.  M.  0.50 

Pigeon  (F.).  Alg^bre.  Solutions  des  Equations  n\mi6rales  de  tons 
degr^s  par  un  nouveau  systdme  g^n^ral  pratique.  le  ^ition. 
Notre-Dame-d'Oe,  Pigeon,  1903.      16mo.     91  pp.  Fr.  1.50 

PixcHERLE  (S.).  Geometria  pura  elementare.  Ota  edizione,  con 
Taggiunta  delle  figure  sferiche.  Milano,  Hoepli,  1903.  16mo. 
6  -f  175  pp.      (Manuali  Hoepli.) 

Pons  y  Meri  (B.).  Nociones  de  geometrfa.  Valladolid,  Montero, 
1902.     Svo.     99  pp. 

Presier  (O.).     See  Mvller  (C.  H.). 

Raj-Aberr6es.  Nuevo  descubrimiento  matemfitico.  La  politomia  6 
multisecci6n  geom^trica  del  fingulo,  del  arco  y  de  la  circunferencia, 
y  la  consiguiente  inscripciCn  en  6sta  de  cualquier  poUgono  regular, 
sin  tanteo  ni  empirismo,  ni  mfis  adminfculos  que  la  regla  y  el 
compAs.     Cadiz,  Ortiz,  1902.     Svo.     5  pp.,  1  plate.  Fr.  1.00 

Ratixet  (A.).     See  Bouvart  (C). 

Ribi  (D.).  Auflosungen  zu  den  Aufgaben  tlber  die  Elemente  der 
Algebra.  Revidiert  von  G.  Wernly.  Heft  I:  Zu  Heft  1  und  2 
der  Aufgaben.     4te  Auflage.      Bern,  Francke,  1903.     Svo.      63  pp. 

M.  1.10 
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ScuClke  (A.).  Vierstellige  Logarithmentafeln,  nebst  mathematlscheiiy 
physikalischen  und  astronomischen  Tabellen.  FUr  den  Schulge- 
brauch  zusammengestellt.  4te  verbesserte  Auflage.  Leipzig, 
Teubner,  1903.     8vo.  M.  0.60 

Sendlee  (R.).     See  Bottcheb  (R.). 

Shmulevich  (P.).  Theoretical  algebra.  St.  Petersburg,  1903.  8v'o. 
112  pp.      (Russian.)  M.  3.00 

Stevens  (F.  H.).     See  Hall  (H.  S.). 

Stboll  (A.).  Element!  di  geometria.  Geometria  intuitiva  scritta  pel 
IIo,  IIIo,  IVo  corso  delle  scuole  reali  e  per  istituti  afiKni.  2a 
edizione,  completamente  rifatta.  Con  numerose  question!  per 
esercizio.     Wien,  Holder,  1903.     8vo.     3  +  222  pp.  M.  3.20 

Toledo  (L.  O.  de).  Elementos  de  aritmetica  universal.  2a  edici6n. 
Parte  I  (calculatoria).  Cuaderno  1.  Madrid,  1903.  4to.  Pp. 
1-289.  Fr.  8.60 

Wentworth  (6.  A.).  Plane  and  spherical  trigonometry.  2d  edition, 
revised.  Boston,  Ginn,  1903.  12mo.  7  -f  307  +  25  pp.  Half 
leather.  $1.35 

VVernlt  (  G.  ) .     See  Ribi  (  D.  ) . 


III.     APPLIED   MATHEMATICS. 

Anderhalden  (B.).  Die  Aetherhypothesen  von  Descartes  bis  Fresnel, 
ihr  Inhalt  und  ihre  Entwicklung.  Tell  1,  1901.  Teil  2,  1902. 
Samen.      4to.      97  pp.  M.  4.00 

Atkinson  (A.  A.).  Electrical  and  magnetic  calculations;  for  the  use 
of  electrical  engineers  and  artisans,  teachers,  students,  and  all 
others  interested  in  the  theory  and  application  of  electricity  and 
magnetism.  2d  edition,  revised.  New  York,  Van  Nostrand,  1903. 
12rao.     7  +  310  pp.     Cloth.  $1.50 

AuERBACH  (F.).     See  Winkelmanw  (A.). 

BoBLETTi  (F.).  Formole  e  tavole  per  il  calcolo  delle  risvolte  al  arco 
circolare,  adattate  alia  di^dsione  centesimale,  ad  uso  degli  ingegneri. 
Milano,   1902.      8vo.      12  +  68  pp.  Fr.  3.00 

Bryan   (.G.  H.).     See  Encyklopadie. 

Cal  (A.  Y  A.).  Arquitectura  naval;  teoria  de  buque.  Ferrol,  1902. 
4to.      9  -h  373  pp.  Ft.  20.00 

Cantor  (M.).  Politische  Arithmetik,  oder  die  Arithmetik  dea 
tUglichen  Lebens.  2te  Auflage.  Leipzig,  Teubner,  1903.  8vo. 
10  4-  166  pp.      Cloth.  M.   1.80 

Cavalli  (E.).  Awiamento  alio  studio  della  meccanica.  Element!  di 
cinematica  teorica.  2a  edizione.  Napoli,  1902.  8vo.  8  +  91  pp., 
4  plates.  Fr.  6.00 

Christen  (T.).  Das  Gesetz  der  Translation  des  Wassers  in  regelmtts- 
sigen  Kanaien,  Flttssen  und  ROhren.  Leipzig,  Engelmann,  1903. 
8vo.      7  +  169  pp.,  2  plates.  M.  5.00 

CoTTRELL  (F.  G.).  Der  Reststrom  be!  ^alvanischer  Polarisation 
betrachtet  als  ein  DifTusionsproblem.  (Diss.)  Leipzig,  1903.  8vo. 
52  pp. 
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Cranz  (C).  See  Enctkix)padie. 

Dessau  (B.).     See  Rigli  (A.). 

DoLOORUKOV  (R.).  Theory  of  the  motion  of  the  moon.  St.  Petersburg, 
1903.     8vo.      (Russian.)  '  M.  4.60 

DOPPLEB  (C).  Ueber  das  farbige  Licht  der  Doppelsterne  und  einiger 
anderer  Gestime  des  Himmels.  Versuch  einer  das  Bradley'sche 
Aberrations-Theorem  als  integrirenden  Theil  in  sich  schliessenden 
allgemeinen  Theorie.  Zur  Feier  seines  100.  Geburtstages  als 
erste  VerOfTentlichung  des  nach  ihm  benannten  physikalischen 
Princips  neu  herausgegeben  von  F.  J.  Studnicka.  Prag,  Rivnftc, 
1903.      Svo.      26  pp.,  1  plate,  1  portrait.  M.  0.80 

Encyklopadie  der  mathematischen  Wissenschaften^  mit  Einschluss 
ihrer  Anwendungen.  Vol.  IV:  Mechanik,  herausgegeben  von  F. 
Klein.  Teil  2,  Heft  2:  Aerodynamlk,  von  S.  Finsterwalder ;  Bal- 
listik,  von  C.  Cranz.     Leipzig,  Teubner,  1903.     8vo.      Pp.  149-279. 

.      Vol.  V:   Physik,  herausgegeben  von  A.  Sommerfeld.      Teil   1, 

Heft  1:  Maass  und  Messen,  von  C.  Runge;  Gravitation,  von  J. 
Zenneck;  Allgemeine  Qrundlegung  der  Thermodynamik,  von  G.  H. 
Bryan.     Leipzig,  Teubner,  1903.     8vo.     Pp.  1-160. 

FiNSTERWALDEB  (S.).     See  Encyklopadie. 

Flotow  (A.  VON).  Definitive  Bahnbestinmiung  des  Kometen  18631. 
(Diss.)      Leipzig,  1902.     8vo.      21  pp. 

Gedicvs  (F.  W.).  Das  System  der  Kinetik  im  Grundriss.  Wiesbaden, 
Bergmann,  1903.     8vo.     8  +  78  pp.  M.  1.60 

Glover  (J.  W.).  A  graduation  of  the  American  experience  table  of 
mortality  to  Makeham's  formula  by  the  method  of  moments.  8vo. 
{Tranaactions  of  the  Actuarial  Society  of  America^  Vol.  7,  pp. 
339-363.) 

Graetz  (L.).     See  Winkelmann  (A.). 

Helmholtz  (H.  von).  Vorlesungen  fiber  theoretische  Pbysik.  Heraus- 
gegeben von  A.  K5nig,  0.  Krigar-Menzel,  F.  Richarz,  G.  Runge. 
Vol.  VI:  Vorlesungen  (Iber  Theorie  der  Wftrme.  Herausgegel^n 
von  F.  Richarz.    Leipzig,  Barth,  1903.     8vo.     12  +  419  pp.    Cloth. 

M.   16.00 

Iherino  (A.  VON).  Die  Gebl&se;  Bau  und  Berechnung  der  Maschinen 
zur  Bewegung,  Verdichtung  und  Verdtlnnung  der  Luft.  2te, 
umgearbeitete  und  vermehrte  Auflage.  Berlin,  1903.  8vo.  12  + 
752  pp.,  11  plates.     Cloth.  M.  20.00 

Klein  (F.).     See  Encyklopadie. 

Malzi  (J.).  Ueber  ein  Gesetz  der  elekrolytischen  Reaktion.  (Diss.) 
Heidelberg,  1903.     8vo.      40  pp. 

Man  no  (R.).  Theorie  der  BewegungsObertragung  als  Versuch  einer 
neuen  Grundlegung  der  Mechanik.  Leipzig,  Engelmann,  1903.  8vo. 
5  -h  102  pp.  M.  2.40 

MtXLER  (R.).  Leitfaden  fUr  die  Vorlesungen  (iber  darstellende 
Geometric  an  der  herzoglichen  technischen  Hochschule  zu  Braun- 
schweig. 2te  Auflage.  Braunschweig,  Vieweg,  1903.  8vo.  8  + 
96  pp.  M.  2.60 
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BiCHARZ  (F.).     See  Hklmholtz  (H.  ton). 

RiOHi  (A.)  und  Desbau  (B.)-  Die  Tel^praphie  ohne  Draht.  Braun- 
schweig, Vieweg,  1903.     8vo.      11-1-481  pp.  M.  12.00 

RuNOi  (C).     See  Encyklopadis. 

ScHEKK  (J.).  Die  Festigkeitsberechnimg  grOsserer  Drehstromma- 
schinen.     Leipzig,  Teubner,  1903.     dvo.     4-1-59  pp.,  1  plate. 

M.  1.60 

ScHBOEDER  (C).  Die  Rechenapparate  der  Oegenwart,  gesammelt, 
geordnet,  beschrieben  und  b^ofutachtet.  Magdeburg,  1903.  8vo. 
112  pp.  M.  2.00 

SOMMERFELD   (A.).      See  Encyklopadib. 

Stewabt  (R.  W.).  Higher  text-book  of  heat.  London,  1003.  8to. 
306  pp.     Cloth.  6s.  6d. 

SruDNicEfA  (F.  J.).     See  DoppLXB  (C). 

VoiXER    (A.).      Grundlagen   und  Methoden   der  elektrischen  Wellen- 

telegraphie     (sogenannten     drahtlosen     Telegraphie) .        Vortrag. 

Erweiterter  Abdruck.     Hamburg,  Voss,  1903.     Sto.     52  pp. 

M.  1.80 

WiNKELMANX  (A.).  Handbuch  der  Physik.  Herausgegeben  unter 
Mitwirkung  von  R.  Abegg,  P.  Drude,  K.  Ezner,  H.  Kayser  und 
Anderen.  2te  Auflage.  (In  6  Bftnden.)  Vol.  IV,  Iste  H&lfte: 
Elektrizitfit  und  Magnetismus  I.  Bearbeitet  von  L.  Graetz  und  F. 
Auerbach.     Leipzig,  Barth,  1903.     Svo.     6  -f-  384  pp.  M.  12.00 

Zennkck  (J.).     See  Enctklopaoie. 
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READ   BEFORE   THE   AMERICAN    MATHEMATICAL   SOCIETY   AND 

SUBSEQUENTLY    PUBIJSHED,    INCLUDING    REFERENCES 

TO    THE  PLACES    OF    THEIR    PUBUCATION. 

Allardice,  R.  E.  On  the  Envelope  of  the  Axes  of  a  System  of  Conies 
Passing  Through  Three  Fixed  Points.  Read  (Chicago)  Jan.  2, 
1903.  Tranaactiona  of  the  American  Mathematical  Society,  vol.  4, 
No.  I,  pp.  103-106;  Jan.,  1003. 

Blichfeldt,  H.  F.  On  the  Determination  of  the  Distance  between  Two 
Points  in  Space  of  n  Dimensions.  Read  (San  Francisco)  May  3, 
1002.  Tranaactiona  of  the  American  Mathematical  Society,  vol. 
3,  No.  4,  pp.  467-481 ;  Oct.,  1902. 

Note  on  a  Property  of  the  Conic  Sections.     Read  (San  Francisco) 

Dec,  20,  1902.  Bulletin  of  the  American  Mathematical  Society, 
vol.  9,  No.  6,  pp.  306-307;  Mar.,  1903. 

Buss,  G.  A.     The  Geodesic  Lines  on  the  Anchor  Ring.     Read  (Chicago) 
.  Dec.  27,  1900.      Annala  of  Mathem^tica,  2d  ser.,  vol.  4,  No.  1,  pp. 
1-21;  Oct.,  1902. 

BOCHER,  M.  On  Systems  of  Linear  Differential  Equations  of  the  First 
Order.  Read  Feb.  22,  1902.  American  Journal  of  Mathematica, 
vol.  24,  No.  4,  pp.  311-318;  Oct.,  1902. 

Singular  Points  of  Functions  Which  Satisfy  Partial  Differential 

Equations  of  the  Elliptic  Type.  Read  Dec.  30,  1902.  Bulletin  of 
the  American  Mathematical  Society,  vol.  9,  No.  9«  pp.  455-465; 
June,  1903. 

BoLZA,  O.  Some  Instructive  Examples  in  the  Calculus  of  Variations. 
Read  Sept.  2,  1902.  Bulletin  of  the  American  Mathematical  So- 
ciety, vol.  9,  No.  1,  pp.  1-10;  Oct.,  1902. 

Ueber  das  isoperimetrische  Problem  auf  einer  gegebenen  Flftche. 

Read  (Chicago)  Mar.  29,  1902.  Mathematiache  Annalen,  vol.  57, 
No.  1,  pp.  48-52;  Mar.,  1903.  Also  University  of  Chicago  De- 
cennial Publications,  vol.  9,  pp.  13-18. 

Brown,  E.  W.  On  the  Formation  of  the  Derivatives  of  the  Lunar  Co- 
ordinates with  Respect  to  the  Elements.  Read  Feb.  28,  1903. 
Tranaactiona  of  the  American  Mathematical  Society,  vol.  4,  No. 
3,  pp.  234-248;  July,  1903. 

On    the    Variation    of    the    Arbitrary    and    Given    Constants    in 

Dynamical  Equations.  Read  Apr.  25,  1903.  Tranaactiona  of  the 
American  Mathematical  Society,  vol.  4,  No.  3,  pp.  333-350;  July, 
1903. 

Coble,  A.  B.  The  Quartic  Curve  as  Related  to  Conies.  Read  Dec.  27, 
1901.  Tranaactiona  of  the  American  MathematuxU  Society,  vol.  4, 
No.  1,  pp.  65-85;  Jan.,  1903. 
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CooLiDQE,  J.  L.  Quadric  Surfaces  in  Hyperbolic  Space.  Read  Apr. 
26,  1902.  Transactions'  of  the  American  Mathetnaticai  Society, 
vol.  4,  No.  2,  pp.  161-170;  Apr.,  1903. 

Dabwin,  G.  H.  The  Approximate  Determination  of  the  Form  of  Mac- 
laurin's  Spheroid.  Read  Dec.  29,  1902.  Transactions  of  the 
American  Mathematical  Society,  vol.  4,  No.  2,  pp.  113-133;  Apr., 
1903. 

Davis,  £.  \V.  Some  Groups  in  Logic.  Read  (Chicago)  Jan.  2,  1903. 
Bulletin  of  the  American  Mathematical  Society,  vol.  9,  No.  7,  pp. 
346-348;  Apr.,  1903. 

A  Definition  of  Mathematical  Probability.     Read  (Chicago)  Apr. 

6,  1901.  Baldwin's  Dictionary,  of  Philosophy  and  Psychology, 
Article  on  Probability,  vol.  2,  pp.  344-353;  1902. 

Dickson,  L.  E.  Definitions  of  a  Field  by  Independent  Postulates.  Read 
Sept.  2,  1902.  Transactions  of  the  American  Mathematical  Society, 
vol.  4,  No.  1,  pp.  13-20;  Jan.  1903. 

Definitions  of  a  Linear  Associative  Algebra  by  Independent  Postu- 
lates. Read  Sept.  2,  1902.  Transactions  of  the  American  Mathe- 
matical Society,  vol.  4,  No.  1,  pp.  21-26;  Jan.,  1903. 

Three  Sets  of  Generational  Relations  Defining  the  Abstract  Sim- 
ple Group  of  Order  504.  Read  Oct.  25,  1902.  Bulletin  of  the 
American  Mathematical  Society,  vol.  9,  No.  4,  pp.  194-204;  Jan., 
1903. 

Generational  Relations  Defining  the  Abstract  Simple  Group  of 

Order  660.  Read  Oct.  25,  1902.  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  9,  No.  4,  pp.  204-206;  Jan,  1903. 

The  Abstract  Group  O  Simply  Isomorphic  with  the  Alternating 

Group  on  Six  Letters.  Read  Dec.  29,  1902.  Bulletin  of  the 
American  Mathematical  Society,  vol.  9,  No.  6,  pp.  303-306;  Mar., 
1903. 

Theorems  on  the  Residues  of  Multinomial  Coefficients  with  Respect 

to  a  Prime  Modulus.  Read  (Chicago)  Mar.  29,  1902.  Quarterly 
Journal  of  Pure  and  Applied  Mathematics,  vol.  33,  No.  4,  pp.  378-- 
384;  Apr.,  1902. 

The   Group   of   the   Equation   for   the   Twenty-seven   Lines   on   a 

General  Cubic  Surface.  Read  (Chicago)  Dec.  28,  1900.  Comptes 
Rendus,  vol.  128,  No.  14,  pp.  873-5;  Apr.,  1899.  Dickson's  Linear 
Groups,  pp.  303-7. 

The    Hyper  orthogonal    Groups.      Read    Apr.    27,    1901.       Mathe- 

matische  Annalen,  vol.  55,  No.  4,  pp.  521-572;  Feb.,  1902. 

The  Group  Defined  for  a  Greneral  Field  by  the  Rotation  Groups. 

Read  (Chicago)  Jan.  2,  1903.  University  of  Chicago  Decennial 
Publications,  vol.  9,  pp.  36-61. 

The    Ternary    Orthogonal    Group     in    a    General    Field.       Read 

(Chicago)  Jan,  2,  1903.  University  of  Chicago  Decennial  Publi- 
cations, vol.  9,  pp.  28-34. 
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DuNKEL,  O.  Regular  Singular  Points  of  a  System  of  Homogeneous 
Linear  Differential  Equations  of  the*  First  Order.  Read  Sept.  2, 
1902.  Proceedings  of  the  American  Academy  of  Arts  and  Sciences, 
vol.  38,  No.  0,  pp.  341-370;  Oct.,  1902. 

EiSENHAKT,  L.  P.  Infinitesimal  Deformation  of  the  Skew  Helicoid. 
Read  Sept.  3,  1902.  Bulletin  of  the  American  Mathematical  So- 
ciety, vol.  9,  No.  3,  pp.  148-162;  Dee.,  1902. 

Surfaces  Referred  to  Their  Lines  of  Length  Zero.     Read  Oct.  26, 

1902.   Bulletin  of  the  American  Mathematical  Society,  vol.  9,  No. 
5,  pp.  242-245;  Feb.,  1903. 

Isothermal  Conjugate  Systems  of  Lines  on  Surfaces.     Read  Apr." 

27,  1901.      American  Journal  of  Mathematics,  vol.  26,  No.  3,  pp. 
213-248;  July,  1903. 

Emch,  a.  Algebraic  Transformations  of  a  Complex .  Variable  Realized 
by  Linkages.  Read  (Chicago)  Jan.  2,  1902.  transactions  of  the 
American  Mathematical  Society,  vol.  3,  No.  4,  pp.  493H198;  Oct., 
1902. 

A  Linkage  for  tt  =  e^.  Read  Sept.  2,  1902.  University  of  Colo- 
rado Studies,  vol.  1,  No.  3,  pp.  211-218;  Jan.,  1903. 

Epsteen,  S.  On  Integrability  by  Quadratures.  Read  Sept.  3,  1902.- 
Bulletin  of  the  American  Mathematical  Society,  vol.  9,  No.  3,  pp. 
152-154;   Dec.,   1902. 

Determination  of  the  Group  of  Rationality  of  a  Linear  Differential 

Equation.       Read    (Chicago)    Jan.    2,    1903.       American    Mathe- 
matical Monthly,  vol.  10,  No.  1,  pp.  4-8;  Jan.,  1903. 

On   Reducible   Groups.      Read    (San    Francisco)    May    3,    1902. 

Transactions  of  the  American  Mathematical  Society,  vol.  4,  No.  3, 
pp.  249-250;  July,  1903. 

Fields,  J.  C.  Algebraic  Proofs  of  the  Riemann-Roch  Theorem  and  of 
the  Independence  of  the  Conditions  of  Adjointness.  Read  (Chicago) 
Dec.  28,  1900.  Acta  Mathematica,  vol.  26,  No.  2,  pp.  157-170; 
June,  1902. 

FiTE,  W.  B.  Concerning  the  Commutator  Subgroups  of  Groups  whose 
Orders  are  Powers  of  Primes.  Head  Sept.  2,  1902.  Bulletin  of 
the  American  Mathematical  Society,  vol.  9,  No.  3,  pp.  139-141; 
Dec.,  1902. 

FoBD,  W.  B.  On  the  Possibility  of  Differentiating  Term  by  Term  the 
Developments  for  an  Arbitrary  Function  of  (>ne  Real  Variable  in 
Terms  of  Bessel  Functions.  Read  Sept.  3,  1902.  Transactions  of 
the  American  Mathematical  Society,  vol.  4,  No.  2,  pp.  178-184;. 
Apr.,  1903. 

Gale,  A.  S.  On  the  Rank,  Order  and  Class  of  Algebraic  Minimum 
Curves.  Read  Feb.  22,  1902.  Transactions  of  the  America/n  Mathe- 
matical Society,  vol.  3,  No.  4,  pp.  451-466;  Oct.,  1902. 

On  a  Generalization  of  the  Set  of  Associated  Minimum  Surfaces. 

Read  Feb.  28,  1903.     Annals  of  Mathematics,  2d  ser.,  vol.  4,  No. 
3,  pp.  107-115;  Apr.,  1903. 
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Hadamard,  J.  La  Thtorie  des  Plaques  ^lastiques  Planes.  Read  Oct. 
26,  190L  Transactions  of  the  American  Mathematical  Society, 
vol.  3,  No.  4,  pp.  401-422;  Oct.,  1902. 

Hancock,  H.  The  Theory  of  Maxima  and  Minima  of  Functions  of  Sev- 
eral Variables.  Read  Dec.  27,  1901.  University  of  Cincinnati 
Bulletin,  vol.  2,  No.  13,  pp.  1-100;  1903. 

Haskell,  M.  W.  On  a  Certain  Rational  Cubic  Transformation  in 
Space.  Read  (Chicago)  Jan.  2,  1902.  American  Mathematical 
Monthly,  vol.  10,  No.  1,  pp.  1-3;  Jan.,  1903. 

■  Generalization  of  a  Fundamental  Theorem  in  the  Geometry  of  the 
Triangle.  Read  (Chicago)  Jan.  2,  1902.  American  Mathematical 
Monthly,  vol.  10,  No.  2,  pp.  30-33;  Feb.,  1903. 

Habkins,  C.  N.  On  the  Invariants  of  Differential  Forms  of  Degree 
Higher  than  Two.  Read  Oct.  25,  1902.  Transactione  of  the 
American  Mathematical  Society,  vol.  4,  No.  1,  pp.  38-43 ;  Jan.,  1903. 

Hedbick,  E.  R.  On  the  Sufficient  Conditions  in  the  Calculus  of  Varia- 
tions. Read  Dec.  28,  1901.  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  9,  No.  1,  pp.  11-24;  Oct.,  1902. 

—  On  the  Characteristics  of  Differential  Equations.  Read  Dec.  28, 
1901  and  Feb.  2S,  1903.  Awnals  of  Mathematics,  2d  ser.,  vol.  4, 
Nos.  3-4,  pp.  121-159;  Apr.^uly,  19D3. 

Heffteb,  L.  Ueber  Curvenintegrale  im  m-dimensionalen  Raum.  Read 
Sept.  3,  1902.  Transactions  of  the  American  Mathematical  Society, 
vol.  4,  No.  2,  pp.  142-148;  Apr.,  1903. 

Hook,  E.  A.  Multiple  Points  on  Lissajous's  Curves  in  Two  and  Three 
Dimensions.  Read  Sept.  2,  1902.  Annals  of  Mathematics,  2d  ser., 
vol.  4,  No.  2,  pp.  67-88;  Jan.,  1903. 

Hudson,  R.  W.  H.  T.  The  Analytic  Theory  of  Displacements.  Read 
Dec.  30,  1902.  Bulletin  of  the  American  Mathematical  Society, 
vol.  9,  No.  6,  pp.  308-328;  Mar.,  1903. 

Huntington,  E.  V.  Two  Definitions  of  a  Commutative  Group  by  Sets  of 
Independent  Postulates.  Read  Oct.  25,  1902.  Transactions  of 
the  American  Mathematical  Society,  vol.  4,  No.  1,  pp.  27-30;  Jan., 
1903. 

Definitions  of  a  Field  by  Sets  of    Independent  Postulates.      Read 

Sept.   2,   1902.      Transactions  of  the  American  Mathematical  So- 
ciety, vol.  4,  No.  1,  pp.  31-37;  Jan.,  1903. 

Complete  Sets  of  Postulates  for  the  Theory  of  Real  Quantities. 

Read  Apr.  26  and  Dec.  29,  1902.      Transactions  of  the  American 
Mathematical  Society,  vol.  4,  No.  3,  pp.  368-370;  July,  1903. 

Jacoby,  H.  a  Theorem  Concerning  the  Method  of  Least  Squares.  Read 
Dec.  27,  1901.     Science,  vol.  16,  No.  373,  pp.  291-292;  Feb.,  1902. 

Kasner,  E.  The  Cogredient  and  Digredient  Theories  of  Multiple  Binary 
Forms.  Read  Aug.  20  and  Dec.  27,  1901.  Transaetions  of  the 
American  Mathematical  Society,  vol.  4,  No.  1,  pp.  86-102;  Jan.  1903. 
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The  Generalized  Beltrami  Problem  Concerning  Geodesic  Represen- 
tation. Read  Dec.  30,  1002.  Transactions  of  the  Amerioan  lliathe' 
matical  Society,  vol.  4,  No.  2,  pp.  149-162;  Apr.,  1903. 

^—  The  Double-Six  Configuration  Connected  with  the  Cubic  Surface, 
and  a  Related  Group  of  Cremona  Transformations.  R^id  Feb. 
23,  1901.  American  Journal  of  Mathematics,  vol.  26,  No.  2,  pp. 
107-122;  Apr.,  1903. 

On  the  Point-Line  as  Element  of  Space:  A  Study  of  the  Corre- 
sponding Bilinear  Connex.  Read  Sept.  3,  1902.  Transactions  of 
the  American  Mathematical  Society,  vol.  4,  No.  3,  pp.  213-233 ;  July, 
1903. 

The    Characterization    of    CoUineations.      Read    Feb.    28,    1903. 

Bulletin  of  the  American  Mathematical  Society,  vol.  9,  No.  10.  pp. 
646-546;  July,  1903. 

KsYSEB,  C.  J.  Concerning  the  Axiom  of  Infinity  and  Mathematical 
Induction.  Read  Dec.  29,  1902.  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  9,  No.  8,  pp.  424-434;  May,  1903. 

Laves,  K.  Maupertuis's  Principle  of  Least  Action  for  Forces  Involving 
the  Coor.dinate8  and  Their  First  and  Higher  Partial  Derivatives. 
Read  (Chicago)  Apr.  14,  1900.  Astronomische  2faohrichten,  vol. 
152,  No.  3647,  pp.  361-366;  June,  1900. 

Lehkeb,  D.  N.  On  the  Parametric  Representation  of  the  Tetrahedroid 
Surface.  Read  (San  Francisco)  Dec.  20,  1902.  American  Journal 
of  Mathematics,  vol.  26,  No.  1,  pp.  1-16;  Jan.,  1903. 

LoEWT,  A.  Uber  die  Reducibilit&t  der  Gruppen  linearer  homogener 
Substitutionen.  Read  Sept.  2,  1902.  Transactions  of  the  American 
Mathematical  Society,  vol.  4,  No.  1,  pp.  44r-64;  Jan.,  1903. 

Ueber  die  Reducibilitftt  der  reellen  Gruppen  linearer  homogener 

Substitutionen.     Read  Feb.  28,  1903.    Transactions  of  the  American 
Mathematical  Society,  vol.  4,  No.  2,  pp.  171-177;  Apr.,  1903. 

McCuNTOCK,  E.  The  Logarithm  as  a  Direct  Function.  Read  Feb.  28, 
1903.  Bulletin  of  the  American  Mathematical  Society,  vol.  9,  No. 
9,  pp.  467-469;  June,  1903. 

Macfablane,  a.  On  the  Nabla  of  Quaternions.  Read  Feb.  24,  1900. 
Bulletin  of  the  Philosophical  Society  of  Washington,  vol.  14,  No. 
6,  pp.  73-92;  July,  1900. 

Manning,  W.  A.  The  Primitive  Groups  of  Class  2p  Which  Contain  a 
Substitution  of  Order  p  and  Degree  2p.  Read  (San  Francisco)  Apr. 
25,  1903.  Transactions  of  the  American  Mathematical  Society^ 
vol.  4,  No.  8,  pp.  361-367;  July,  1903. 

Maschke,  H.  On  Superosculating  Quadric  Surfaces.  Read  (Chicago) 
Mar.  29,  1902.  Transactions  of  the  America/n  Mathematical  Society, 
vol.  3,  No.  4,  pp.  482-484;  Oct.,  1902. 

Miller,  G.  A.  On  the  Groups  of  Order  p*  which  contain  Operators  of 
Order  p"^*.  Read  (Chicago)  Jan.  3,  1902.  Transactions  of  the 
American  Mathematical  Society,  vol.  3,  No.  4,  pp.  383-387;  Oct., 
1902. 
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On  the  Holomorph  of  a  Cyclic  Group.      Read    (San  Francisco) 

Dec.  20,  1902.      Transactions  of  the  American  Mathematical  So- 
ciety, vol.  4,  No.  2,  pp.  153-160;  Apr.,  1903. 

On  a  Method  for  Constructing  All  the  Groups  of  Order  p».     Read 

Dec.  28,   1901.      American  Journal  of  Mathematics,  vol.   24,  No. 
4,  pp.  395-398;  Oct.,  1902. 

On  a  Certain   Class  of  Abelian  Groups.      Read  Apr.  28,  1900. 

Annals  of  Mathematics,  2d  ser.,  vol.  2,  No.  2,  pp.  77-80;  Jan.,  1901. 

On   a  Theorem  in  Substitutions.      Read  Oct.   27,   1900.      Praee 

Matematyczno-Fizyczne,  vol.  12,  No.  — ,  pp.  136-138;   1901. 

A  Fundamental  Theorem  with  Respect  to  Transitive  Substitution 

Groups.      Read  Feb.  28,  1903.      Bulletin  of  the  American  Mathe- 
matical Society,  vol.  9,  No.  10,  pp.  543-544;  July,  1903. 

A  New  Proof  of  the  Generalized  Wilson's  Theorem.      Read  Dec. 

29,  1902.     Annals  of  Mathematics,  2d  ser.,  vol.  4,  No.  4,  pp.  188- 
190;  July,  1903. 

MooBE,  E.  H.  A  Definition  of  Abstract  Groups.  Read  Apr.  26,  1002. 
Transactions  of  the  American  Mathematical  Society^  vol.  3,  No.  4, 
pp.  485-^492;  Oct.,  1902. 

On  the  Foundations  of  Mathematics.  Read  Dec.  29,  1902.  Bul- 
letin of  the  American  Mathematical  Society,  vol.  9,  No.  8,  pp.  402- 
424,  May,  1903,  and  Science,  vol.  17,  No.  428,  pp.  401-416;  Mar., 
1903. 

MoRLEY,  F.  Orthocentric  Properties  of  the  Plane  n-Line.  Read  Sept. 
2,  1902.  Transactions  of  the  American  Mathematical  Society, 
vol.  4,  No.  1,  pp.  1-12;  Jan.,  1903. 

^—  Projective  Coordinates.  Read  Sept.  1,  1903.  Transactions  of 
the  American  Mathematical  Society,  vol.  4,  No.  3,  pp.  288-296; 
July,  1903. 

Osgood,  W.  F.  A  Jordan  Curve  of  Positive  Area.  Read  Dec.  30,  1902. 
Transactions  of  the  American  Mathematical  Society,  vol.  4,  No.  1, 
pp.  107-112;  Jan.,  1903. 

— ^  On  the  Transformation  of  the  Boundary  in  the  Case  of  Con- 
formal  Mapping.  Read  Dec.  30,  1902.  Bulletin  of  the  American 
Mathematical  Society,  vol.  9,  No.  5,  pp.  233-235;  Feb.,  1903. 

The  Integral  as  the  Limit  of  a  Sum,  and  a  Theorem  of  Duhamel. 

Read  Feb.  28,  1903.  Annals  of  Mathematics,  2d  ser.,  vol.  4,  No.  4, 
pp.  161-178;  July,  1903. 

Roe,  E.  D.,  Jr.  Note  on  Symmetric  Functions.  Read  Aug.  20,  1901. 
American  Journal  of  Mathematics,  vol.  26,  No.  1,  pp.  97-106;  Jan., 
1903. 

Sgott,  C.  a.  On  the  Circuits  of  Plane  Curves.  Read  Apr.  26,  1902. 
Transactions  of  the  American  Mathematical  Society,  vol.  3,  No.  4, 
pp.  388-398;  Oct.,  1902. 

Note  on  the  Real  Inflexions  of  Plane  Curves.     Read  Dec.  28,  1901. 

Transactions  of  the  American  Mathematical  Society,  vol.  3,  No.  4, 
pp.  399-400;  Oct.,  1902. 
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Shaw,  J.  B.  Theory  of  Linear  Associative  Algebra.  Read  Sept.  2, 
1902.  Transactiotia  of  the  American  Mathematical  Society,  vol. 
4,  No.  3,  pp.  251-287;  July,  1903. 

Skinner,  E,  B.  On  Ternary  Monomial  Substitution  Groups  of  Finite 
Order  with  Determinant  ±  1.  Read  (Chicago)  Dec.  28,  1900. 
American  Journal  of  Mathematics,  vol.  25,  No.  1,  pp.  17-68;  Jan., 
1903. 

Snyder,  V.  On  the  Quintic  Scroll  Having  Three  Double  Conies.  Read 
Oct.  25«  1902.  Bulletin  of  the  American  Mathematical  Society, 
vol.  9,  No.  5,  pp.  23^242;  Feb.,  1903. 

On  the  Forms  of  Unicursal  Sextic  Scrolls.      Read  Aug.  20  and 

Dec.  27,  1901.     American  Journal  of  Mathematics,  vol.  25,  No.  1, 
pp.  59-84;  Jan.,  1903. 

On   the   Forms   of   Sextic   Scrolls   of   Genus   Greater   than  One. 

Read  Sept.  3,  1902.      American  Journal  of  Mathematics,  vol.  25, 
No.  3,  pp.  261-268;  July,  1903. 

Stecker,  H.  F.  Non-Euclidean  Properties  of  Plane  Cubics  and  of  Their 
First  and  Second  Polars.  Read  Aug.  20,  1901.  American  Journal 
of  Mathematics,  vol.  24,  No.  4,  pp.  399-408;  Oct.,  1902. 

Taylor,  W.  E.  On  the  Product  of  an  Alternant  by  a  Symmetric  Func- 
tion. Read  Dec.  29,  1902.  American  Mathematical  Monthly,  vol. 
10,  No.  5,  pp.  120-130;  May,  1903. 

Van  Vleck,  E.  B.  On  an  Extension  of  the  1894  Memoir  of  Stieltjes. 
Read  Feb.  28,  1903.  Transactions  of  the  American  Mathematical 
Society,  vol.  4,  No.  3,  pp.  297-332;  July,  1903. 

Westlund,  J.  On  the  Class  number  of  the  Cyclotomic  Number  Field 
fc(e2»</jp»).  Read  Sept.  2,  1902.  Transactions  of  the  American 
Mathematical  Society,  vol   4,  No.  2,  pp.  201-212;  Apr.,  1903. 

White,  H.  S.  On  Twisted  Cubic  Curves  that  have  a  Directrix.  Read 
Sept.  3,  1902.  Transactions  of  the  American  Mathematical  Society, 
vol.  4,  No.  2,  pp.  134-141 ;  Apr.,  1903. 

Twisted  jljuartic  Curves  of  the  First  Species  and  Certain  Covariant 

Quartics.     Read  (Chicago)  Dec.  30,  1897.     Annals  of  Mathematics, 
2d  ser.,  vol.  4,  No.  3,  pp.  116-120;  Apr.,  1903.  • 

WiLCZYNSKi,  E.  J.  Covariants  of  Systems  of  Linear  Differential  Equa- 
tions and  Applications  to  the  Theory  of  Ruled  Surfaces.  Read 
Feb.  22,  1902  and  (San  Francisco)  May  3,  1902.  Transactions 
of  the  American  Mathematical  Society,  vol.  3,  No.  4,  pp.  423-450; 
Oct.,  1902. 

On  a  Certain  Congruence  Associated  with  a  Given  Ruled  Surface. 

Read  (San  Francisco)  Dec.  20,  1902.    Transactions  of  the  American 
Mathematical  Society,  vol.  4,  No.  2,  pp.  185-200;  Apr.,  1903. 

Wilson,  E.  B.  The  Synthetic  Treatment  of  Conies  at  the  Present  Time. 
Read  Dec.  29,  1902.  Bulletin  of  the  American  Mathematical  So- 
ciety, vol.  9,  No.  5,  pp.  248-254;  Feb.,  1903. 

YouNO,  J.  W.  On  a  Certain  Group  of  Isomorphisms.  Read  Feb.  22, 
1902.  American  Journal  of  Mathematics,  vol.  25,  No.  2,  pp.  206- 
212;  Apr.,  1903. 
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Abel,  The  Centenary  of  the  Birth  of,  E.  B.  Wilson,  164. 

Academy  of  Sciences,  Belgian,  178;  Hungarian,  330;  National  221,  664; 
Naples,  385;  Paris,  273,  384,  448,  566. 

Acceleration  in  Relative  Motion^  Note  on  the  Projections  of  the  Abso-. 
lute,  G.  0.  James,  143. 

Adams  Prize,  566. 

Address,  Presidential:  On  the  Foundations  of  Mathematics^  E.  H. 
Moore,  402. 

Alternating  Group  on  Six  Letters,  The  Abstract  Group  G  Simply 
Isomorphic  with  the,  L.  E.  Dickson,  303. 

American  Association  for  the  Advancement  of  Science,  The  Pittsburgh 
Meeting  of  Section  A  of  the,  94. 

Association,  4fl»  272,  329. 

Journal  of  Mathematics,  128,  271,  607,  663. 

Mathematical  Monthly,  178. 

Mathematical  Society,  Reports  of  Meetings:  Ninth  Summer  Meet- 
ing, £.  Kasner,  73;  October  Meeting,  F.  N.  Cole,  183;  Ninth  Annual 
Meeting,  F.  N.  Cole,  281;  February  Meeting,  F.  N.  Cole,  393;  April 
Meeting,  F.  N.  Cole,  526;  January  Meeting  of  Chicago  Section, 
T.  F.  Holgate,  337;  April  Meeting  of  the  Chicago  Section,  T.  F. 
Holgate,  532;  December  Meeting  of  the  San  Francisco  Section,  G.  A. 
Miller,  296;  April  Meeting  of  the  San  Francisco  Section,  G.  A. 
Miller,  637. 

Mathematical  Society,  Annual  Meeting,  220;  Annual  Raster, 


176,  282,  384;  Chicago  Section,  176,  384;  Committee  on  College 
Entrance  Requirements  in  Mathematics,  73,  272;  Election  of 
Officers,  282;  Ithaca  Colloquium  Lectures,  271;  New-  Members  Ad- 
mitted, 73,  183,  281,  393;  Library,  220,  282;  San  Francisco  Section, 
176,  443;  Tenth  Sunmier  Meeting,  384,  663;  Transactions,  128,  271, 
394,  443,  663. 

Ames,  L.  D.,  567. 

Amsterdam  Scientific  Society,  386. 

Analytic  Geometry,  Rudio's  Elements  of,  P.  F.  Smith,  268. 

Analytic    Geometry    with    Homogeneous    Coordinates,    Killing's    Text- 
book of,  E.  B.  Wilson,  369. 

Analytic  Theory  of  Displacements,  The,  R.  W.  H.  T.  Hudson,  308. 

Annals  of  Mathematics,  176,  329,  508,  563. 

Annuaire  pour  V  An  1903  du  Bureau  des  Longitudes,  E.  W.  Brown,  381. 

Annuaire  des  Math^maticiens,   1901-1902,  Laisant  and  Buhl's,  D.  E. 
Smith,  218. 

Annual  List  of  Papers  Read  before  the  American  Mathematical  Society 
and  Subsequently  Published,  Twelfth,  575. 

Meeting  of  the  American  Mathematical  Society,  The  Ninth,  F.  N. 

Cole,  281 ;  220. 

Register,  American  Mathematical  Society,  176,  282,  384. 


Antomari,  X.,  179. 

Appell,  P.,  448. 

April  Meeting  of  the  American  Mathematical  Society,  Report  of  the, 

F.  N.  Cole,  525. 
April  Meeting  of  the  Chicago  Section,  T.  F.  Holgate,  632. 
April  Meeting  of  the  San  Francisco  Section,  G.  A.  Miller,  637. 
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Arithmetic,  On  a  New  Edition  of  Stobc's  Allgemeine  Arithmetik,  with  an 
Account  of  Peano's  Definition  of  Number,  E.  V.  Huntington,  40. 

Ashton,  C.  H.,  667. 

Association  for  the  Advancement  of  Science,  The  Pittsburgh  Meeting  of 
Section  A  of  the  American,  94. 

American,  49,  272,  329. 

British,  129. 

German  Association  of  Teachers  of  Mathematics  and  Natural 

Sciences,  509. 

German  Mathematical,  330,  444. 

of  Teachers  of  Mathematics  in  New  England,  508 ;  Central,  565. 


Authors  of  Articles  in  the  Bulletin: 

Blichfeldt,  H.  F.,  306.  Hutchinson,  J.  I.,  470. 

BOcher,  M.,  125,  445.  Huntington,  E.  V.,  40. 

Bolza,  0.,  1.  James,  G.  0.,  143. 

Brown,  B.  W.,  381.  Kasner,  E.,  73,  215,  545. 

Cajori,  F..  188.  Keyser,  C.  J.,  424. 

Cole,  F.  N.,  183,  281,  393,  626.  McClintock,  E.,  467. 

Crawley,  E.  S.,  94.  Mason,  C.  M.,  206. 

Dans,  E.  W.,  346.  Miller,  G.  A.,  106,  165,  296,  537, 

Dickson,  L.  E.,  194,  204,  303,  543,  557. 

565,   661.  Moore,  E.  H.,  402. 

Easton,  B.  S.,  559.  Moulton,  F.  R.,  254.  ' 

Eisenhart,  L.  P.,  148,  242.  Nash,  A.  M.,  466. 

ElUot,  E.  B.,  466.  Osgood,  W.  F.,  233,  547. 

Epsteen,  S.,  152.  Pierpont,  J.,  357. 

Fite,  W.  B.,  139.  Porter,  M.  B..  602. 

Gaines,  J.  M.,  127,  383.  Scott,  C.  A.,  214. 

Hall,  E.  H.,  173.  Smith,  D.  E.,  123,  218,  376. 

Hawkes,  H.  E.,  560.  Smith,  P.  F.,  268. 

Hedrick,  E.  R.,  11,  126,  168,  Snyder,  V.,  236,  349. 

245,  263,  434.  Wilczynski,  E.  J.,  46. 

Hewes,  L.  I.,  141.  Wilson,  E.  B.,  25,   154,  248,  369, 

Holgate,  T.  F.,  337,  632.  492,  504,  506. 

Hudson,  R.  W.  H.  T.,  308. 
Automorphic  Functions,  Fricke  and  Klein's  Theory  of,  J.  I.  Hutchin- 
son, 470. 
Axiom  of  Infinity  and  Mathematical  Induction,  Concerning  the,  C.  J. 

Keyser,  424. 

Bachmann's   (P.)   Elementary  Theory  of  Numbers,  L.  E.  Dickson,  555. 

Basel,  University  of,  514. 

Bates,  W.  H.,  566. 

Bauer,  G.  N.,  387. 

Belgian  Academy,  178. 

Benson,  L.  S.,  331. 

Benteli,  A.,  274. 

Berlin  Mathematical  Society,  274. 

University  of,  51/512. 

Bern,  University  of,  514. 

Bibliography,  55,  133,  179,  224,  275,  332,  388,  449,  517,  568. 

The    Constructive    Development    of    Group    Theory,    with    a,. 

Easton's,  G.  A.  Miller,  557. 
Binary   Quadratic   Forms,  Errata  in   Gauss's  "Tafel   der   Anzahl   der 

Classen  Binftrer  Quadratischer  Formen,  A.  M.  Nash,  E.  B.  Elliot,  466. 
Bjerknes,  C.  A.,  567. 
Black,  W.  M.,  54. 


Digitized  by  LjOOQIC 


1903.] 


INDEX.  585 
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